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FOREWORD 


Tiie  research  program  summarized  in  this  report  was  initiated  1  Jxine  I962 
by  A?  Flight  Dynamics  Laboratory,  Research  and  Technology  Division,  Wright- 
Patterson  Air  Force  Base,  Ohio.  The  research  effort  consisted  of  converting 
RTD*s  Six-Degrea-of-Freedom  Flight  Path  generalised  computer  program  from  SOS 
to  FORTRAK/FAP  computer  language  and  was  undertaken  as  a  portion  of  the  study 
conducted  hy  McDonnell  Aircraft  Coiporation  under  USAF  Contract  No.  AF33v*5^Y)- 
8829  during  the  period  1  June  196?  to  31  December  I963.  This  report,  prepared 
by  A.  E.  Combs,  McDoxxnell  Aircraft  Corporation,  is  essentially  the  original 
formiilation  report  (WADD  TR-6O-78I,  Part  l)  with  the  additions,  modifications, 
and  corrections  made  since  its  publication.  Mr.  B.  R.  Benson  of  the  AF  Flight 
Dynamics  Laboratory  has  been  the  Air  Force  technical  representative. 

This  report  was  prepared  under  Project  1431,  "Flight  Path  Analysis",  Task 
I43IO3,  "Slx-Degree-of-Freedom  Flight  Path  Analysis". 
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idebtcl  t.v  f'o sc D-  C.  Louacv.  4nd  K.  D.  Reside  01  nne 
System  Icc-Unology  Division  for  contributions  to  the  original  analytical  formu¬ 
lation  and  to  the  following  members  of  the  McDonnell  Automation  Center: 

Messrs.  F.  V/.  Seubert  and  N.  E.  Usher  for  design  and  modification  of  the 
computing  program,  and  R.  F.  Vorwald  for  further  modification,  correction, 
and  conversion  of  the  machine  language. 


For  ease  of  reading,  the  documentation  of  this  project  has  been  prepared 
in  several  parts.  The  total  documentation  is  summarized  as  follows: 

Part  I 


Volume  1  -  Basic  Problem  Formulation 
Volume  2  -  Structural  Loads  Formulation 
Voluiiie  3  ”  Optimization  Ibroblera  Formulation 
Part  II 


Volume  1  -  User's  Manual  for  Pai-t  I,  Volume  1 
Volume  P.  -  User's  Manual  for  Part  X,  Voluvo  2 
Volume  3  -  User’s  Monual  for  Part  1,  Volutrie  3 
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A  trajectory  computation  program  is  ojscriPed  for  deteriBj.x.iijg  vehicle  per- 
i^ormance  throughout  the  entire  flight  regime  of  speed  and  altitude  in  the 
atmosphere  and  gravity  field  of  a  non-spherieal  x^otatlng  planet.  The  program 
is  formulated  for  seven  options  of  varying  ref  inHinoiit  from  the  six-degree -of  ~ 
freedom  problem  to  the  two-degree  point  mass  problem.  A  reverse  option  foj.’ 
the  aerodynamic  analysis  of  flight  test  data,  a  punched  card  output,  and  a 
semi-niitociatic  computational  tie  to  an  interplanetary  trajectory  computer 
program  are  included.  The  program  is  specifically  oriented  for  computation 
on  the  IBM  7090/7094  digital  computer  using  the  FAP/F0R'mAN2  machine  language.^ 


This  techiiical  documentary  report  has  ofc^-n  reviewed  Lnd  is  approved. 
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SYMBOLS  AMD  HOMBHGLATOKE 


The  synibols  and  aoroenciature  used  in  the  forniula'tjisa  of  tha--S-ij{H=-DesrQg^of= 
Freedom  Flight-Path  Study  computer  program  are  summarized  in  this  section. 

Standard  symbols,  currently  in  use  in  the  fields  to  which  they  are  applied, 
have  been  used  whenever  such  use  does  not  result  In  conflicts.  Duplicity  of 
symbols  has  been  allowed  for  derivation  purposes;  however,  all  auantities  computed 
by  the  program  have  unique  symbols  assigned.  The  engineering  notation  and  the 
normal  units  for  each  quantity  are  included  with  the  definition.  The  symbols 
and  definitions  have  bean  subdivided  according  to  usage  as  follows: 
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DEFINITION  AND  UNITS 
Wind  Axes  Forces  -  Pounds 
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np 
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in 
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Ci\ 

On 

ci 

Urn 

C-’n 

Gy 

Cl 

Cf 

Cp 

T* 
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^A 

Cn 


Ill 


Drag 

Side  Force  (also  inertial  or  space -fixed 
coordinate  syatem) 

Lift  (also  summation  of  rolling  moments  in  the 
body  axes  system) 

Body  Axes  Forces  -  Pounds 

Axial  Force 

Side  Force  (also  body -axes  coordinate  system) 
Normal  Force 

Aerodynamic  Body  Axes  Moments  -  Foot-Pounds 

Moment  About  the  x  Axis 
Moment  About  the  y  Axis 
Moment  About  the  z  Axis 

Coefficients  -  Dimensionless 

Axial  Force  Coefficient 

Side  Force  Coefriclent  (body  axis) 

Normal  Force  Coefricient 
Rolling  Moment  Coefficienb 
Pitching  Moment  Covefflcient 
Yawing  Moment  Coefficient 
Drag  Coefficient 

Side  Force  Coefficient  (wind  axis) 

Lift  Coefficient 

Skin  Friction  Coefficient 

Pressure  Coefficient 

Dynamic  Pressure  ~  pounds/siiuare  foot 

Reynolds  Number 

Coefficient  of  Viscosity  -  slugs/foot -second  (also 
gravitational  potential  constant) 

Axial  Force  Coefficient  Defined  in  the  Plane  of 
COp,  =  a/q*S 

Normal  Force  Coefficient  Defined  in  the  Plane  of 

Pitching  Moment  Coefficient  Defined  in  the  Plane 
of  Ctipj=  m”/q*Sdj 


xiii 


p«l 

% 

f" 

% 

CAo 

S 

CAp2 

CA&q 


‘06c 


6=0 


ca, 

%&ci 

W 

CNo 

Cn 

a 

'^Nq2 

CNp 

%p2 

CN6^ 

^N6^2 

%P 

^Na 

CNd^ 


Maanus'l^er^a  . . -  ^ 

Magnus  Force  Coefficient  =  ^0^)^  (p^l/^a) 
Magnue  Moment  Coefficient  =  ^C”,^ 

Cft  at  a  =>  p  =  0°  -  dimensionless 
oCa^O!  -  per  degree 
^Ca/oq^  -  per  degree^ 
ciCa^P  -  per  degree 
oCa/oP^  -  per  degree^ 

-  per  degree 
Sc/bB^  -  per  degree^ 
c^CaA’C^'P  -  per  degree^ 

2 

degree 

b^CAAP^^q  -  per  degree*" 

Ca  at  Bp  =  =  Bp  =  o'-'  -  dimensionless 

Cn  at  a  =  P  =  0°  -  diraensionl-ess 
bCu/ba  -  per  degree 
bCjj/bc^  -  per  degree^ 

oCkAP  "  degree 

?  2 
wCjjAP  "  per  degree 

bCjjA^q  -  P®^’ 

2 

bCj}A&2  -  per  degree 
b^CuA«^P  -  per  degree^ 

r) 

b^CiqAa°\  "  degree 

^  .  2 
d‘^CnAP®\  "  P®^  degree 

bCiiA(caii^/2Vg^)  -  per  radian 

5^CHA(adi/2Va)dxc.G.  -  per  radian  per  foot 


xiv 


% 

"a 

radical 

CMq^ 

^^N/^(qfil/2Va)5xQ,Q^  -  per  radiaa  per  : 

^°s)b^o 

G„  at  6  =  5„  -  &„  -  0®  =  dimensionless 

°yo 

Cy  at  a  =  p  =  0°  -  dimensionless 

^ya 

hCy/ba  -  per  degree 

^ya2 

oCy/oa^  -  per  degree^ 

SCy/^P  -  per  degree 

•"yps 

p  2 

t)C„/op  -  per  degree 

«J 

^y&r 

bCy/^Sj.  -  per*  degree 

^y&j.2 

•n  2 

bc^./b6  2  -  per  degree 

^yaBr 

bSy/bojb&j.  -  per  degree^ 

Sap 

b^Cy/bc^p  -  per  degree^ 

°ypBr 

b^Cy/b^Sp  -  per  degree^ 

s- 

bCy/b(^a2/2Vg^)  -  per  radian 

Cy. 

bSy/b(f3dp/2V^)bX|^^Q^  -  per  radian  per  : 

^yr 

bCy/b(rd2/2V^)  -  per  radian 

Cyrx 

b^Cy/b(rdo/2Vg^)bxQ^fH^  -  per  radian  per  ; 

(S^b=0 

C„  at  6„  =  &„  =  5_  =  0°  -  dimensionless 

j  p  Vi  r 

"lo 

Cl  at  Ot  =  p  =  0°  -  dimeriG ionless 

^la 

bCi/oa  -  per  degree 

'2  2 
bc-j^/^a  -  per  degree 

-  per  degree 
oC-j  /5  p?  -  per  degree^ 
-  pei'  uegi'eu 
bCj/oE'S  -  per  degree^ 


-  per  degree 

p  —  ■  - . -g  .  ■ 

S  CQ^/oaSs^  -  per  degree 
o^C^,/c)^o6.  -  per  degree^ 
oC3_/d(pd2/2Va)  -  per  radian 
SCi/c)(rd2/2Va,)  ■■  per  radian 
o2c^/c)(rd2/2Va)oxQ,(5,  -  per  radian  per  foot 
C3_  at  B  -  6  =  -  0°  -  dimensionless 

at  a  =  t3  =  0°  -  dimensionless 
aOm/oa  -  per  degree 
^Cn,/dtt^  -  per  degree^ 
dCm/op  -  per  degree 
oCf^/cp  -  per  degree 
dC^j/oBg  -  pex-  degree 
degree^ 

o'=^C^/c<)!0(i  -  per  degree*" 
o'^C.^/oubBg  -  per  degree" 

-  per  degree‘s 
VI 

^C,„/o(ddj^/2V3)  -  per  radian 
o'^C,j,/6(6;di/2Vjj)oxc,G.  -  per  radian  per  foot 
oC^/x;(qd3_/2Va)  -  per  radian 
b’‘^C|.,/c)(qd2^/2Vp)c)x^  G  -  per  radian  per  foot 
at  =  0°  -  dimensioaLess 

Cn  at  a  =  ti  “  0°  “  dimensionless 
oCn/ba  “  per  degree 
oCn/bo^  -  per  degree^ 
oCn/bf>  -  per  degree 
c;Gj^/op"  -  per  degree 


SYMBOLS 


=n6, 

t* 


Cxiop 

^noSj. 


C 


nr 


^“rx 


/'I 

^2 

A3 

A4 

A5 

^6 

^7 

^8 

A9 

^10 


DEFINITION  AND  UNITS 
&Cjj/&By  -  per  aegree 
BCji/o&^2  -  per  degree^ 
o^n/^CPp  -  per  degree^ 

■v  2  -  2 

C'  Cn/dob&j,  -  per  degree 

*•  2  -  2 

cj'^Cj^/opoSy  -  per  degree 

oCjj/6(pd2/2Vj^)  -  radian 

o^Cjj/c(pa.2/2Va)oxQ^Q^  -  per  radian  per  foot 

o(Z^f(^{T&2/^a.)  ~  P®'^  radian 

^^^n/‘^(*'^2/^a^'^^.G.  “  P®’^  radian  per  foot 

C„  at  B  =  8  =  5  =  0°  -  dimensionless 

n  P  <1  ^ 

Aerothermoelasttc  Coefficients 

First  Order  Elastic  Coefficient  in  Equation 
feet^/pound 

Second  Order  Elastic  Coefficient  in  Equation 
fcct^/pouiid- 

First  Order  Elastic  Coefficient  in  Cac  Equa-oion 

..  .0 !  -  ^°q 

ieGt‘-/pouna  ^ 


Second  Order  Elastic  Coefficient 
feet^/pound^ 


in  Cajs  Equation 
oq 


First  Order  Elastic  Coefficient  in  ,  Equation  ~ 
feet^/pound  ^ 


Second  Order  Elastic  Coefficient  in  Cw  Equation 
feet^/poimd^  ^ 

First  Order  Elastic  Coefficient  in  C^b  Eq.uation 
feet^/pound 

Second  Order  Elastic  Coefficient  in  CjJb  Equation 
feet^/pound^  ^ 


First  Order  Elastic  Coefficient  in  Cy  Equation  - 
feet^/pomd  ^ 


Second  Order 
feet^/poxind^ 


Elastic  Coefficient  in  Cv 


Equation 


xvii 


SYMBOLS 

An 

Ai2 

A13 

All+ 


At  r 
Xy 


Ai6 

Ai7 

Ai8 

A1.9 

Aao 

A2i 

A22 

A23 


DEPTHITION  AND  UNITS 

f  .  -  .  . 

First  Order  Elastic  Coefficient  la  CyQ^  Equation  - 
f eet^/pound 

Second  Order  Elastic  Coefficient  in  CyS^.  Equation 
feet*^/pound® 

First  Order  Elastic  Coefficient  in  Ci^  Equation  - 
feet^/pound 

Second  Order  Elastic  Coefficient  in  C^^  Equation  - 
feet^/pomd^ 

I 

First  Order  Elastic  Coefficient  in  C15  Equation  - 
feet 2 /pound  ^ 

Second  Order  Elastic  Coefficient  in  0^5^  Equation 
feet^/pound^ 

First  Order  Elastic  Coefficient  in  C^  Equation  - 
feet^/pound  ® 

Second  Order  Elastic  Coefficient  in  Cj^  Equation  - 
feebly  pound^ 

First  Order  Elastic  Coefficient  in  0,^5  Equation  - 
feet^/poiuid 

Second  Order  Elastic  Coefficient  in  Equation 


feet^/pound^ 


P'irst  Order  Elastic  Coefficient  in  C^  Equation  - 
feet^/poxmd 

Second  Order  Elastic  Coeffici(,'nt  in  Cj'  ^  Equation  - 
feet^/pound^  ^ 

First  Order  Elastic  Coefficient  in  C^c  Equation  - 
feet^/pound  ^ 

Second  Order  Elastic  Coefficient  in  C^s  Equation 
feet^/pound^  ^ 


Error  Multiplier  for  Cu 

£2 

Incremental  Error  In  C]\{ 

"^3 

Error  Multiplier  for  C;^ 

Incremental  Error  in  Cj\ 

^5 

Error  Multiplier  for  Cy 

xviii 


SB4BQJ5 

% 

^7 

68 

£9 

610 

611 
^12 


definition  and  units 

lucremental  Error  in  Cy  -  dlmensioDiess 
Error  Multiplier  for  -  dlmensionleSB 
Incremental  Error  in  -  dimensionless 
Error  Multiplier  for  Cn,  -  dimensionless 
Incremental  Error  in  Cn,  -  dimensionless 
Error  Multiplier  for  -  dimensionless 
Incremental  Error  in  -  dimensionless 


xlx 


AERODYNAMIC  HEATING 


SYMBOLS 


^PVq=0 


U1-D6 

^7 

H 


H* 

Haw 

He 

Href 

Hs 

HT 

HTi 

iH 

MNn 

%2 

P2 

% 

% 


DEFINITION  AND  UNITS 

Specific  Heat  at  Tg=0  -  BTU/pound  °R 

Specific  Heat  of  the  Skin  -  BTU/pound  °R 

Pressure  Coefficient 

Constants  j 

Wedge  Angle  -  degrees  . 

Free  Stream  Enthalpy  of  Air  -  BTU/pound  (also  ' 

angular  momentum  and  gravitational  potential 
harmonic  constant) 

Reference  Entheipy  -  BTU/pound 

Adiabatic  Wall  Enthalpy  -  BTU/pound 

Enthalpy  Based  on  Equilibrj.um  Stagnation 
Tempera  ture  -  OR 

Reference  Enthalpy  of  Air  at  5*>0°R  -  BTU/pound 
Skin  Enthalpy  -  BlU/pound 
Total  Enthalpy  -  BTU/pound 

Adiabatic  Wall  Enthalpy  at  the  Sta/^nation  Line 
of  a  Hemi “Cylinder  Leading  Edge  -  BTU/pound 

Enthalpy  Aft  of  the  Shock  Wave  -  BTU/pound 

Characteristic  Length  to  Skin  Temperature 
Point  -  feet 

Mach  Number  Normal  to  Shock  Wave 

Mach  Number  Aft  of  the  Shock  Wave 

Prandtl  Number  Based  on  Reference  Enthalpy 
(raised  to  the  -2/3  power) 

Static  Presscu'e  Aft  of  Shock  Wave  -  pounds/square 
foot 

Constants  Depending  upon  Reynolds  Number 


XX 


JJi:i  JkM 


SYMBOLS 

%* 
RW.'^o  Tm 

HN2 

Te 

%* 

Tr 

Ts 

^6 

T2 

V2 

0^1 

3 


^STa=0 

deg/dT 


|lX 


^^2 


Ps 

p* 


DEFINITION  AMD  UNITS 

Reynolds  Num'ber  Based  on  Referenoe  Enthalpy 
Critical  Reynolds  Natnhar 

Reynolds  Number  Aft  of  the  Shock  Wave  (local) 
Equilibrium  Stagnation  Temperature  -  ^ 
Temperature  Based  on  Reference  Enthalpy  -  °B 
Effective  Temperf  !:  ;re-of  Space  -  ^ 

Skin  Temperature  -  °R 

Skin  Temperature  Rate  of  Change  -  °R/sec 
Estimated  Skin  Temperature  - 
Temperature  Aft  of  the  Shock  Wave  -  “R 
Velocity  Aft  of  the  Shock  Wave  -  feet/second 
All  ;le  of  Attack  of  Skin  Surface  -  degrees 
Shock  Wave  Angle  (also  sideslip  angle)  -  degrees 
Skin  Thickness  - 

Ernisaivlty  of  the  Bphei’ical  Nose 

Emissivity  of  the  Skin 

Emissivity  of  the  Skin  at  T^=0 

Derivative  of  Emissivity  with  Respect  to 
Temperature 

Coefficient  of  Viscosity  Based  on  Reference 
Enthalpy  -  pounds/foot-second 

Coefficient  of  Viscosity  Aft  of  the  Shock  Wave  - 
pounds/ foot -se  cond 

Skin  Density  -  pounds/foot^ 

Density  Based  on  Reference  Enthalpy  -  pounds/foof^ 

Stefan  Boltzmann  Constant  (^^758  10"^3) 

BTW/second/foot^/°R^  (also  azimuth  angle) 


xxi 


AMOULAR  POSITIQM  DATA 


SYMBOLS  DEFINITION  AND  UNITS 

A  Azimuth  of  Platform  Xp  Axis  -  degrees 

B  Equatorial  Angle  Between  Geocentric  and  Inertial 

Coordinate  System  -  degrees 

Ba  Bank  Angle  -  degrees 

B  Equatorial  Angle  Between  Inertial  and  Platform 

^  Coordinates  -  degrees 


a 


Angle  of  Attack  -  degrees 


Oj, 


Total  Angle  of  Attack  -  degrees 


P 


Angle  of  Sideslip  (also  shock  wave  angle)  - 
degrees 


y 


Elevation  Flight-Pa-ch  Angle  -  degrees 


Elevation  Flight-Path  Angle  Including  Effect 
of  Winds  -  degrees 


Geodetic  Flight -Path  Angle  -  degrees 

6p  Control  Deflection  to  Induce  a  Moment  About 

the  X  Axis  -  degrees 

Control  Deflection  to  Induce  a  Moment  About 
the  y  Axis  -  degrees 


Control  Deflection  to  Induce  a  Moment  About 
the  s  Axis  -  degrees 


"D 


0LP 

0T 


Control  Surface  Deflections  -  degrees 

Horizontal  Flight -Path  or  Azimuth  Angle  (also 
Stefan -Boltzmann  constant)  -  degrees 

Azimuth  Angle  Including  Effect  of  Winds  -  degrees 

Geodetic  Hotizontal  Flight-Path  Angle  -  degrees 

Aerodynamic  Roll  Angle  -  degrees 

Platform  Geocentric  Latitude  -  degrees 

Angular  Rotation  of  the  Plane  of  Swivel  of  a 
Thrust  Vectoring  Nozzle  About  the  x  Axis  -  degrees 
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IJEPTJHmON  AI©  UMITSi 

Angle  of  Swivel  of  a  ilirust  Vectpriii  ISfozsie  =“ 
degrees  “ 

Euler  Angles  Between  Body  Axes  and  Local -C-Jocentric 
Horizon  Coordinates.  Set  1.  Yaw-Pit  da -Roll 
Rotation  Sequence  -  degrees 

Set  2,  Pitch-Yaw -Roll  Rotation  Sequence  -  degrees 


Set  3*  Pitch -Roll -Yaw  Rotation  Sequence  -  degrees 


Euler  Angles  Between  Body  Axes  and  Inertial 
Coordinates  in  Degrees 


Measvired  Euler  Angles  Between  Body  Axes  and  Plat¬ 
form  Axes  System  -  degrees 


Euler  Angles  Between  Body  Axes  and  Platform  Axes 
System.  Set  1.  Yaw -Pitch -Roll  Rotation  Sequence  - 
degrees 

Set  2.  Pitch -Yaw -Roll  Rotation  Sequence  -  degrees 


Set  3*  Pitch -Roll -Yaw  Rotation  Sequence  -  degrees 


Angles  Between  Rotating  Machinery  Axes  Sysl-.em 
and  Body  Axes  System  -  degrees 

Autopilot  Command  Values  of  0rp  and  Lp  -  degrees 
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MGULjtft  VELOCITIES 


SmOLS 


BEFiNiTicajrMDitdn^ 


p  Inertial  Angular  Rates  of  Body  Atout  Its  Axis 

<1  System  -  radians/second 

r 


Aeroelaatic  Inei-tial  Angulai*  Rates  of  Body 
About  Its  Axis  System  -  degrees/second 


Pg  Planet  Referenced  Angular  Rates  of  Body  About 

qg  Its  Axis  System  -  radians/second 


Pm  Measured  Inertial  Angular  Rates  of  Body  About 

qm  Its  Axis  System  -  radians/second 


Rotation  Rate  of  Machinery  Within  the  Body  About 
Its  Axis  System  -  RPM 
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SYMBOLS 

Ha 

Sp 

P 

T 


V 

V 


p 


ATMOaBHlRB'  DAd^  '  7  /  “■ 

DEFINITION  AND  UNITS 

Geopotential  Altitude  -  geopotential  meters 

Atmosphere  Pressure  -  pounds/foot^ 

Temperature  of  the  Atmosphere  (also  engine 
thrust)  -  OR 

Molecular-Scale  Temperature  of  the  Atmosphere 
°R 

Speed  of  Sound  -  feet/second 

Kinematic  Viscosity  of  the  Atmosphere  - 
feet  “^/second 

Atmosphere  Density  -  slugc/foot^ 


-  ~..-®Ea-a2sgg3«S 


EEPUJITION  AND  UNITS 


Body  Axes  Coordinate  System  or  Diaplaceraents  Froia  a 
Specified  Origin  in  tbat  System  (y  also  aerodynanle 
aide  force,  body  axes)  -  feet 

Inertial  or  Space  Fixed  Coordinate  System  or  Dis¬ 
placements  from  a  Specific  Origin  in  that  System 
(Y  also  aerodynamic  side  force,  wind  axis)  -  feet 

Wind  Coordinate  System  or  Displacements  from  a 
Specified  Origin  in  that  System  -  feet 


Earth  Reference  Coordinate  System  or  Displacements 
from  a  Specified  Origin  In  that  System  -  feet 


Local -Geocentric-Horizon  Coorcllupt?!?:  or  Displace¬ 
ments  from  a  Specified  Origin  in  that  System  -  feet 


Local -Geodetic-Horizon  Coordinates  or  Displacements 
from  a  Specified  OH  gtn  in  that  System  -  feet 


Measvired  Displacements  in  a  Coordinate  System 
Fixed  to  the  Planet  (radar  eooi'dlnates)  -  feet 


Platform  Coordinate  System  or  Displacements  from 
a  Specified  Origin  in  that  System  -  feet 


Rotating -Machinery  Axis  System  or  Displacements 
from  a  Specified  Origin  in  that  System  -  feet 


ASCES  SySTOS 
iiMHA^ARY 


SYMBOLS 


DlF32imON  AMD  UNITS 

Right  Ascension  of  Planet  North  Pole  -  degrees 

Planetocentric  Equatorial  Coordinates  Based  Upon 
the  Earth's  Equatorial  Plane  and  the  Mean  Vernal 
Equinox  of  Reference  Date  in  Ephemeris  Tinie  or 
Displacement  from  a  Specified  Origin  in  that 
System  -  feet 

Declination  of  Planet  North  Pole  -  degrees 

Hour  Angle  of  the  Vernal  Equinox.  Referenced 
with  the  Intersection  of  the  Planet  Equatorial 
Plane  and  the  Earth  Equatorial  Plane  of  Reference 
Date  -  radians 

Hour  Angle  of  Laimoh-Site  Meridian  with  a  Plane 
Perpendicular  to  the  Intersection  of  the  Planet 
Equatorial  Plane  and  the  Earth  Equatorial  Plane 
of  Reference  Date  -  hours 

Hour’  Angle  of  the  Vernal  Equinox  of  Reference 
Date  with  Respect  to  the  Launch  Point  at  the  'lime 
of  Launch  -  hours 

Sidereal  Time  -  hours 


HA 


Hour  Angle  of  Planet's  Prime  Meridian  Measured 
from  the  Meridian  Passing  Through  the  Verntil 
Equinox  of  the  Reference  Date  -  degrees 


SYMBOLS 

b 


C.G. 


d2 


E 


BODY  HiYSYGAL  DATA 


DEFINITION  AND  UHI'ES 
Wing  Span  -  feet 
Center  of  Gravity 

Reference  Length  -  Longitudinal  Plane  -  feet 
Reference  Length  -  Lateral  Plane  -  feet 

Modulus  of  Elasticity  -  pounds/inch^ 


^xr 

^yr 

Izr 


“•xx 

r 

*-zz 


J-xy 

^xz 

ii 

In 


Moments  of  Inertia  of  Rotating  Machinery  Within 
the  Body  About  Machinery-Axes  System  -  slugs -feet 


Moments  of  Inertia  About  the  Body  Axes  - 
slugs -feet^ 


Products  of  Inertia  About  the  Body  Axes  - 
si.uga-feet^ 


Characteristic  Distances  for  Jet-Damping 
Moments  -  feet 


Characteristic  Distances  for  Jet-Damping 
Forces  -  feet 


7)^  Mass  of  the  Body  -  slugs 

Wf  Fuel  Mass  Consumed  -  slugs 

Tji  Radius  of  Hemispherical  Nose  (stagnation  region) 

feet 

S  Reference  Area  -  feet^ 


Veight  of  the  Body  -  Equal  to  Mass  Times  Reference 
15  -  pounds 


^.G. 

’’C.G  , 


Position  Coordinates  of  the  C.G.  in  Body  Coordin¬ 
ates  -  feet 


'^=G.  “  ^.G. 


ref 


)  -  feet 


SXMBCffiS 

ei8 

®19 

^20 

^22 

£23 

e2t|. 


:T*3MKCf|®  :A®)  MI$S 
Incremental  Error  In  Vshiol©  Mass  -  slugs 
Incremental  Error  in  C.G.  Location  -  feet 

p 

Incremental  Error  in  Ixx  -  slugs-feet*^ 
Incremental  Error  in  lyy  -  slugs -feet'^ 

p 

Incremental  Error  in  I„„  -  slugs-feet 

U  Li 

<? 

Incremental  Error  in  -  slugs-feet 

2 

Incremental  Error  in  -  slugs-feet 

2 

Incremental  Error  in  ly^  -  slugs-feet 
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DXRBQTIQM  CQSIMES 


SYMBOLS 

DEFINITION  AND  UNITS 

aj_aga2 

C1C2C3 

Matrix  of  Direction  Co8ines»  Used  to  Transfer 
Quantities  from  Inertial  Axes  System  to  Platform 
Axes  System 

dicl2d3 

6162^3 

Matrix  of  Direction  Cosines,  Used  to  Transfer 
Quantities  from  Local -Geo centric  Horizon  Coor¬ 
dinate  System  to  Body-Axes  System  Using  Local 
Body  Euler  Angles  and  to  Transfer  Quantities 
from  the  Body  Coordinate  System  to  Platform  Axes 
System  Usiaig  Platform  Euler  Angles 

J1J2J3 

kik2k3 

Matrix  of  Direction  Cosines.  Used  to  Transfer 
Quantities  from  Geocentric  Horizon  Coordinate 
System  to  Inertial  Coordinate}  System 

110^20^30 

jloJ20J3o 

kl0k20k30 

1,  j,  k.  Direction  Cosines  with  =  0 

I1I2I3 

ni]_Tn2iDo 
rij[j  12112 

Matrix  of  Direction  Cosines.  Used  to  Transfer 
Quantities  from  Inertial  Axes  System  to  Body- 
Axes  System 

®l*^2’^3 

PIP2P3 

<ll°lp^3 

Matrix  of  Direction  Cosines.  Used  to  Transfer 
Quantities  from  Wind  Coordinates  to  the  Xj,,  Yg, 
Zg  System 

Ui  UoUo 

V1V2V3 

W1W2W3 

Matrix  of  Direction  Cosines.  Used  to  Transfer 
Quantities  from  Body  Coordinates  to  Wind  Coor¬ 
dinates 

SYMBOLS 


"13 

eil) 


«a>E-^pm  . . . 

DEFINITION  AND  UNITS 

Engine  Exit  Area  -  square  feet 

Engine  Tlarust  Moments  in  the  Body-Axes  System  - 
foot /pounds 

Throttle  Setting  (also  momont  in  body-axes  system) 

Engine  Thrust  (also  temperature)  -  pounds 

Vacuum  Engine  Thrust  (rocket  motor)  -  pounds 

Engine  Thrust  Forces  in  the  Wind-Axes  System  - 
poimds 

Engine  Thrust  Forces  in  the  Earth  Reference  Axes 
System  -  pounds 

Engine  Tiu-uat  j.u  Body  CorriXionents  -  pouiidc 

Engine -Nozzle  Swivel  Point  from  Reference  Center 
of  Gravity  -  feet 

Error  Mxiltlplier  for  Tlirust  Force  -  dimensiotlLess 
Incremental  Error  in  Thrust  Force  -  pounds 


iI,IGHT».PLAN  FROGBaMm.:Ma:^ftUmE31iOg. 


SYMBOLS 


PEFINITIOH  AND  UNITS 


Ax 

Ay 

z 


% 

'^y 

az 


Indication  of  Platforni  Accelerometer  -  feet/second 


Body  Axes  Components  of  Inertial  Acceleration  - 
feet/aecond^ 


Bl-B^o 


Bias  Values  Used  in  Autopilot  Equations 


CAc 

Cyc 

CHc 

CLj; 

Cq* 

Uq! 

oS 


na 

"-ic 

'^tc 

no 

Hy 

Hff 


Hrr  - 

n^j. 


Axial -Force  Coefficient  Command 
Side-Force  Coefficient  Command 
Normal -Force  Coefficient  Command 
Drag-Force  Coefficient  Command 
Side-Force  Coefficient  Command 
Lift  Coefficient  Command 
Gain  Coefllcients 


Auxiliary  Variables  Used  for  Solution  of  Autopilot 
Differential  Equations 

Autopilot  Gains  (see  defining  equations) 

Limiter  Values  (see  defining  equations) 

Body  Axes  Load  Factors  -  g*o 

Body  Axes  Load  Factors  Commands  -  g's 

Wind  Axes  Load  Factors  -  g's 

Wind  Axes  Load  Factors  Commands  -  g's 


xxxli 


.  smoLa 


^11 

Kia 

Ki3 

Ki4 

Ki5 

Ki7 

Ki8 

Ki9 

K20 

K21 


K22 

K23 

K24 

K25 

K26 

RNTP 


RNTR 

RNTY 


!fav  Jfes 

Yaw  Gyra  Mlft  MtS’  - .Segrees/sfieond 
Roll  Gyro  Bias  -  degrees 
Roll  Gyro  Drift  Rate  -  degrees/second 
Tolerance  for  Agsurotns  fer  ds  zero  -  Gegrees 
Tolerance  for  assuniing  0  is  zero  -  degrees 
Error  in  Initial  Yaw  Alignment  -  degrees 
One -Half  Yaw  Dead -Band  Width  -  degrees 
Error  in  Initial  Roll  Alignment  -  degrees 
One -Half  Roll  Dead-Band  Width  -  degrees 
Error  Multiplier  for  Pitch  torque  command  - 
dimensionless 
Pitch  Gyro  Bias  -  degrees 
One -Half  Pitch  Dead-Band  Width  -  degrees 
Error  in  Initial  Pitch  Alignment  -  degrees 
Pitch  Gyro  Drift  Rate  -  degrees/second 
Error  Mtiltiplier  for  Trim  Angle  of  Attack  - 
dimensionless 

Moment  Due  to  Misalignment  of  Thrust  and/or 
Asymmetric  Aerodynamics  in  Pitch  -  foot-pounds 
Moment  Due  to  Misalignment  of  Thrust  and/or 
Asymmetric  Aerodynamics  in  Roll  -  foot-pounds 
Moment  Due  to  Misalignment  of  Tiunist  and/or 
Asymmetric  Aerodynamics  in  Yaw  -  foot-pounds 
Time  to  Commence  Glide  Phase  -  seconds 


Pc 

^2Tc 


Roll  Rate  Command  -  degrees/second 

p 

Hrenaiire  Command  -  pounds /foot*" 

Dynamic  Pressure  Command  -  pounds/foot^ 


Ofc 


Angle  of  Attack  Command  -  degrees 


Pc 

7c 

dc 

©c 

'l^c 


Pc 

Pci 


Angle  of  Sideslip  Command  -  degrees 
Rate  Command  -  degrees/second 
Attitude  Commands  -  degrees 


*3 

Density  Command  -  slugo/.foof^ 

Density  Command  Corrected  for  Planet  Rotation  - 

slugs /foot 3 


G 


t 

c 


Pitch -Attitude  Command  -  degrees 


xxxiil 


'I'c' 

K 

0T 

% 

TA-Tz 

■'^1"'^30 

“r“30 


■  issapmerioH 

Yaw-Attitude  doiBitiaad  -  defies 
Damping  Ratios  -  dimensionless 
Loiagltude  Command  -  degrees 
Latitude  Command  -  degrees 
Temperature  Limiting  Attitude  Error  Signals  -  degrees 

Time  Constant  -  seconds 

Natural  Frequency  -  radians/aecond 
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SYMBOrS 

F 

Fx 


PXe 

l-m 


■ZD 


H 


L 

M 

N 

ld 

Md 

Nd 

FZa 

AFx 

AFy 

afJ 

Mip 


FOBCEg 

DIB'INITION  AMD  UNITS 
Force  -  pounds 

Summation  of  Forces  in  the  Body-Axes  System 
Including  the  Body  Component  of  Weight  -  pounds 

Summation  of  /ces  in  Earth  Reference  Axes 
System  Including  the  Body  Component  of  Weight  - 
pounds 

Jet  Damping  Forces  -  pounds 


Angular  Momentum  (also  gravitational  potential 
harmonic  constant  and  enthalpy)  -  foot-pound- 
seconds 

Summation  of  Moments  in  the  Body  Axes  System  (l. 
also  lift  and  N  also  throttle  setting)  - 
foot-pounds 

Jet  Damping  Momeats  -  foot-povuido 


Summation  of  Forces  in  the  Wind  Axes  System 
pounds 


Generalized  Force  Input  -  pounds 


Generalized  Moment  Input  -  foot-pounds 
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SYMBOLS 

Sref 


Sx 

Sy 

Sz 


GEQPimiCAL^TA,. 


_  ,  PEi3J^_TrgK,MD_U^TS 

Reference  Gravitational  Acceleration  (32.17lf 
feet/second^)  Used  to  Define  Weight 

Components  of  Gravity  in  Body-Axes  System  - 
feet/second^ 


GX 

Gy 

sz 


Components  of  Gravity  in  Inertled-Axes  System  - 
feet/aecond^ 


GXp 

fi4 


1 

I 


Component  B  of  Gravity 


jr  wrwtii 


in  Earth-Reference  Axes 


GXg 

GZp 


Components  of  Gravity  in  Geocentric  Horizon 
Coordinates  -  feet/second^ 


J 

H 

K 


^  Gravitational  Potential  Harmonic  Constants  (H 
<  also  denotes  angular  momentum  and  enthalpy)  - 
(  dimensionless 


Constants  In  the  Equation  Relating  Geodetic  and 
Geocentric  Latitude 


Equatorial  Radius  (reference  spheroid)  -  feet 


Polar  Radius  (reference  spheroid)  -  feet 


U 


Gravitational  Potential  -  feet^/second^ 


g 


(J 

^25 


^26 


Gravitational  Potential  Constant  (also  coefficient 
of  viscosity)  -  feet3/second^ 

Planet  Rotation  Rate  -  radians /second  (positive  if 
in  same  direction  as  planet  Earth) 

Components  of  the  Planet's  Rotation  Rate  in  the 
Local -Geocentric  Coordinate  System  -  radlana/bucond 

Error  Multiplier  for  Atmospheric  Density  -  non- 
dimensional 

Additive  Error  for  Atmospheric  Density  -  slugs/foot 
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SYMBOLS 

MN 

u 

V 

w 


u„ 


Uy 

'W 

"V 


J^aiTiON  AND  UNITS  ^ 

Mach  Number 

Inertial  Velocity  Components  in  Body  Coordinates  - 
feet/second 

Measured  Inertial  Velocity  Components  in  Body 
Coordinates  -  feet/secpnd 

Inertial  Wind  Velocity  Components  in  Body 
Coordinates  -  feet/second 

Inertial  Speed  -  feet/second 
Airspeed  -  feet/second 

Velocity  Increment  Due  to  Drag  -  feet/second 

Velocity  Increment  Due  to  Gravity  -  feet/second 

Ground  Referenced  Speed  -  feet/second 

Check  Value  of  Ground  Referenced  Velocity  Vg  - 
feet/oecoud 


Velocity  Increment  Due  to  Rocket  Nosele  Back 
Pressure  -  feet/second 


'^theo 


Vw 

e 

|sw 


Yw 


Theoretical  Velocity  Increment  Due  to  - 

feet/second 

Wind  Speed  -  feet /second 

Wind  Velocity  Components  in  Local -Geocentric - 
Horizon  Coordinates  -  feet/second  (Xgv  positive 
when  blowing  north,  Yg^  positive  when  blowing 
east,  Zgy  positive  when  blowing  downward) 

{Wind  Velocity  Components  in  Inertial  Coordinates  - 
fect/second 


xxxvll 


FQSITIOH  Mm  . -1%  -. 

^MNlilON  A103  m 

Geodetic  Altitude  -  feet 

Geocentric  Altitude  -  feet 

Distance  from  Center  of  Planet  to  Body  -  feet 

Total  Distance  Traveled  Over  Planet  Surface  - 
nautical  miles 

Approximate  Range  of  Vehicle  from  Latinch  Point; 
Over  Great  Circle  Path  =  nautical  miles 

Local  Planet  Radius  »  feet 

Time  -  seconds 

Stage  Time  -  seconds 

Longitude  -  degrees 

Geodetic  Latitude  -  degrees 

Geocentric  Latitude  -  degrees 

Constant  Used  In  Equatorial  Flight  to  Specify  the 
Direction  of  Laxmeh  (Kq  =  1  for  easterly  launch; 
Kg  =  -1  for  westerly  launch)  -  dimensionless 

Initial  Total  Distance  Traveled  Over  Planet 
Sxirface  -  nautical  miles 

Initial  Local  Planet  Radius  -  feet 

Initial  Longitude  -  degrees 

Initial  Geodetic  Latitude  -  degrees 

Initial.  Geocentric  Latitude  -  degrees 

Initial  Heading  -  degrees 

Downrange  along  Initial  Great  Circle  ~  nautical 
miles 

Crossrange  from  Initial  Great  Circle  -  nautical 
miles 
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SYMBOLS 


ref 


o 


R 

P 

r 

SL 

f  ^  X^2*«»n 

r 

P 

V 


DEFINITION  AKb  UNITS 


Unit  Vector  -  suDsorlpt  indicates  the  axes-  system 

Subscript  c  Denotes  an  Autopilot  or  Plight -Plan 
Programmer  Command  Signal 

Subscript  ref  Indicates  VEiI.ue  is  a  Reference 
Quantity 

A  Bar  Over  a  Symbol  Denotes  a  Vector 
A  Dot  Over  a  Symbol  Denotes  Time  Derivative 


Two  Dots  Over  a  Symbol  Denotes  the  Second  Deriva¬ 
tive  with  Respect  to  Time 


Subscript  0  Denotes  -  Initial,  time  zero,  origin 
of  axes  system,  sea  level  conditions 


Radius  Vectors 


Subscript  Indicates  Sea  Level  Reference  Value 

Refers  to  an  Error  Constant,  Either  Multiplier 
or  Additive  (subscript  number  defines  which  one) 

Subscript  r  Denotes  Rotating  Machinery 

Subscript  p  Denotes  Platform 

Subscript  V  Denotes  Vertical  Axes  System 
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i.  ..imSfiDIJCTIQN 


In  the  current  wide-spread  use  of  high  speed  digital  computing  machines  for 
solving  flight  path  and  vehicle  motion  problems,  it  is  common  practice  to  develop 
a  number  of  specialized  computer  programs  each  applicable  to  a  specific-  problem. 

It  is  usually  found  desirable,  in  formulating  theje  programs,  to  omit  mfuiy  of  the 
terms  of  a  more  general  formulation  which  are  considered  to  be  of  secondary  effect 
to  the  particular  investigation  at  Imnd.  This  limits  the  ranga/of  application  Of 
these  programs  and,  results  in  considerable  duplication  of  programming  for  each 
new  specialized  performance  analysis.  The  object  of  the  present  study  is:  (l) 
the  formulf.tion  of  the  generalized  equations  of  motion  with  six  degree  of  freedom 
for  the  flight-path  study  of  any  type  of  vehicle  operating  in  the  atmosphere  eujd 
gravity  field  of  a  rotating  non-spherical  planet,  and  (2)  the  design  of  the  digital 
computer  program  necessary  to  solve  these  equations.  A  feature  of  this  computer 
program  Is  the  facility  by  which  restricted  problems  of  less  than  maxiraum 
say  also  ba  ‘ti'oa'tad.* 


The  general  specifications  which  were  followed  in  the  development  of  the 
required  Six-Degree-of -Freedom  Flight-Path  Study  computer  program  are  outlined 
below: 

1.  Geophysical  Characteristics 

Rotating  non-spherical  earth  accounting  for  oblateness  effect  on  alti¬ 
tude  as  well  as  gravity. 

Atmospheric  properties  consistent  with  latest  information  with  flexi¬ 
bility  to  permit  use  of  other  atmospheres  or  atmospheric  variations. 

Wind  effects. 

2,  Vehicle  Characteristics 

Options  to  permit  various  degrees  of  sophlsticatior  in  aerodynamic  data 
inp\:t  or  output  applicable  to  boost,  interim,  or  re-entry  configurations. 
Aerodynamic  data  input  as  function  of  mijltiple  variables,  such  as  speed, 
altitude,  and  vehicle  attitude  to  be  provided.  Other  options  to  be  of 
various  degrees  of  refinement. 

No  restrictions  Lo  small  angles  of  motion  or  attitude  in  any  degree. 

Vehicle  spin  effects,  Including  Magnus  effects,  to  be  included  for  n  rpm. 

Account  for  thrust  misalignment  and  transient  effects  due  to  stage 
separation  for  n  stages. 

Include  damping  derivatives  and  cross  coupling  between  the  various  degrees 
of  freedom. 

Include  provisions  for  simulation  of  vehicle  autopilot. 


Mainuscript  originally  released  by  authors  October  i960  for  publication  as  WADD 
Technical  Report  6O-78I.  Revised  and  released  by  authors  February  196it  for 
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Include  provisions  for  simulation  of  fligfcit  programmer. 

Vehicle  control  to  be  possible  by  aef odjTiamic ,  main  ^n^ha  m 
vernier  thsiast  vector,  retrorochet,  and  reaction  type  control. 

3.  Characteristics  of  Digital  Computer  Program 

Program  to  give  time  history  of  motion  of  all  six  degrees  of  freedom. 

Program  utilisation  of  various  degrees  of  complexity  from  two  degrees 
to  six  degrees  of  freedom  of  motion. 

Velocity  input  and  output  option  relative  to  the  surface  of  a  rotating 
central  body  or  absolute  with  respect  to  axis  system. 

Provide  for  performance  readout  in  latitude  and  longitude  according  to 
standard  nomenclature,  and  all  pertinent  values  required  in  the  solu¬ 
tion  of  operational  type  as  well  as  design  problems,  e.g. ,  range  in 
both  maneuvering  and  straight-out  cases,  and  energy  management 
parameters . 

Coordinate  system  transformation  capability. 

'frajectory  control  during  operation  by  limiting  any  or  all  three  degrees 
of  rotation,  and/or  any  or  all  three  degrees  of  translation. 

Provision  for  tyii.ig  into  an  aerodytiamic  heating  computer  program  and 
an  interplanetary  trajectory  computer  program,  and  provision  for 
handling  heating  limits. 

’1.  Program  Operating  Modes 

The  program  should  contain  a  reversible  option  whereby  known  trajectory 
motion  becomes  the  Inpiit  and  aerodynamic  data  is  obtedned  as  a  result, 
as  is  accomplished  in  fligtit  test. 

The  computer  program  which  will  handle  this  degree  of  problem  complexity 
must,  of  necessity,  be  designed  on  a  "unit  construction"  basis  such  that  the 
Individual  building  blocks  may  he  readily  isolated.  In  addition,  to  insure 
that  the  program  will  not  become  obsolete  as  requirements  develop  for  the  simula¬ 
tion  of  new  vehicle  concepts,  the  basic  program  must  be  easily  revised.  Recognizing 
that  every  flight  dynamics  computer  program  has  certain  essential  parts  which  are 
the  same  regardless  of  the  characteristics  of  the  specific  vehicle  involved,  the 
concept  of  a  central  program  area  with  interchatigeable  subprograms  has  been 
adopted. 

This  report  presents  the  analytical  and  theoretical  developments  leading 
to  the  problem  formulation  and  the  computer  program  design.  In  the  derivations  and 
explanations  presented,  any  simplifying  assumptions  or  approximations  which  are 
made  are  incorporated  only  after  the  development  of  the  more  general  expressions. 

In  this  way  the  degree  of  approximation  involved  is  made  clear,  emd  the  form  of 
the  terms  deleted  are  specified  should  they  be  required  at  a  later  time  for 
specific  analyses. 


2,  IKRIVATION  OF  EQUA^riOMS  m  MOTION 


This  section  presents  the  derivation  of  the  equations  of  motion,  of  a 
■bo<3y  in  "inertial"  space,  as  required  for  use  in  the  Six- Degree-of -Freedom 
Flight- Path  Stuily  con«>uter  program.  One  of  the  features  of  this  program  is 
that  prohlema  which  require  motion  analysis  in  less  than  six  degrees  of 
freedom  may  also  he  considered  without  the  penalty  of  substantial  amounts  of 
null  arithmetic.  Consequently,  alternate  sets  of  equations  are  developed 
from  the  original  relations  hy  deletion  of  terms  which  are  not  required.  The 
equations  of  motion  will  form  a  portion  of  the  computation  loop  which  is 
unaffected  hy  the  libraries  of  interchangeable  subprograms  describing  alter¬ 
nate  control  systems;  airframe  aerodynamics,  atmospheres,  and  geophysical 
parameters,  or  the  data-monitorlng  subprograms  to  be  incorporated.  The 
several  coordinate  tremsformatlons  and  velocity  and  angle  resolutions,  which 
complete  this  central  portion  of  the  problem,  are  described  in  Section  3  of 
this  report. 

2.1  Slx-Degree-of-Freedora  Analyses.  -  Since  the  equations  involving  the 
moments  of  inertia,  aerodynamic  forces,  and  thrust  forces  are  greatly 
simplified  if  expressed  in  body  coordinates,  this  system  of  body  reference 
will  be  used.  The  two  basic  equations  which  define  the  motion  of  a 

body  are; 

F  =  |t  (biriV)  (2.1) 

Nuiueeical  ajaalyc-or.  of  these  vector 
equations  require  their  resolution 
Into  vector  components  an(S  definition 
of  the  scalar  coefficients.  Thece 
manipulations  are  discussed  in 
detail  in  many  texts  in  mechanics 
(e.g.,  References  (l)  tlu’ough  (8)). 

Tlie  essential  steps  of  the  deriva¬ 
tion  are  reviewed  here,  however, 
for  completeness. 

To  determine  the  displacement 
accelerations,  consider  a  point  P 
displaced  from  the  origin  or  coor¬ 
dinate  system  x-y-z  such  that  the 
vector  r  designates  the  point. 

Figure  2.1  illustrates  the  system. 

Figure  2.1  Generalized  Inertial  and  Body- 
Axes  Coordinate  Systems 


M  =  it  (2.2) 


Y 


(l)  An  exception  is  made  for  the  three-degree-of -freedom  point-mass 
problem,  discussed  later,  where  it  Is  foxjnd  more  convenient  t:  use  a  wind-axis 
reference  system. 
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Let  the  grigiia  of  the  coordinate  ayatem  x-y-z  he  dispiaoed -from  ths  orlgtoi-of  a 
space-fixed  coordinate  sysbera  X-y-Z  hy  an  amount  and  difeetioh'^v^'hy^^B^^ 
Further  j_let  the  coordinate  system  x-y-z  rotate  in  the  X-X'-Z  space:  sheh  that  the 
vector,  Wj  defines  the  rotation. 


Then 


r  =  xljj  +  yly  +  zTjj 
R  =  Xlx  +  Yly  +  zTz 


(2.3) 


Tlae  coordluate  system  x-y-z  will  be  recognized  as  the  body  axes  and  the  coordinate 
system  X-Y-Z  are  the  non-moving  "inertial'*  or  Newtonian  axes.  The  total  velocity 
of  the  point  P  is  given  by 


p  =  R  +  r  =  Xl^  +  Yly  +  Zi^  +  (x  -  yo^  +  s!Wy)lx 

+  (y  +  xioj,  -  zwjj)ly  +  (z  -  xwy  +  yiOx)lz  (2.t) 


It  is  more  convenient  to  express  the  velocity  of  the  body-axes  origin  in  body- 
velocity  components  than  In  velocity  components  coincident  with  the  "inertial" 
■reference  coordinates.  Tlie  vector  R  can  be  written  in  any  coordinate  system,  so 

•  a  •  •  •  •  • 

H  =■  V  =  yiy  + 

and  Equation  (2.)|)  may  be  rewi-itten  as 

p  ^  V  +  r  -  Xoix  +  Yoiy  +  '^J-z  +  ■■  yfz  + 

+  (yp  +  “  ^p^"x)iy  +  ( 2p  -  5Cjf0y  +  yp<j^)iz  (2.5) 


where  the  subscripts  0  and  p  have  been  added  to  distinguish  between  'the  velocity 
components  of  the  origin  and  the  relative  movement  of  the  point  P  with  respect  to 
the  origin  of  the  x-y-z  coordinate  system  I’espectlvely.  Differentiating  Equation 
(2.5)  gives  the  relation  for  the  total  acceleration  to  be 


P 


+ 

+ 

+ 


[x'o  -  Yo^'^z  +  ^o^V^  +  (Yo  +  ^o“z 

■  ^Yp^-’z  +  2ZpU.y  -  Xp  (u.^  +  u)|) 

•  *  *  00 

[•V  +  2x_u)_  -  2zaiU.  -  y„  (10^  +  wf) 

p  y  ^  y  '  }j  A  ti 

-  ^Vy  “  "'P  ^  ‘"x^ 


^o^x)  ^y  ■  ^o^y  Yc/'^x) 

+  yp(i^x‘V  -  mg)  +  Zp(u)y  -hujjfog)] 

+  -  W.,)  +  X„(u),  +  1„ 

i'J*'  i'"  ^  J  J 

ft  t 

+  Xp(u)^iOj,  -  Wy)  +  y^./to^  +  Uj^Og)] 


(2.6) 

This  acceleration  relation  is  completely  general  and  applies  to  any  point  on  the 
body.  In  developing  the  equations  of  motion,  the  point  of  Interest,  P(x,y,  z), 
is  the  center  of  gravity.  If  the  center  of  gravity  is  assumed  to  move,  relative 
to  the  tody,  along  the  v_axis  only,  the  following  simplification  can  be  made. 


k 


-9  y-p>  . 

•  •  ♦ 

The  components  Xqj  yo^  '^o>  '*bci  ‘*’y>  “2  more  commonly  known  as  u,  v,  w 
and  p,  q,  r  respectively.  The  components  u,  v,  and  w  are  the  velocities  of  the 
reference  point  on  the  body.  Making  the  above  substitutione  gives 


Fjj  =  ■;>|[u  -  vr  +  wq  +  Xp  -  Xp(r^  +  q^)] 

•  •  •  (2.7) 

Fy  =  [v  +  ur  -  wp  +  PXpr  +  Xp(r  +  pq)] 

•  • 

Fa  =  V/)[w  -  uq  +  vp  -  2Xpq  4  Xp(rp  -  q)] 


In  view  of  the  fact  that  most  vehicles  are  designed  to  have  small  center-of- 
gravity  travel,  the  acceleration  and  velocity  of  the  center  of  gravity  are  both 
very  amall  quantities  and  may  be  oiiiittcd  from  the  problem  formulation.  If  the 
reference  point  is  further  restricted  to  be  the  center  of  gravity,  then  Xp  and 
its  derivatives  may  be  omitted  from  the  equations  and  the  components  u,  v,  and  w 
are  the  velocities  of  the  canter  of  gravity.  In  matrix  form  the  equations  reduce 
to  the  following: 


Fx 

~\i' 

■  0 

-r  ./] 

"u" 

^'V 

=  7n 

V 

4 

r 

u 

-P 

V 

, 

__w^ 

P 

_w_ 

It  may  be  nobed  bare  that  in  the  nnalyttia  of  flight-tost  dots,  where  the  output 
of  accelerometers,  mounted  away  from  the  center  of  gravity,  are  used  to  record 
the  motion  of  the  body,  the  complete  form  of  Equation  (2.7)  must  be  used.  It 
will  also  be  lioted  thub,  nlbhougli  Equation  (2,1)  states  Newton^s  Law  as  the 
time  derivative  of  the  momentum,  a  formal  differentiation  ofbr^V,  assuming  '>vj, 
bo  be  a  idnetion  of  bime,  has  not  been  perfoi’ined  in  the  derivation  of  Equation 
(2.8).  Such  a  formal  differentiation  gives 


F  =  ^  ^  4  V 

'  dt  dt 


This  differentiation  leads  to  erroneous  results,  however,  since  the  I’esidual 
momentum  of  the  expelled  gases  has  not  been  accounted  for  by  this  procedure  (See 
Reference  8,  page  111).  The  equation  should  be 


F  =  m  ^  4  c 

dt  dt 
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f 


when  the  residual  momentum  of  the  ex-pelled  maaa  la  nrenerly  - 

is  the  velocity  of  the  expelled  mass  with  respect  to  the  contlhuiag-^hodyi^’  %  v 
contribution  “Wtc  is  the  momentum-change  portion  of  the  thrust  and  is  iij^uded  in 
the  summation  of  external  forces.  ’  “ 

There  are  additional  accelerations  produced  which  are  unique  to  configura¬ 
tions  which  have  very  large  fuel-flow  rates  and  which  have  the  thrust  noaale 
located  a  considerable  distance  from  the  center  of  gravity.  These  accelei'ations, 
linea>’  and  angular j  are  the  so-called  jet-damping  contributions.  The  term  is  a 
coirectlon  to  accelerations  computed  on  the  basis  of  only  the  externally  applied 
forces  (or  moments)  and  accounts  for  the  moment  of  momentum  which  is  imparted  to 
the  fuel  by  the  pitching  velocity  of  the  body.  The , derivation  of  this  contribu¬ 
tion  is  considered  in  greater  detail  in  Appendix  One  to  this  report.  The 
principal  contribution  to  the  equations  for  linear  acceleration  are  in  the  y-and 
z -direction  and  have  been  added  to  the  expressions  of  (2.8)  to  give  the  following 
I'esult . 


• 

Fx 

u 

0 

-r 

q 

u 

0 

=  rri 

V 

+ 

r 

0 

-p 

V 

+ 

-S>nrLy 

Fz 

w 

-q 

P 

0 

w 

+2>?7  qljj 

(2.9) 


The  relations  expressing  the  rotationax  motion  are  obtained  in  a  straightfonrard 
manner.  The  components  considered  in  this  analyais  come  from  three  basic  sources; 
the  time  rate  of  change  of  the  moment  of  momentum,  the  gyroscopic  momenta  which 
arise  from  the  rotating  machinery  of  the  vehicle,  and  the  externally  applied 
moments.  Tlie  moment  of  momentum  of  a  body  (or  angular  momentum)  about  its  center 
of  gi’avity,  in  terms  of  its  components  ,  is  given  by 


Hx 

y 

Hz 

-I. 


-I, 


-yz 

f 

xz  '■yz  ■’zz 

or,  since  and^^  sre  p,  q,  and  r,  respectively: 


“■xx 


-I 


xy 


-I 


xz 


-I 


xy 


yy 


1  (  u 

1  X 

y 

10 

z 

^  f^xxP  ”  “xy^  ^  ■^x  ^  ^  ^xy^  ^ 


yy^ 


+  [ "^xzP  ”  ^yz^  ^  ^zz^^  (2.10) 


The  required  differentiation  of  the  moment  of  momentum  gives 


*The  time  rate  of  change  of  inertia  noted  here  refers  to  that  change  occurring 
at  constant  mass  only. 
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«  «  • 

"  ^xy^'l  “  ~  ^xz^  “  ^x 

"*"  ^yy^  ^-xx  “  ^zz)  P**  ”  ^xz(^^  "  P  )  ■  ^xy^P  ■*■ 

4  •  • 

-  Iyz(r  "  P^)  "  ^xyP  "  ^yz*"!  ^y 

*  r\  r\  * 

+  t^zz^  ■*■  ^zz^  '*’  ^^yy  ”  ^XX^P*1  ”  ^xy^P  "  Q.  )  "  ^ygCo.  +  P^) 

•  •  • 

”  ^XZ^P  ■"  “  ^xzP  “  lyzQ]  Iz  (2.11) 


It  is  the  general  practice  at  this  point  in  the  derivation  of  the  equations  of 
motion  to  assume  that  the  reference  axes  of  the  aircraft  are  principal  axes  and 
that  the  moments  of  inertia  do  not  vary  with  time.  This  conveniently  elirainstss 
the  products  of  inertia  atid  the  time  dex'ivatives  of  the  moments  and  products  of 
ineiiiia,  respectively.  However,  it  is  desired  to  have  a  more  general  applicability 
than  this  for  the  computer  program  being  developed  and  these  terms  will  be  retained. 
The  inclunion  of  the  time  derivatives  of  the  inertia  implies  that  all  moment  of 
momentum  has  been  removed,  from  the  muss  being  loot  by  the  body.  This  assumes 
that  the  gases  have  no  swirJ.  after  they  have  left  the  body.  Ctuging  and  dropping 
of  discrete  masses  from  the  body  introduce  discoatlaulties  in  the  mass  and  Inertia 
properties  of  the  body.  The  solution  must  not  proceed  across  these  discontinuities. 
Therefore,  the  integration  of  the  equations  of  motion  will  be  interrupted  when  mass 
is  dropped  and  automatically  re-established  immediately  thereafter  (bee  Section 
4. if  -  Stages  and  Staging). 

The  jet  damping  contribution  to  the  expressions  for  angular  acceleration 
(from  Appendix  One)  is 


2  T 


=  -  r  V7, 1  lx  -  a  i,n  -y  *  -■  ■^z 


p  —  #  o  •— 

1„  -  r  in  1, 


(2.12) 


The  expression  for  the  total  angular  acceleration  due  to  the  time 
of  the  moment  of  momentum,  including  jet  damping,  is  conveniently 
form  as  shoTO  on  the  following  page: 


rate  of  change 
given  in  matrix 
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(2.13) 


The  torques  due  to  preoeasioia  aud  chauges  in  rotational  speed  of  rotating  machinery 
aboard  a  vehicle  which  is  free  to  gyrate  in  space  can  contribute  significantly  to 
the  angular  accelerations  which  the  vehicle  experiences-.  Appendix  Two  of  this 
report  derives  the  torques  generated  by  the  precession  of  rotating  machinery  in 
general  terms  and  simplifies  these  relations  as  required  for  the  solution  of  the 
following  problems. 


(a)  The  motion  of  an  aircraft  powered  by  an  engine  vrith  a  rotating  mass 
which  is  fixed  in  Its  orientation  with  respect  to  the  reference  axis  of  the 
alrci’uft. 


(b)  Thu  motion  of  an  aircraft  powered  by  a  rotating-“mnss  engine  wliich  can 
be  I’otatod  in  a  plane  parallel  to  the  plane  of  symmetry  ^e.g. ,  a  convertipluiie 
which  is  in  the  transition  from  vertical  flight  to  forward  motion  or  vice  versa), 

(c)  The  motion  of  a  satellite  iu  wliioli  motors  are  being  operated  (by  the 
proper  selection  of  reference  axes). 

The  gyroscopic  moments  due  to  the  rotational  rates  p,  q,  and  r  and  the  angtilar 
raomentuii;  of  the  rotating  machinery  are  approximated  as  follows : 

ALj,  ^  "Ixr  r(  q  ^r )  ^in 

AMj;,  =  Ixr  '‘’r(P  ^r  *  ^r)  (2.1^) 

^  (q  +  Qj. )  ^  r  cos  9^. 

The  complete  rotational  equations  of  motion  are,  therefore,  from  Kquations 
(2.11),  (2.12),  and  (2.13) 

M  =  Llx  +  Mly  +  Nlz 

in  which 

1  =  IxxP  ^xxP  (^zz  ■  ^yy)qr  ■  ^yz  (q^  "  ^^) 

“  •^X7,(”  Pq)  "  ^xy(q  ~  P^)  ~  ^xy*i 

-  (q  +  9^)  sin  0„ 
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•  t  n  r\ 

“  =  *  ^yy^  *  "  S’  ^ 

♦....•  •  •  .  .  .  • 

-  ^xy^P  +  fti-’)  "  Iyii(i’  "  t><k)  -  Ixy®  ^ 

-  +  Ixr“r(P  ^r  +  *■  ®r) 

K  =  "*"  ^zz^  '*’  ^^yy  " 

*  •  • 

-  Ixz(p  -  gr)  -  ly^iq  +  pr)  -  I^^p  -  lyzQ 

-  rwily^  -  I^r^q  +  6^.)  Uj^cos  Gj, 

These  relations,  written  in  matrix  form,  are: 
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eonstitute  the  genereJL  six-degree-of-freedom  equations 
■ n  the  computer  program.  The  program  ins  tractions 
•’ertain  combinations  of  terms  as  follows: 

•for  the  case  where  the  body  is  inertlally 


which  are  zero  when  the  x-z 


t . 

inertia, 

V- 

■  of  change  of  inertia,  products  of 

(d) 

The  gu /■ 

rotating  machinery. 

(o) 

Tlie  jet  dan.;. 

■  forces  and  moments. 

2.2 

Three-Degree-of -1 . 

..ongitudinal  Analyses  -  Three-degree-of-freedom 

analyses  may  be  used  for  longit-.-'-i  lal  dynamic  stability  investigationc  and  for 
simplified  performance  work  where  the  lateral  motion  is  zero.  For  the  assumed 
motion  the  following  constraints  exist: 

Fy=0  L  =  0  N  =  0  v=0  r=0 
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These  reatrictioag  require  the  motion  to  be  in  the  equatorial  plane  .when  the  motion, 
is  over  a  spherical  planet.  The  equations  of  TOtionr"(2.9) 

“■  7>f  (u  +  wq) 

=  »yi  (w  -  uq)  +  2  Th  qlg  (2.l6) 

lyyQ  + 

These  equations  do  not  depend  on  motion  in  planes  other  than  in  the  x-z  plane  and 
therefore  require  no  additional  constraints j  except  that  gyroscopic  uiouieuta  must 
be  assumed  to  be  zero  since  such  moments  are  not  compatible  with  the  assumption 
of  the  reduced  degrees  of  freedom. 

2.3  Three~Degree-of -Freedom  Lateral  Analyses  -  A  three-degree-of -freedom 
problem  option  is  Included  for  analyses  of  lateral  stability  problems  and  preliminary 
development  of  the  lateral  guidance  computer  loops.  In  this  problem  the  motion  will 
be  computed  within  the  bounds  of  the  following  assumptions: 


Fz 

M 


Fv  ^  0  Fa  =  0  M  =  0 

The  general  equations  of  motion,  (2.9)  and  (2.115),  reduce  to 

Fy  =  (v  +  ru  -  wp)  -  2  TT)  rly 
^  “  ^xxP  +  ^xxP  "  F^zr  +  +  F^yPr 

-  Txzr  -  M  Pl]'^  (2. IT) 

.  •  2  ' 

N  =  +  Izz^'  •-  FxyP  -  FyzPr  -  I^zP 

“  IxzP  - 

This  set  of  equations  is  not  independent  of  the  motion  in  the  x~y  plane  due  to  the 
velocities  u  and  w  appearing  in  the  Py  equation.  Hence,  it  v?lll  be  necessary  to 
apply  an  additional  constraint  that  u  and  w  are  specified  functions  of  time.  Cyi’o 
scopic  moments  must  also  be  omitted  from  this  problem. 


2.4  Three-Degree-of ••Freedom  Trajectory  Analyses  -  A  three-degree-o.f-rreedom 
point-mass  pi'oblem  option  is  iitcluded  to  permit  performance  analysis  and  trajectory 
computations  of  aircraft  in  three-dimensional  simce.  Since  the  angular  rotation 
relations  are  omitted  in  this  option,  some  difficulty  is  experienced  in  obtaining 
the  body  rates  p,  q,  and  r  required  in  Equation  (2.9).  This  difficulty  is  eliminated, 
however,  if  the  body  axes  formulation  is  abandoned  in  favor  of  a  planetocentric  axis 
system  oriented  with  the  Xg  -  Yg  axes  in  the  equatorial  plane  and  the  Zg-axls  through 
the  3out.h  Pole.  This  coordinate  system  is  selected  because  of  the  simplification  it 
affords  the  six-degree-of-freedom  problem  for  the  flat-earth  option.  The  Xe-Ye-r.e 
axis  system  rotates  with  the  earth,  and  the  Xg-axis  designates  the  longitude  of  the 
body  at  the  instant  of  starting  the  problem.  Vfith  this  coordinate  system,  the 
equations  of  motion  can  be  obtained  directly  using  Coriolis’  Law  which  states: 


F  =  (aj.  +  2WpXV) 


(2.18) 
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whej?e jjjj.  ls-th^^ocje!le»ation  ^t-pajcfelele. jepuld  have  if  the 
and  ajn  ie  the  aeceleratlon  a  particle  would  have  due  to  the  planet' i  rotatlofli 
2c^v  is  the  Coriolis  acceleration,  where  Y  is  the  velocity  with  reapeot  tort^ 
planet  (i.e.,  with  respect  to  the  rotating  coordinate  system)  and  Is  the. 
planet's  (coordinate  system)  rotational  velocity.  It  should  he  noted,  however, 
that  hecause  of  the  manner  in  which  the  coor^nate  system  has  been  estahlished 
(+Ze  is  thi’oufijh  the  South  Pole),  the  vector  ^  must  have  a  minus  sign  associated 
with  it  in  the  derivation  which  follows.  Expanding  tills  equation  in  the  Cartesian 
coordinate  system  selected,  the  equations  of  motion  are: 


FXq  "  ^  (^e  “  '^'p^  +  2  YgWp) 

FVe  =  Vi  (Yg  -  YgWpa  .  2  4  (Op)  (g.l9) 

FZg  =  W  (z’e) 

Force  components  in  the  wind  exes  are  required  for  use  with  this  coordinate 
system.  The  force  contributions  due  to  Jet  damping  are  omitted  in  this  motion 
since  the  rates  p,  q,  and  r  are  undefined. 


2.5  Two-Degree-of -Freedom  Trajectory  AnEC-yses  -  For  a  two-degrec-of-freedom 
trajectory  analysis,  the  side-xorce  is  zero.  This  constraint  is  simply  imposed  by 
el.imlnatlno  the  Fz,©  equation  in  (2.19).  i'his  requircas  the  trajectory  to  be  In  the 
equatorial  plane.  The  equations  of  motion  are: 

FXe  ^  ’n  (X'e  -  +  o  y^.o^) 

Fy^  =  ^  (Ye  -  YgWp^'  -  XgUip)  (g.gU) 

2„6  Flat-Planet  Analyses  -  In  certain  uasut  the  eontx'ibutions  ,of  a  planet's 
rotational  velocity  and  the  centrifugal  effects  of  the  body's  rrotion  about  the 
planet  are  truly  negligible  and  only  complicate  and  lengthen  the  computation 
(e.g. ,  the  dynamic  behavior  of  a  missile  during  the  launch  phase,  or  talse-off  and 
landing  phases  of  aircraft  flight).  Au  nd(51tional  set  of  reduced-degree-of-freedom 
options  can  be  obtained  by  eliminatltig  the  planet's  rotational  rate  .and  revising 
the  coordinate  transformations  required  to  record  the  motion.  The  equations  of 
motion  are  unaffected  by  tMs  option,  however,  and  a  further  discussion  of  flat- 
planet  analyses  is  more  appropriately  confined  to  the  descriptions  of  the  coordinate; 
transformations  (See  Section  3.1) • 


LI 


3.  COORDiMaigB  SteTfflIS  AMD  COQRDIMASPB 


3Ma  aection  piesents  a  deaaEiBtioQ 
for  the  Six-Degree -of -Freedom  Plight-Path  Study  computer  preggamy-  ' 

traas formations  required  to  relate  the  various  parameters  of  the^bb)®i3atlon  t^th^^ 
severe!  coordinate  systems  are  also  derived.  The  coox’dinate  transfoi-niatlma  re¬ 
quired  in  the  program  may  he  categorized  as  follows:  , 

(1)  Transformations  inherent  in  solving  the  basic  equations  of  motion. 

(2)  Transformations  to  provide  input  data  to  the  guidance,  autopilot, 
and  flight-plan  programmer  simulations. 


(3)  Trans foniiablons  to  present  readout  data  in  the  most  desirable  form  and 
auxiliary  bransi-orinations  which  may  be  required  for  the  definition  of  certain 
specir'!  paramebera.  These  transformations  may  be  deleted  from  the  program  when 
they  are  not  required. 

(k)  Transformations  to  provide  input  data  to  connecting  interplanetary 
trajectory  pr-ograms. 


3.1  Coordinate  Transformations  for  Rasic  Kquations  of  Motion  -  This  section 
deanriiies  the  coordinate  Ryatems  and  derives  the  related  transformations  under 
Category  (l)  above.  The  coordinate  systems  and  transformations  required  to  des¬ 
cribe  the  rigid  airframe  motion  in  six  degrees  of  freedom  are  modified  for  use 
in  the  optional  reduced-degrees-of-freedom  problems.  The  coordinate  transforma- 
1, ions  vhich  relate  the  aerodynamic  angles  and  velocities  bo  ground-referenced 
velocities  in  the  presence  cf  ’./inds  arc  also  presented. 


3.1.-1  Body-Axes 
Coordinates  -  The 


equations  of  motion 
(Section  2)  are  solved 
in  a  body  coordinate 
system  (see  Figure  3.1). 

The  origin  of  this  system 
is  at  the  center  of  gravity 
of  the  aircraft  with  the  x- 
axls  along  the  geometric 
longitudinal  axis  of  the 
body.  The  positive  direc¬ 
tion  of  the  x-axis  is  from 
the  center  of  gravity  to 
the  front  of  the  body. 

The  y-axis  is  positive  to  the 
right  extending  from  the 
center  of  gravity  in  a 
water-line  plane.  The 


Body 

Coordinates  x 


NP 


y-f— 


.  Geocentric 
Izon  Coordinates 


Figure  3.I  Relationship  Between  Inertial, 
Geocentric,  Local -Geocentric, 
and  Body  Coordinates 


ar-axla.forTO  &~J?ighti«>hana,ed  ortl),ogojaai,  sygtfflite 

hecauae- -Ine^ia-ioharaGteriBtids  ape-thus— mafe -indejeusndent  of  atMtiude.'  :_r. 

Accelerations  and  veioci ties  compited  in  the  x-y-z  body  axis  laust  be  rel^Jd' 
to  velocities  and  accelerations  referenced  to  a  fixed  point  on  the  surface  of  the 
planet  to  (a)  describe  the  motion  which  a  fixed  obsenrer  would  sense,  and  (b)  to 
compute  the  aerodyaaraic  forces  on  the  body  immersed  in  an  atmosphere  which  essen¬ 
tially  rotates  with  the  surface  of  the  planet  (except  for  Winds  wliich  are  referenced 
to  a  point  on  the  surface  of  the  planet). 

3.1.2  Inertial  Coordinates  -  The  resolution  of  the  body-axes  motion  to  the 
'.notion  referred  to  the  surface  of  the  planet  will  alwaj^s  be  made  through  the 
intermediate  coordinate  system  assumed  to  be  the  "inertial”  aixea(l).  The  assumed 
"inertial"  coordinate  system  selected  has  as  its  origin  the  center  of  the  planet 
and  is  oriented  so  that  the  X-o-nd  Y-axcs  ax'o  in  the  equatorial  plane  with  the  Z- 
axis  coincident  with  the  polar  axis  of  the  planet  and  positive  toward  the  south 
pole.  The  angular  orientation  of  the  inertial  axes  remain  fixed  (i.e.,  the  axes 
have  no  further  rotation  or  linear  acceleration)  with  the  X-axis  established  by 
the  initial  instantaneous  longitude  of  the  body.  The  positive  direction  of  the 
Z-axis  was  selected  so  that  the  inertial  coordinate  system  would  coincide  with 
the  coordinate  system  for  the  flat-planet  options  discussed  in  Paragraphs  3* 1*8? 
3*1.9i  and  3* 1.10.  This  will  permit  the  use  of  the  same  resolutions  for  some  of 
the  coordinate  transformations  in  both  the  rotating  oblate-plEinet  problems  and 
the  flat-planet  options(2).  it  should  be  noted  that  this  coordinate  system  is 
used  only  for  computational  purposes  in  tlie  program.  A  resolution,  expl'ained  in 
ppa’agraph  3.i"^,  will  describe  the  body  position  in  the  customary  spherical  coor- 
dinuLou.  Figui'c  (3<i)  aids  in  tlic  duuci’ipi.iou  of  Lhe  coordlniiLc  sysLeiiis  adupL-*d. 

3.1.3  Direction  Cosines  -  The  direction  cosines  relating  the  body  x-y-z 
Bxes_to  the  inertial  cooi'dinate  system  X-Y-Z  are  obtained  in  the  following  manner. 
Let  lx,  ly,  iz  be  unit  vectors  along  the  body  oxf’c-  x,  y,  z,  respectively,  and 
let  'i’x,  ~Yj  IZ  be  unit  vectors  along  the  iuerlial  axes,  X,  Y,  Z,  respectively. 

The  direction  cosine  matrix  relating  these  two  sets  of  unit  vectors  will  be  of 
the  form; 

If  I2  I3 

m2  m3  Ty  (3-1) 

“1  ^2  "^3  Ig 


.^n  alternate  inertial  axis  syutem  io  dibiiussed  in  Cection  3-^  which 
is  normally  assumed  for  certain  astronomical  work. 

(2) 

'  '  This  system  is  most  convenient  for  the  slx-degree-of-freedom  flat- 
planet  option  but  not  necessarily  the  most  convenient  for  the  other  reduced- 
degree-of -freedom  options.  The  ooiaplicatlons  incurred  in  the  latter  case  have 
been  accepted,  however,  as  will  he  explained  in  Paragraph  3»1*7» 
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JPepfortning  tbe  matrix  multiplication  ihdloated  gives; 

ly  =  +  mgly  +  ffl3iz  (3.2) 

iz  =  Hj^lx  +  ngly  +  n^lg; 

The  derivatives  of  ly,  Iz  •with  respect  to  time  in  terms  of  their  components 
in  the  inertial  system  ai‘e  found  by  differentiating  Equation- ( 3*2) .  These 
derivatives  are: 

•  •  •  • 

=  Iptx  +  '^2^Y  +  -3^Z 

t  •  •  • 

ly  =  mplx  +  ni2lY  +  "‘SlZ  (3- 3) 

•  •  «  « 

la  =  ti^Tx  +  naly  +  n3l2 


The  derivatives  of  l^j 
change  in  direction  of 


where 

Equating  the  relations 


ly,  Iz  with  respect  to  time  are  dependent  only  on  the 
the  unit  vectors-  Therefoi’e, 

ly.  =  wxlx  =  ^ly  -  <3^2 

ly  =  wxly  =  pi,  -  rlx  (3.^) 

=  wxlz  =  qlx  "  ply 

w  =  pljj  +  qly  +  rlz 

for  lx  from  equations  (3*3)  and  (3**+): 

•  •  • 

iiix  +  +  13IZ,  =  3riy  -  qi2 


Substituting  the  relationships  for  ly  and  1-.,  respectively,  gives  the  relation: 

•  •  • 

llTx  +  la^Y  +  I3IZ  -  r(tnilX  +  inglY  +  m3lz) 

- 

By  using  the  component  properties  of  a  vector,  the  relations 

il  =  rmp  -  qni 
lo  =  ring  -  qn2 
I3  =  rm3  "  qa3 

are  obtained  from  Equation  (3.5). 


(3.5) 

(3.6a) 

(3.6b) 

(3.  be) 


Performing  the  same  operation  for  the  ly  and  Ig  components  defines  the  time 
derivatives  of  the  remedning  direction  cosines.  These  are: 


l4 


• 

«=  png  -  rig 

(3.6e) 

• 

=  Pn3  "  ■£*13 

(3.6f) 

• 

Hi  =  ql^  -  pm-j^ 

.  (3.6g) 

tiQ  =  qlg  -  pmg 

(3.6h) 

• 

“3  *^^3  "  ^“3 

(3.61) 

6a)  through  (3.6i)  ar' 

Integrated  to  obtain  the 

instantaneous  values  of  the  direction  cosines.  I'nis  of  calculating  the 

direction  cosines  has  been  selected  instead  of  the  usual  evaluation  by  means  of 
the  Euler  angles  because,  regardless  of  the  order  of  rotation  selected,  there  are 
points  at  which  ceitain  Euler  angles  become  undefined.  The  direction  cosines 
evaluated  by  this  method  are  always  defined' 3'.  THe  metbnd  by  vhlch  the  ortho¬ 
gonality  of  the  direction  cosines  is  maintained  is  described  in  Appendix  Three. 
The  Euler  angles  may  be  calculated  from  the  dir^;-  ■;  lafap  if  desired;  however, 

they  are  not  required  for  component  resolution- 


The  components  of  inertial  velocity  in  Ihe  coprdinate  system,  u,  v,  and 

w,  will  be  resolved  into  velocity  components  X,  Y,  and  S  in  the  inertial  coordi¬ 
nates.  Since  components  of  inertial  velocity  are  !ino\m  in  body  coordinates,  a 
leuulution  of  <'oniponont,s  using  the  direction  eoslneo  given  in  Equation  (3»(j)  will 
giv<?  coiniionents  of  inertial  velocity  in  the  inertial  coordinate  system,  as  follows; 


f 


ll  iU3_ 

u 

= 

CM 

V 

I3  m3  n3 

w 

(3.7) 


3.1.H  Geocentric  Coordinates  -  The  components  of  velocity  in  Inertial  coor¬ 
dinates  will  be  integrated  and.  the  displacements  resolved  into  the  geocentric 
coordinates  of  latitude,  longitude,  and  distance  from  the  center  of  the  planet. 
With  the  aid  of  Figure  (3-1),  several  pertinent  geometric  relationships  con  be 
obtained.  The  angle,  B,  represents  an  inertial  longitude  which  differs  from  the 


'-3)  It  is  recognized  that  nine  integrations  are  involved  in  the  present 
method  of  computation  ins  lead  of  the  three  that  are  normally  required  vhen  +be 
Euler-angle  rates  are  integrated  to  give  the  Euler  angles.  However,  a  coordinate 
transformation  is  required  to  obtain  the  rates,  and  the  sines  euid  cosines  of  the 
angles  must  also  be  computed  in  the  usual  direction  cosine  computation.  The 
machine  time  required  for  the  two  methods  of  computation  is  comparable. 
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planet  longitude  change,  (0l  -  OLo)>  "the  ampunt  ^pt.  (<*^  ia  the  angular 
TOiJsti&hal  rate  of  the  planet.  )  The  inertial  angle  le  g^-ven-^ys 


B  =5  Tan“ 


‘(I) 


■(3.B) 


and  the  instantaneous  geocenti’ic  longitude  of  the  body  is; 

®L  =  OLo  -  B  "pi; 


(3.9) 


The  geocentric  latitude  of  the  vehicle,  can  also  be  expressed  in  terms  of 
Inertial  coordinates.  Referring  to  Figure  (3*1)! 


=  Sin-1  (  -j  J 

\yx2  +  +  zsy 


(3.10) 


and,  the  distance  from  the  center  of  the  planet  is; 

R 


+  y2  +  z2 


(3.11) 


3.1.5  Local -Geocentric  Coordinates  -  To  describe  the  motion  of  the  body 
relative  to  the  planet,  a  local-geocentric-horizon  coordinate  system  is  employed. 
The  Zg-axls  of  this  system  is  along  a  radial  line  which  passes  through  the  center 
of  gravity  of  the  body  and  is  positive  towax’d  the  center  of  the  planet.  The  Xg- 
axls  of  this  system  is  normal  i.o  the  f.g-axls,  and  is  positive  northwaid;  end  Vg 
forma  a  right-handed  system.  Figure  (3.I)  shows  the  relation  of  this  cooi'dinatc 
system  to  the  other  systems  assumed.  The  direction  cosines  relating  tlio  oileuta- 
tion  of  this  system  in  inertial  space  will  now  be  developed. 


To  iocote  t)ie  sxes  v/ith 

respect  to  the  X-Y-Z  axes, "first  rotate 
about  Z  by  an  angle  (l30°  +  L)  and  then 
rotate  about  Yg  through  the  angle  (90"- 
0Xj).  The  first  rotation  defines  the 
Intermediate  coordinate  system  shown 
in  Figure  (3*2).  Using  the  matrix 
methods  of  Reference  (5)  the  transfor¬ 
mation  is  given  by: 


ix' 

Cos  (l80‘’+B)  Sin  (lOO^+B)  0 

lx 

1y- 

= 

-Sin  (IBO'+B)  Cos  (l8o“+B)  0 

Ty 

0  Cl 

Iz 

or 


Figure  3.2  -  Intermediate  Coordinate 
System  Transformation  From 
Inertial  to  Local-Geocentric 
Coordinates 


lx* 

-Cos  B 

-Sin  B 

0 

= 

Sin  B 

-Cos  B 

0 

Iz 

0 

0 

1 

^  ; 

IX- 

Tz 


(3.12) 


i 

] 

{ 

I 
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The  second  rotation  is  shown  in  Figure  (3«3)*  transformation  matrix  for  the 
second  rotation  is  given  by: 


Cos  (90*  -  0l)  0  -Sin  (90“  -  4) 

lx' 

TYct 

0 

= 

0  10 

lYg 

Tzg 

Sin  (90“  -  0l)  0  Cos  (yo'*  -  0l) 

h 

or 


iy 

Sin  0L  0  'Cos  0^ 

1  VI 

= 

0  10 

IZg 

Cos  0L  0  Sin  0L 

(3.13) 


Figure  3*3  ■  Final  Rotation 
in  Trans  foi’mation  From  Inertial 
To  Local -Geocentric  Coordinates 


In  this  analysis,  a  positive  rotation  is  defined  in  the  same  sense  as  that 
adopted  for  vector  crocs  products  in  a  right-handed  system.  Tliat  is,  a  positive 
rotation  about  the  z  aric  occurs  when  the  ;-:-o.xic  rotiitr.r.  into  ohe  y~axis;  poslLive 

rotation  about  the  x -axis  when  the  y-axls  rotates  into  the  z-axis;  and  positive 

rotation  about  the  y-axls  when  the  z-axis  rotates  into  the  x-axls.  The  interme¬ 
diate  coordinate  cyctera  X' ,  Yg,  Z  will  be  eliminated  according  to  the  methods  of 

successive  rotation,  Reference  (9).  The  complete  transformation  is  given  by: 


Sin  0L  0  -Cns  0l 

-Cos  B  -Sin  B  0 

lx 

lYg 

= 

0  10 

Sin  B  -Cos  B  0 

lY 

Tzg 

Cos  0L  0  Sin  0]^ 

C  0  1 

iz. 

which  can  be  reduced  to  the  single  transformation  matrix. 


-Sin  0L  Cos  B 

-Sin  0L  Sin  B 

-Cos  0L 

lx 

% 

Sin  B 

-Cos  B 

0 

iy 

(3.15) 

-Cos  0L  Cos  B 

-Cos  0L  Sin  B 

Sin  0j^ 

1.7 

The  dxrci.tiuU  cooiues  wTll  be  defined  as  follows: 


iXg 

il 

Jl  1^1 

h 

lYg 

i2 

J2  ^-2 

Iy 

^Zg 

^3 

h  ^3 

iz 

(3.16) 
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where  the  i's,  j's,  anA  k’s  are  defined  It)  Equation  (3*15 P  Tpf  ^ 

01  •-  -Sin  0L  Sin  B 

The  resolution  of  inertial  velocity  (in  inertial  components)  to  locol-geocentric 
components  of  surface  referenced  velocity  is  obtained  by  the  following  manipula¬ 
tion.  Let  R  be  the  displacement  of  the  vehicle  in  inei.’tial  space.  Then; 

i  »  Xlx  +  Yly  +  Zlz  (3.17) 

and  the  inertial  velocity  m8.y  also  be  written  with  respect  to  the  local-geocentric 
coordinates  as; 

R  =  m  +  X  R  (3.18) 

6t  ^ 

where  6R/&t  is  the  velocity  observed  in  the  moving  coordinate  system  ^g-^g-^-'g 
dilU.  ^  'uIaQ  ails'.!?  n-F  the  planet.  The  observed  surface  referenced 

veXOCJLuj  ij. 

•  •  •  . 

^  =  XglXg  +  YglYg  +  Zgizg  (3.19) 

8t 

and 

“p  ”  -«p  % 

The  angular  velocity  vector  will  be  resolved  into  components  in  iocal-gcucentric 
coordinates  as  follows: 

Up  =  Up  Cos  0L  IXg  -  Wp  Cin  0l  ^lig  (3.20) 

Writing  the  displacement  vector  in  locul-geoceuLric  coordlnatcc ^ 

R  =  -R  IZg  (3.21) 

The  required  cross  product  Up  x  R  is: 

Up  X  R  =  Up  R  Cos  0L  lYg  (3-22) 

For  convenience,  the  unit  vector  lyg  will  be  resolved  into  components  in  the 
inertial  coordinates. 


^Yg  =  i2  ^X  +  J2  '•Y  *  ^2 
=  Sin  B  lx  ”  Cos  B  ly 

From  the  geometry  of  Figure  (3.1)  the  relations: 

R  Cos  0L  ^  V 


(3.23) 


(3.24) 


r-m 


18 


Sin-B 


_  ■  .  Y 

yJWTW 


Cos  B 


(3.26) 


are  obtained.  Substituting  Equations  (3*23)  through  (3.26)  into  Equation  (3.22) 
gives  the  inertial  components  of  the  required  cross  product  as: 


Up  X  R  s  UpY  lx  -  Uj^  ly  (3.27) 

Substituting  Equations  (3.i7)>  (3»19)>  (3*27)  into  equation  (3.l0)  gives: 

•  •  •  •  —  — 
xTx  +  Yly  +  Zlz  =  XgTxg  +  YglYg  +  Zgl-^g  +  WpYlx  -  UpXly 


oi-  collecting  like  terras, 

*  «  •  • 

(X  -  w„YJly  +  \,X  +  WpX)ly  4-  Zio  =  '5fglv„  +  XglY^  +  2ifflZg  (3'28) 


Converting  the  unit  vectors  Tx,  1y>  to  components  in  the  moving  system  by  using 
the  airection  cosines  determined  in  Equation  (3.15)j  and  equating  components  in 
the  moving  coordinate  oyotom,  gives  the  following  relationship. 


• 

* 

jl 

X 

-UpY 

ip 

•^2 

Y 

+  UpX 

"g 

^3 

h 

'■*5 

(3.29) 


One  other  coordinate  system  is  used  in  the  point-mass  reduced-degree-of -freedom 
operation  of  the  program.  This  system  will  be  discussed  and  the  transformation 
derived  in  Paragraph  3<1.10. 


3.1.6  Inverse  Transformations  -  The  preceding  development  completes  the 
calculation  of  planet -referenced  velocities  and  displacements.  Several  resolu¬ 
tions  are  necessary,  however,  to  transform  inforaiation  in  planet-referenced 
coordinates  bact;  to  body  coordinates.  These  transfoi’raatlons  will  use  the  invero« 
of  the  direction  cosine  matrices  previously  derived. 


Gravity  components,  calculated  in  the  geophysical  data  subprograms,  are 
considered  inputs  to  the  central  program.  These  components  are  normally  specified 
in  local-geocentric  coordinates  and  must  be  resolved  Into  components  in  body  coor¬ 
dinates.  The  first  transformation  will  use  the  Inverse  of  the  transformation  in 
Equation  (3.15)  to  resolve  local. -geocentric  gravity  components  into  inertial 
gi’avit  y  c  oin j)on  ent  s . 


6X 

il  12  13 

SY 

= 

Jl  J2  J3 

0 

kp  kp  *^3 

eZg 

(3.30) 
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5tke -second  step  wtU  i-eaolve  iha  Jj3axt3^a3i5^snta  “gravity^^^^  the  reggirgd^ 

■body- comj^nents  sx^  By,  dineeMQn~aa§^e 

nates  witb  body  poordlnatea  was  derived  jpreviousiy  and  is  ^ven  in  Btd^iaa  '  ■ 

The  required  transformation  is,  therefore: 


Ex 

3-1 

^2 

^3 

Ex 

6y 

s 

mg 

m3 

(3.31) 

Ez 

“2 

^3 

The  direction  cosines  are  defined  by  the  relations  of  Equation  (3-6).  A  sequence 
of  resolutions  similar  to  those  leading  to  Equation  (3»3l)  is  required  to  resolve 
local-geocentric  components  of  winds  into  body-axes  components.  To  obtain  inertial 
cotTipcnents  of  ^Tind  the  inverse  of  Equation  (3*29)  applies. 


1  • 

-*-w 

-  u)pY 

Vv 

+  V 

= 

• 

^W 

1 

i  r\  1<*\ 

^  :> 

“W 

J2  03 

V 

7. 

1  tiwl 

(3.32) 


The  components  UpY  and  -WpX  .must  be  added  to  the  result  to  obtain  inertial  compo¬ 
nents  of  winds.  Resolving  Inertial  wind  components  to  body-axis  components 
requires  the  same  direction-cosine  matrix  used  in  Equation  (3.3l)>  and  the  body 
components  of  winds  are: 


"w 

-1  ^2  I3 

V 

Vw 

s 

“1  ®2  ®3 

Wv, 

n 

*^1  ^2  ^^3 

Zw 

The  body  components  of  airspeed  are  determined  by  subtracting  the  body  components 
of  wind  from  the  body  components  of  velocity. 


The  body  components  of  airspeed  will  be  used  to  compute  the  angle  of  attack 
and  sideslip. 


Tan”^  j  w  -  ww j 

(3.34) 

\u  - 

Tan"^  /  V  -  vv\ 

(3.35) 

\u  - 

The  definitions  of  angle  of  attack  and  sideslip  are  consistent  with  the  aerodynamic 
data  normally  obtained  from  wind  tumiel  tests  of  sting-mounted  models  because  of 
the  muiiiier  lu  which  the  sting  may  be  rsoved.  'fbo  corrHspondlng  transformations  from 
wind  axes  to  body  axes  are  given  as  Section  3*1.11.  If  aerodynamic  data  as  obtained 
from  turntable -and-strut  mounted  models  are  used,  an  alternate  definition  may  be 
required  depending  upon  the  procedure  used  in  data  reduction. 
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3. 1*7  R^dueeArOefiyesgof  ■Qgreedfim  Aaalyaes,  Ofetiona  -  The,  f oll.p]Hfeg  ~paya~ 
graphs  describe  the  coordinate  trMsfbrraatibha  re^Uirsd  to  aeciQH&t~fgx^„1^,'.  .  . 
motion  of  the  body  when  the  program  is  operating  in  several  reduced-degree-of - 
freedom  modes.  From  a  program  economics  standpoint,  it  is  more  convenient  to 
solve  the  equations  of  motion  in  vehicle  body  axis  (with  the  exception  of  the 
point-mass  option)  and  revise  the  coordinate  trEins formations  than  to  rewrite 
the  equations  of  motion  because  the  limited-motion  transformations  are  quite 
simple.  In  general.,  however  these  transformations  can  not  be  obtained  simply 
by  deleting  terms  from  the  unrestricted-motion  transformations  because  the 
constraints  imposed  by  limiting  the  motion  imply  certain  planes  of  operation. 

For  example,  the  three-degree-of-freedora  Ic'ngitudinal  analysis  is  obtained  by 
excluding,  among  other  tilings,  the  side  force,  which  Includes  side-force 
components  of  Coriolis  acceleration.  Tills  restriction  can  be  fulfilled  only 
vrhen  the  motion  is  in  the  equatorial  plane.  When  the  restricted  plane  of  motion 
is  recognized,  some  of  the  required  transformations  can  be  calculated  from  the 
general  transformations  by  suitable  substitutions, 

3.1.8  Tliree-Degi'ee-of -Freedom  Longitudinal  Analyses  -  The  three  equations 
of  :notion  involving  the  summation  of  forces  along  the  x-  and  z-body  axes  and 
the  mntnpn-ha  ahmi-fc  the  v-axis  are  solved  for  the  translational 

accelerations  u  and  w  and  the  angular  acceleration  Integration  of  these 
quantities  yields  the  components  of  inertial  velocity  u  and  w  and  the  pitch 
rate  q.  Integration  of  q  gives  the  pitch  attitude  with  respect  to  the  inertial 
X  -  Z-axes. 


Flat -Planet  rrobieii;  -  fne  inertial  coor'^'' ’^ates  in  the  flat-planet  problem 
are  the  eievatioh-pxano  coorctinaxes.  vexouiLy  components  in  the  ^g-i^g 

coordinate  syctein  may  be  found  by  direct  resol.ution  through  the  angle  0  wliicl; 
is  obtained  by  integrating  q.  The  rlirection  cosines  relating  the  Vmdy  and  Xg-Zg 
coordinates  are: 


Cob  0  Sin 
-Sin  Q  Cos 


9 

9 


X 


z 


(3.36) 


The  velocity  may  be  resolved  using  the  same  transformation,  so  that 


Xg 

Cos  9  Sin  9 

" 

• 

-Sin  0  Cos  9 

w 

g 

(3.3T) 


Positions  in  the  Xg-Z„  system  are  then  determined  by  integration.  Components 
of  wind  and  gravity  afong  the  body  axes  are  resolved  using  the  inverse  of 
Equation  (3.36).  For  winds: 


Uw 

Ww 


Cos  9 
Sin  9 


• 

Sin  9 

^gw 

Cos  9 

^gw 

(3-38) 


r  ^s.3 


1-.3 


I 

3  • 
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The  ho<?y  com^nents  of  airspeed  may  he  calculated  and. the  sngle_jsl^aj^pk^  cpro;gu^ 
as  in  Equation  (3*  3*0*  - " 


In  the  flat -planet  problem,  =  aero  and  Therefore,  the.  hody 

components  of  gravity  arei  °  ® 


^a  ~  ®ref  ® 
8x  =  -Gref  ® 


(3.39) 


Rotating-Flanet  Frohlom  -  A  three-degree-of-freedom  longitudinal  problem 
-with  a  rotating  planet  must  be  confined  to  the  equatorial  plane  in  order  that 
all  components  of  Coriolis  acceleration  are  included  in  the  equations  of  motion. 
This  means  that  the  coordinate  system  used  in  this  problem  is  the  X-Y  inertial 
axes  in  the  equatorial  plane.  At  time  equal  zero,  the  vehicle  lies  on  the  X- 
inertial  axis.  The  inertial  angle  3  is  equal  to  QLo  “  ®L  "  '5ix- 

degree  pro''^lem,  and  may  be  expressed  as  a  ftinction  of  inertial  displacement: 

B  =  Tan-1  (i\  (3.40) 

\^/ 

The  angle  B  locates  the  local-gcoccntric-horizon  coordinates  which  will  be 
referred  to  as  the  Yj^-Z„  coordlnotes  since  X.,  is  not  necessary  in  this  problem 
(see  Figure  (3*4): 


Figure  3*4  -  Relation  Between  Body  Axes,  Local -Geocentric, 
and  Inertial  Coordinates  for  Motion  in  Equatorial  Plane 
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The  dlreotiott  oosines  relating  the  inertial  axes  X  -  Y  and  the  body  axes  may 
be  deterraiaed  by  rotating  the  X-Y-Z  system  about  X  through  90®  to  define  the 
coordinates,  X-Yi-Zi,  and  then  rotating  this  system  through  •Q*  to  reach  body 
coordinates.  The  transformation  is  defined  by: 


•e* 

Yl 


90® 

X 


(3.41) 


or,  substituting  the  individual  rotation  matrices. 


X 

Cos  "S' 

0 

-Sin  0t 

1 

0 

0 

X 

y 

= 

0 

1 

0 

0 

Coa  90“ 

Sin 

90® 

Y 

z 

Sin  •0' 

0 

Cos  01 

0 

-Sin  90® 

Cos 

90® 

Z 

t 

^  .  . 

xxiti  xuer  uxai-  ttiigxe  -o’  xo  j  y  ao  t 
and  inertial  coordiaiates^are  given  by  the  elements  of  the  resulting  matrix. 


X 

y 

Cos  Siu  *&  0 

0  0  1 

Sin  O'  -CoS  O'  0 

I 

expanding  the  transfornm,tlon 

X  =  X  f’os  10*  +  Y  Sin  O 

y  =  Z 

z  =  X  Sin  I©  -  Y  Cos  e 


(3.42) 


But  Z  =  0  since  the  motion  is  restricted  to  the  X-i  plane  and  Llie  required  Lrans- 
formation  reduces  to: 


Cos  Sin  •0' 

Sin  •O'  -Cos  10* 


(3.43) 


Inertial  components  of  inertial  velocity  may  be 


(3.43) 

Cos  *0' 

Sin  A 

Sin  0 

-Cos  0 

found  by  using  the  transpose  of  the 


vt 

w 


(3.44) 


Because  positive  rotations  were  used  in  Equation  (3.4l),  the  resulting  body-axis 
orientation  Is  for  a  normal  upright  easterly  flight.  To  obtain  the  proper  orienta 
tlon  for  a  westerly  flight,  the  rotation  about  the  X-axis  is  negative  and  Equation 
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(3.^1)  becomes 


X 

y 

z 


X 

-■e 

-90® 

Y 

X 

Z 

Equations  (3-^3)  (3*^^)  ‘ttiSi.  become 


X 

Cos  ^ 

Sin  & 

X 

z 

-Sin  O' 

4O0S  O' 

Y 

and 


i 


V 

Y 


Cos  O' 

-Sin  'Q- 

u 

Sin  <0 

Cos  0 

w 

(3.J+5) 


(3.46) 


(3.4?) 


21  ol.n^XG  atior.  for  i»acVi  transformation  may  be  obtained  for  both  easterly  and 
westerly  flight  by  ineorporatinft  the  constant  Kg,  as  follows 


where 


X 

z 

Cos 


Sin  O 

-JCjjCos  i@i 


X 

Y 


Cos  0 

KpSln  0 

u 

Sin  'O 

-K^Cos 

w 

K_  =  +1  for  easterly  fliglit 
Kjj  =  -1  for  westerly  flight 


(3.40) 


(3.»i9) 


The  resolution  of  inertial  components  of  inertial  velocity  to  local-geocentric 
components  of  planet-referenced  velocity  is  obtained  by  setting  =  0  in  Equation 
(3.29).  The  transfcrination  becomes: 


Xg 

0  0-1 

X  -  u,pY 

- 

Sin  B  -Cos  B  0 

• 

“e 

-Cos  B  -SI  n  R  0 

Z 

This  may  be  simplified  to  a  single-plane  transformation  by  deleting  Xg  and  Z  in  a 
manner  similar  to  that  used  to  derive  Equation  (3*48). 
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Sin  B  -Cos  B 


.X  - 


(3.50)' 


-Cos  B  -Sin  B  !  Y  -i-  w.j,X 


Tuo  inertial  components  of  winds  are  determined  by  using  the  transpose  of  the  trans- 
forrnatioz^  matilx  of  Equation  (3*50),  and  are 


"  WpY  OXil  L>  "UUS  JJ 

^  » 

Y-^.f  +  WpX  -Cos  B  -Sin  D 


Sin  B  -Cos  B 


(3.51) 


The  terms  00  Y  and  w  X  are  inertial  components  of  the  velocity  due  to  the  planet's 
rotation.  ^It  will^be  convenient  to  resolve  this  rotational  velocity  component  to 
local-geocentric  components.  This  operation  may  be  verified  by  substituting 
Equations  (3.17),  (3*19),  and  (3*22)  into  (3*l0)  and  comparing  components. 


Xy 

Xw 

Sin  B  -Cos  B 
-Cos  B  -Sin  B 


+  V 


(3.52) 


The  body  components  of  winds  are  required  and  may  be  determined  from  the  inverse 
of  the  transformation  matrix  of  Equation  (3*^9)* 


Uy  Cos  Sin  '6'  Xy 

ijjSln  •G-  -K0COS  O  Yy 


(3*53) 


The  resolution  of  wind  components  from  local-geocentric  to  body  coordinates  may 
be  accomplished  by  combining  Equations  (3*52)  and  (3*53)  according  to  the  method 
of  Reference  (9)- 


The  transformation  is: 


Uy 

II 

"W 

1 

Cos  '0'  Sin  i0<  Sin  B  -Cos  B  Yg^  4  WpR 

Sin  -e-  -Cos  -a-  -Cos  B  -Bln  B  Zg^ 


which  simplifies  to 

1  ^w  1 


Ygy  +  WpR 


(Cos  '©•  Sin  B  (-Cos  B  Cos  iQ* 
-Sin  •9'  Cos  B)  -Sin  B  Sin  '0') 
(Sin  -e-  Sin  B  (-Sin  0'  Cos  B 
+Cos  0*  Cob  B)  +Cos  0  Sin  B) 


Sin  (B  -  0  )  -  Cob  (B  -  0  )  Yg^  +  w^R 

Cos  (B  -  0  )  Sin  (B  -  0  )  Zg., 


(3*5^^) 
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From  Figure  (3*^)  the  following  relationship  between  Q,  i®,  and  B  may  be  written J 


Therefore : 


90“  =  KgB  +  ©  "  ■9' 

e  =  90“  -  Ko(B  -©  ) 

Sin  ©  =  Cos  (B  -  -0  ) 
Kjj  Cos  a  =  Sin  (B  -  *&  ) 


(3.55) 


(3.56) 


Substituting  fiquation  (3*56)  into  Equation  (3«5^)  an<i  incorporating  the  factor 
Kg  as  defined  for  Equations  (3-^8)  su^d  (3-^9) 


Uvf 

K  Cos  9  -  Sin  0 

0 

+  w  R 
gw  P 

V 

ICjjSin  9  Cos  9 

(3.57) 


Comparison  of  this  equation  with  Equation  (3*38)  suggests  that  the  same  wind  trans 
formation  matrix  may  be  used  for  both  rotating  and  flat-planet  three-degree-of- 
freedom  longitudinal  problems.  The  component  must  be  included  in  the  case  of 
the  rotating  planet,  howevei',  to  ensure  that  the  vector  defined  by  the  transformed 
components  is  the  same  vector  as  described  by  the  original  components,  Tlic  local 
Euler  angle  9  then  is  the  only  attitude  angle  required  for  resolutions  in  the 
three-degrec-of -freedom  Longitudinal  analysis  problem.  The  angle  of  attack  Is 
computed  as  in  Equation  (3.3^)*  The  component  resolution  of  gravity  for  the 
rotating-planet  mode  of  operutiou  of  this  problem  is  given  by  ilquatinn  (3. 39) 
since  gXg  is  also  zero  in  the  equatorial  plane. 


3.1.9  Three-Degree-of -Freedom  Lateral  Ajaalyses  -  Tlu’ee -degree -of -freedom 
lateral  analyses  are  often  performed  in  the  design  of  aircraft,  autopilots,  and 
guidance  computers  on  the  basis  that  the  lateral  and  longitudinal  motions  are  in¬ 
dependent  of  each  other.  Althou^  the  information  obtained  from  such  an  analysis 
is  considered  quite  valuable,  certain  inconsistencies  are  created  in  the  mechanics 
of  solving  the  problem.  The  three-d<vgree-of-freedom  latei'al  motion  is  not  defined 
completely  by  the  three  accelerations  considered,  as  noted  in  Paragraph  2.3. 
Therefore,  the  motion  calculated  is  treated  as  a  perturbation  motion.  The  assump¬ 
tions  made  concerning  this  motion  are: 


(a)  The  lateral  displacement  from  a  given  streiight-line  track  is  due  only 
to  the  velocity  imparted  by  body  side-force  accelerations.  Tlie  displacements 
from  the  reference  line  due  Lo  the  axial  velocity  and  yaw  angle  are  neglected. 

(b)  The  center-of-gravlty  of  the  body  is  assumed  to  travel  in  the  plane 
established  by  the  motion  described  above.  Tne  vertical  and  lateral  displacements 
due  to  the  sinking  velocity  and  the  roll  attitude  of  the  body  are  neglected. 


The  coordinate  systems  and  transformations  which  retain  these  assumptions 
and  constraints  are  described  and  derived  in  the  following  paragraphs.  The  Intent 
of  this  option  is  to  provide  a  digital  simulation  of  the  normal  lateral-dynamics 
problem  assumed  for  control-system  smalysis,  and  further,  to  provide  this  problem 
option  in  such  a  form  that  the  validity  of  the  assun^jtion  of  decoupled  motion  may 
be  easily  verified.  The  inconsistencies  of  the  usual  dynamic  analysis  will  be 
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observed  as  the  discussion  proceeds.  For  operation  of*  the  program 
degree-o.f -freedom  lateral  mode j  the  equations  of  motion  describing  tr^slation 
in  the  y  direction  and  the  two  moment  equations  for  yaw  and  roll  are  solved  for 
p,  i'j  and  v.  The  velocity  components  u  and  w  appearing  in  the  y-euiceleration 
equation  are  programmed  input  functions,  as  noted  in  Paragraph  2.3*  The  ooniputea 
accelerations  ere  integrated  to  obtain  the  body  angular  velocities  p  and  r,  and 
the  body  component  of  velocity  v.  Body  angular 
velocities  will  be  resolved  into  ineriiial  com¬ 
ponents,  The  required  rotations  are  conveniently 
represented  on  a  unit  sphere.  Figure  (3*5)*  The 
Labelled  points  represent  the  intersection  of  a 
particular  coordinate  axis  with  the  surface  of 
the  unit  sphere.  Since  only  a  flat  planet  is 
considered  in  this  optional  mode,  the  Xg-Yg-Zg 
coordinates  are  the  inertial  coordinates.  Only 
two  rotations  are  required  to  orient  the  body 
axis,  x-y-z,  with  respect  to  the  inertial  axes 
since  the  3uler  angle  0  is  ai'bitrarily  set  to 
zero^^^.  The  first  rotation  is  about  the  Zg- 
axis  througli  the  angle  \|f  and  the  final  rotation 
is  about  the  x-axis  through  the  roll  angle  fi. 

The  angular  rotation  rate  of  the  body  axes  may 
be  written  as  the  vector  w, 

m  =  p  Tx  r  Iz  (3. 50) 

which  may  be  expressed  In  the  x-rj-Zg  system  (si.ncn  these  are  the  axes  about  which 
the  rotations  occur)  as: 

«  • 

oJ  »  0  lx  +  0  1,,  +  iTZg  (3.59) 

The  unit  vector  Iz  has  compononts  in  the  x-^-Zg  coordinate  system  which  are: 

^  =  Cos  0  Igg  -  Sin  0 


Figure  3*5  -  Unit  Sphere 
Diagram  For  Lateral  Motion 
Coordinate  Transformations 


(4)  This  assumption  is  normally  made  in  the  three-degree-of-freedom  lateral 
dynamic  analysis,  but  is  inconsistent  with  the  assumptions  regarding  the  velocity 
components  u  and  w  which  define  the  body  angle  of  attacli  (a  =  Tan”!  (w/u)). 

Since  the  Euler  angle  H  is  the  angle  between  the  horizontal  plane,  in  which  the 
lateral  motion  is  assumed  to  occur,  and  the  body  axis,  x,  the  Euler  angle  should 
be  0  =  a.  This  discrepancy  is  normally  disregarded  in  the  perturbation  analyses 
conducted  in  lateral  dynamics  investigations  and  will  also  be  neglected  here. 

This  is  done  so  that  an  evaluation  may  be  obtained  of  the  errors  incurred  by 
assuming  the  motions  in  the  longitudinal  and  lateral  planes  to  be  decoupled. 
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Sub«^tutins  this  expressioa  for  th^,bo^..y*dt  J,n^  2-difection_into 

EcLuution  (3.58)  resolves  the  expreasioa.for  W  into  cbt^epheh^s  in  fhi  x-U“^ 
system  as  follows j 

w  =  p  Ijj  -  r  Sin  ^  -f  r  Cos  ^  12^  (3*60) 

Comparing  the  scalar  coefficients  of  similar  unit  vectors  In  Equations  (3«59) 
and  (3.60)  provides  the  required  relations  for  resolving  the  body  angular  rates 
into  Euler  angle  rates. 

e 

=  P 

0  •=  -r  Sin  0  (3.61) 

\|r  =  r  Cos  0 

However,  the  perturbation  displacements  in  the  pitch  plane  are  not  permitted  in 
the  analysis,  us  noted  in  the  introductory  paragraph  to  this  section.  Therefoi-e, 
the  velocity 

• 

9  =  -r  Sin  0 

must  be  d.lsregarded,  since  It  rotates  the  plane  in  which  the  lateral  perturbation 
motion  is  assumed  to  occur.  This  is  the  second  major  inconsiBl.ency  of  the  normal 
lateral  analysis.  The  resolution  which  iri-ll  lie  used  is: 

0  =  p 

>if  =■•  r  Cos  0 

Tlicoe  relations  point  up  a  third  inconsistency  of  the  normal  lateral  dynamic 
analysis,  which  is  that  the  roll  and  yaw  rates  above  are  integrated  to  define 
the  perturbed  attitudes  of  the  body.  However,  these  are  not  the  total  motion 
of  the  body  and  the  displacements  which  actually  occur  due  to  the  combinations 
of  u  and  w  velocities  in  the  xl/  and  0  directions,  respectively  are  ignored.  The 
gravitational  component  resolution  required  is: 

{5y  =  CZ..  0  (3.62) 

U 

since  the  pitch  angle  9  is  arbitrarily  set  to  zero  and  angle  of  attaclt  is  ignored. 

The  component  of  '(■rLnd  in  the  y-directlon  may  be  calculated  by  resolving  the 
Yg  oomponent  of  wind  to  the  body  axes. 

'^w  =  Ygy  Cos  Yg  y 

From  the  spherical  trigonomehry  of  the  ti-iangie  of  lefereiice.  Figure  (3.5), 

Cos  Yg  y  =  Cos  0  Cos  i]/ 

Tlierefore, 

Vw  =  Y„  Cos  0  Cos  \!/  (3.63) 
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The  body  coiaponent  of  translational  velocity  vill  be  resolved  to  a  component  of 
velocity  along  the  Yg-axis  only,  as  velocities  in  the  elevation  plane  are  not 
computed  ia  this  option.  This  I’esolubion  may  be  written: 

• 

Yg  =  V  Cos  Yg  y  =  V  Cos  0  Cos  ilr  (3*  64) 

3*1 *10  Point  Mass  Analyses  -  For  this  option  the  rotational  body  rates 
p,  q,,  and  r  are  undefined.  It  is,  therefore,  necessary  to  rederlve  the  equations 
of  motion  in  such  a  manner  as  to  avoid  this  coniplication.  The  most  convenient 
coordinate  system  Is  considered  to  be  a  Cartesian  planetocentric  coordinate 
system  designated  Xe-Y0-Ze.  The  origin  of  this  system  lies  on  the  polar  axis 
of  the  planet  and  in  the  equatorial  plane.  The  Ze-axie  is  collinear  with  the 
polar  axes  and  positive  toward  the  south  pole.  The  Xe-axis  is  in  the  equa¬ 
torial  plane  and  is  fixed  at  the  longitude  of  the  vehicle  at  time  equal  zero; 
(i.e.,  the  coordinate  system  rotates  with  the  planet)  the  Yg-axis  is  positioned 
to  fcrni  a  right-handed  system.  The  inertial  coordinates  X-Y-Z  and  the  coor¬ 
dinates  Xg-Yg-Ze  coincide  at  time  zero. 

The  components  of  the  planet -referenced  acceleration  are  integrated  to 
obtain  the  planet-referenced  velocity  components  Xe-^g-^e*  Vehicle  positions 
in  this  coordinate  system  are  determined  by  integration  of  these  veloci.-*c:s. 

The  position  of  the  missile  in  a  planet -referenced  spherical  coordinate  system 
wil],  be  determined.  The  spherical  coordinates  are  longitude,  geocentric 
latitude,  and  distance  from  the  center  of  the  planet.  The  angle  "C"  (see 
Figure  {3.6))  represents  tho  change  in  longitude  of  the  vehicle  and  may  be 
wi’ittcn: 


I 

I 

3 


I 

r 

t. 

I 


c  =  &Lo  -  (3.65) 

Thus  the  angle  C  differs  from  the  angle  B  of  the  six-degree-of -freedom  program 
by  the  planet's  rotation,  Wpt.  The  angle  C  Is  related  to  the  vehicle  dis¬ 
placement  by  the  expression: 


The  geocentric  latitude,  altitude,  distance  from  the  planet's  center,  and 
geodetic  latitude  are  computed  as  in  the  six-degree-of -freedom  program,  (see 
Paragraph  3*l-4).  Components  of  planet -referenced  velocity  Xg-Yg-Zg  will  be 
resolved  into  velocity  components  in  local -geocentric-horizon  coordinates 
Xg-Yg-Zg.  The  direction  cosines  describing  the  orientation  of  the  local- 
geocentric  horizon  relative  to  Xg-Yg-Zg  coordinates  may  be  derived  in  a  manner 
similar  to  that  of  the  six-degree-of -freedom  problem,  (see  Equation  (3. 15). 

The  only  difference  .is  that  the  angle  C  must  be  used  in  place  of  B  and  Xg-Yg-Zg 
used  in  place  of  X-Y-Z  respectively.  Since  B  =  9Lo  -  ®l  “  “pt>  the  angle  C 
may  be  calculated  by  setting  Up  equal  to  zero  in  B.  Therefore,  the  direction 
cosines  required  to  orient  the  local -geocentric  coordinates  may  be  calculated 
ua  in  the  six-degree -of -freedom  problem  if  Wp  is  set  equal  to  zero,  since 
both  local -geocentric  and  Xe-Ye-Ze  are  planet-fixed  coordinates.  The  required 
resolution  is  obtained  from  Equation  (3. 15).  The  subscript  zero  indicates 
that  the  direction  cosines  ore  evaluated  with  Wp  =  0. 
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Figure  3*6  Relation  Between  Local-Oeoeentric, 

Inertial,  and  Earth-Referenced  Coordinates  for  Point-Mass  Pi-oblems 


The  flight -path  angles 


(5) 


are  computed  as  in  the  six-degree-of -freedom  problem: 


c  =  Sin"l 


7  =  Sin"^ 


Equations  (3*68),  (3*69)j 
flat -planet  options. 


and  (3 *70)  are  applicable  to  both  the  oblate-  and 


(3.69) 

(3.70) 


(5)  The  flight-path  angles  ai’s  defined  by  surface-referenced  velocities 
with  respect  to  the  local  horizon  and  longitude  lines. 
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The  aerodynamic  and  'thrust  forces  for  the  point-mass  prohlem  will  noTJO^iy: 
he  summed  in  a  wind-euas  coordinate  system,  Xa-'^a-^A*  Since  the  etufttiona 
of  motion  are  solved  in  the  Xg-Yg-Z^  coordinates,  the  vind-axts  coraponentB  of 
forces  must  be  revolved  into  the  components  of  this  system. 

The  forces  win  first  be  resolved  from  the  wind  axes  to  the  Icioal- 
Seocentrie  coordinates.  The  wind  axes  ai?e  defined  relative  to  the  local  geo¬ 
centric  axes  by  three  angles;  heading,  0j  flight  path  attitude,  7;  and 
bank,  . 


Xn 


Figure  3.7  -  Relationship  Between  Local -Geocentric 
Axes  and  Wind  Axes 


Th6  ons 


\ 


x» 

cos  0 

sin  a 

0 

Xg 

Y* 

= 

-sin  a 

cos  a 

0 

Yg 

Zg 

0 

0 

1 

Xa 

cos  7 

0 

-sin  7 

x» 

y« 

0 

1 

0 

Y» 

z” 

sin  7 

0 

cos  7 

Xa 

1 

0 

0 

Xa 

Xa 

0 

cos  Ba 

sin  Ba 

Y« 

Za 

0 

-  sin  Ba 

cos  Ba 

Z" 

31 


VM 


The  complete  transformation  then  la: 


Xa 

?'A 

aa 

!^A 

cos  7  cos  0 

-sin  0  cos  Ba 
+  sin  7  cos  a  sin 

sin  0  sin  B/^ 

+  sin  7  cos  a  coa  Ba 


cos  7  sin  a 

cos  a  cos  Ba 
+  sin  7  sin  a  sin 

-COE  0  sin 

+  sin  7  sin  a  cos  Ba 


-sin  7 

cos  7  sin  Ba 
coa  7  cos  Ba 


(3.71) 


which  will  he  defined  as 


^1 

81 

■*^1 

h 

= 

1  1*2 

S2 

^2 

(3.78) 

r3 

^3 

^3 

t  resolution  of 

forces  from  wind 

axes  to  local  geocentric  becomes; 

FX 

1 

1 

^1 

^2 

r3  1 

1 

^Xa 

% 

== 

82 

(3-73) 

% 

h 

t2 

% 

For  the  rotating -planet,  the  local  geocentric  components  must  he  resolved  to 
components  in  the  X^-Yq-Zq  system.  The  required  direction  cosines  are  given 
hy  Equation  (3*67)  evaluated  using  the  angle  C  in  place  of  angle  B. 


^0 

^10  ^20  ^30 

= 

JlO  020  J30 

FZe 

Jio  <320  <330 

The  combined  transformation  from  wind  axes  to  loca],  geocentric  will  be  defined 
as  a  single  matrix. 


FX, 

°1 

02 

"3 

“"'gx 

- 

PI 

P2 

P3 

^A 

+ 

'll 

qg 

13 

FZa 

(3.75) 
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3 -I*  11  Bo^y-Axsa  to  Wiad^Axes  Transforaation  •“  To  permit  the  uge  of 
y,  z)  axea  aerodynamic  data  and  to  convert  the  hody  axes  components,  of  thyust 
to  the  wind  axes  system,  a  coordinate  transformation  must  he  niade.  The  coor¬ 
dinate  transformation  below  is  first  through  the  angle  of  attach,  a,  and  then 
through  an  auxiliary  angle,  p'. 


Figure  3.8  Relationship  Between  Body  Axes 
euid  Wind  Axes 
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which  is  defined  as  the  u-v-w  direction  coslries. 
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The  relationship  hetween  body  and  wind-axes  aerodynamic  coefficients  is  then 
established,  noting  the  negative  directions  of  the  coefficients  relative  to 
the  axes  system. 


(3*77) 


(3.77a) 


If  the  assumption  is  made  that  the  body  xy  plane  lies  in  the  vertical, 

5^  =  0,  an  alternate  transformation  can  be  made  (Figure  3.9)  using  the  pitch 
angle  9,  the  difference  between  the  azimuth  heading  and  the  yaw  angle,  cr  -  \|f, 
and  the  flight  path  angle,  7. 

The  direction  cosines  required  for  this  transformation  from  body  to  the 
vertical  wind  axes  system  are: 
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Flg\ire  3*9  -  Relationship  Between  Body  Axes  and  Vertical 
Wind  Axes  With  Zei’o  Body  Roll  Angle 


The  angles  7  and  a  are  computed  in  the  point  mass  options;  6  and  ilr  are  not. 
Applying  the  law  of  sines  to  the  spherical  triangle 


oin  (c  -  *k) 


sin  B» 
coo  7 


(.5 -IS 


The  sine  of  p’  may  be  expressed  in  terms  of  the  body  coordinate  components  of 
velocity  as; 


sin  P*  =  -  = 


V 


(3.80 


Dividing  numerator  and  denominator  by  u  and  expressing  in  terms  of  a  and  p 

tan  P 


sin  p' 


^1  +  tan^  a  +  tan  ^  p 


(3.81 


Substituting  Equatioi;  (3.81)  into  Equation  (3'79) 
a  -  V  =  sin"^ 


_ tan  P _ 

cos  7*/l  +  tan^  a  + 


tan^  p 


(3.82 


Since  the  body  roll  angle  is  zero; 


0  =  a  +  7’ 


(3.83) 


Applying  the  law  of  bines  to  triangle  XA“y-C; 


The  angles  O  and  can  now  be  evaluated  in  terms 
vertical  wind  transformation,  Equation  (3«78). 


(3.8^*) 


of  a  and  p  for  use  in  the 


This  transformation  from  body  axes  to  a  vertical  wind  axes,  with  the 
assumption  of  zero  roll,  is  the  transformation  used  in  the  computer  program. 
ITius,  the  load  factors  computed  ere  also  in  the  vertical  wind  axes  system. 

The  transformation  from  the  vertical  wind  coordinates  to  the  local  geocentric 
is  given  by  Equation  (3.71),  noting  that  the  bank  angle  is  zero  for  the 
vertical  wind  axes  system. 


3.1,1?  Winds  in  a  Point  Mass  Analysis  -  The  effect  of  wind  can  be  intro 
duced  in  a  point  mass  problem  when  the  vehicle's  angular  position  is  dictated 
by  an  assumed  perfect  control  system.  The  wind  computations  In  this  section 
are  specifically  designed  for  a  control  system  using  three  rate -integrating 
gyros.  The  wind  components  will  produce  an  angle  of  attack  and  an  angle  of 
sideslip  which  are  not  removed  by  the  assumed  aerodynamic  stabili.ty  of  the 
vehicle,  since  the  vehicle's  angular  position  is  fixed  by  other  means,  e.g., 
reaction  control.  The  shove  condiliouB  must  be  realized  before  the  optional 
computations  presented  in  this  section  can  provide  meaningful,  resul.ts.  Only 
Flight  Plan  Programmer  10  meets  these  requisites. 

The  change  in  a  and  p  due  to  the  three  components  of  wind  is  to  be  deter¬ 
mined  assuming  that  no  Instrument  eirors  are  preseiit,  Figui-e  (3  *10)  contains 
the  geometry  necessary  to  consider  winds.  XJ^-Y^-Za  is  the  location  of  the 
wind  coordinate  system  before  the  perturbing  wind  components  are  Introduced. 
Xa-Y^-Za  is  the  new  location  of  the  wind  coordinates  after  the  perturbation 
occurs.  Xa  is  coincident  with  the  airspeed  vector,  Za  is  coincident  with  the 
lift  but  is  positive  In  Lhe  opposite  direction,  Ya  defines  the  side  force. 


The  three  local  geocentric  components  of  winds  will  be  introduced  in  a 
tabular  llst5jig  with  altitude  as  the  independent  variable.  Let  the  three 
components  of  wind  be  written  as  follows; 


7w  -  *  ^8.  s  <3.85) 

Xg  North 
Yg  East 

Zg  Directed  toward  center  of  earth 
The  airspeed  vector  is  given  by; 

Va  =  Vg  -  (3.86) 


36 


vhere  Vg  is  the  velocity  relative  to  an  atmosphere  vhlch  has  the  sa'jue  asaigular 
velocity  as  the  earth.  The  three  local  geocentric  componehta  of  airsf^a’^^arei 

Va  ••=  (Xg  -  Xg„)  \  ^  (Yg  -  Yg^)  lyg  \ 

The  elevation  and  azimuthal  flight  path  angles  of  the  airspeed  vector  are: 


(3.88) 


(3-89) 


The  avunmatlon  of  the  external  forces  in  Cation  Six  is  performed  in  the 
wind  coordinate  system  (XaYa^a),  and  the  resxilting  components  are  resolved  to 
the  local  geocentric  system  through  the  r-s-t  direction  cosines.  The  r-s-t  dLrec> 
tion  cosines  are  derived  with  the  lift  vector  restricted  to  the  vertical  plane. 
This  derivation  is  unsuitable  when  the  direction  of  the  lift  is  dependent  on 
the  vehicle's  roll  angle,  ‘ihe  additional  angle  required  to  define  the  direction 
of  the  lift  (negative  axis)  is  the  bank  angle,  Ba*  Thejbank  angle  is 
measured  in  a  plane  perpendicular  to  the  airspeed  vector  (V^)  and  is  referenced 
to  the  vertical  plane  containing  Xa«  The  resilLting  r-s-t  direction  cosines 
vll].  be  altered  by  adding  the  rotation  about  the  Xa  axis  through  the  bank 
angle  to  the  sequence  of  rotations,  thus  leading  to  Equation  (3*71)  transposed. 
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where  Py  ,  and  are  the  components  of  aerodynamic  and  thrust  forces  in 

the  wind  coordinate  system.  Performing  the  indicated  matrix  multiplication 
gives: 
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The  direcl;lon  ^cosines 

eque.tioti  (3.90)  and  (3.91). 
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are  to  Ijq  defined  by  corresponding  positlonf  ih. 
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(3.91) 


The  development  of  the  direction  cosines  relating  the  wind  and  body 
systems  presented  in  Beetion  3*1 *11  is  also  performed  with  the  restriction 
that  the  lift  is  in  the  vertical  plane.  This  restriction  will  be  removed  by 
permitting  an  additional  rotation  of  the  existing  wind  coordinate  about  the 
velocity  (Va)  through  the  bank  angle,  Ba*  This  change  is  required  to  permit 
the  correct  summation  of  aerodynamic  and  thrust  forces.  The  additional  rota¬ 
tion  matrix  is  made  to  Equation  (3.78)* 
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3.2  Guidance  and  Autopilot  Coordinate  Transformations  -  Kie  vehicle 
attitude  information  taken  from  the  gimbals  of  a  stabilized  platform  and  the 
outputs  of  platform-mounted  accelerometers  may  be  reiquired  in  certain  autopilot 
and  guidance -system  computations  in  the  Six-Degree-rf-Freedom  Fliglit-PaLli 
Study  computer  program.  This  section  presents  the  derivation  of  the  equations 
relating  accelerometer  and  attitude  information  to  data  computed  in  the 
central  program.  The  method  for  deriving  coordinate  transformations  for  any 
glmbal  arrangement  is  presented  for  reference. 


3.2.1  Glmbal  Arrangements  and  Rotation  Sequences  -  Three  frequently  used 
gimhul  arrangements  will  be  considered  in  this  section.  Each  glmbal  is 
equivalent  to  an  intermediate  coordinate  system  in  a  series  of  Euler-angle 
rotations.  Reading  fi’ora  the  inner  girobal  to  the  outer  gimbal  (and  neglecting 
redundant  gimbals)  the  arrangements  considered  are; 

(1)  Yaw-Pitch -Roll 

(2)  Pitch -Yaw-Roll 

(3)  Pitch-Roll -Yaw 


where  the  cnal.ogy  between  coordinate  system  rotations  and  gimbal  movement  is 
used.  Other  gimbal  arrangements  are  possible;  however,  the  three  discussed 
in  this  section  are  the  ones  most  frequently  utilized.  The  transformations 
for  the  alternate  arrangements  can  be  obtained  using  these  same  techniques. 


3.2.2  Exiler  Angles  -  In  the  central  program,  the  direction  cosines  re¬ 
lating  the  vehicle  body- coordinate  system  to  a  fixed  inertial  system  are 
calculated  by  integrating  functions  of  the  body  ang^llar  velocities,  p,  q,  and 
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r.  The  dlrScs^^  cosing- relab$ne  the  "bo^  and  inertial 

by  the  cosines  of  the  eagles  betweeh  the  various  axes  of  1^e" cobrdtoite:  systems 
and  are  dependent  only  upon  the  position  of  the  body  coordinates  referenced 
to  inertial  coordinates.  That  is,  the  order  of  rotation  selected  to  arrive  at 
a  certain  orientation  does  not  alter  the  numerical  values  of  the  direction 
cosines  for  that  orientation. 

Each  individual  direction  cosine  may,  therefore,  be  defined  in  terms  of 
the  Euler  angles  from  a  given  aequence  of  rotations.  These  definitions  will 
provide  the  Euler  angles  of  the  body  with  respect  to  the  platform  coordinate 
system  for  the  three  rotational  sequences  selected. 

The  direction  cosines.  In  terms  of  the  three  sets  of  Euiler  angles,  will  be 
derived  using  the  method  of  Reference  (9).  The  technique  used  is  to  find  the 
direction  cosines  for  each  individual  rotation  in  a  sequence  and  determine 
the  complete  transformation  by  multiplying  the  individual  direction  cosine 
matrices.  The  overall  picture  of  the  rotations  is  best  observed  on  a  \init- 
sphere  diagram.  The  points  on  the  \mit  sphere  represent  the  intersections 
of  the  coordinate  axes  with  the  surface  of  the  sphere. 

The  order  of  rotation  and  the  axis  about  which  rotation  occurs  can  be 
described  using  the  following  diagram. 


AXIS  AND  ROTATION  ORDER 


X  Y  Z 

t'l'  1. 

I  T|  Z 

2. 

3. 

X  y 


This  diugratii  indicates  that  the 
first  rotation  Is  about  the  iner¬ 
tial  Z-axis  through  the  Euler 
angle  '|f.  The  second  rotation  is 
about  the  intermediate  axlsii 
through  the  angle  ©.  The  final 
rotation  is  about  the  body 
x-axis  through  the  angle 


The  derivation  of  each  sequence  of  rotations  will  proceed  in  the  follow¬ 
ing  manner; 

(a)  The  order  of  rotation  will  be  defined. 

(b)  The  unit  sphere  showing  all  three  rotations  will  be  presented. 

(c)  The  individual  rotations  will  be  shown  in  three  separate  diagrams 
that  contain  the  plane  perpendicular  to  the  appropriate  axis  of  rotation. 

(d)  The  direction  cosines  for  each  indiviuual  rotation  will  b«  written 
in  this  manner; 

C|x  ^iz 

Ctpc  Cr^Y 
'^xX  ^xZ 


ho 


Where  is  the  cosine  of  the  angle  between  the  i  and  J  axes. 

(e)  Ihe  matrix  of  direetion  cosines  relating  the  inertial  and  body  coor 
dlnates  will  be  determined  by  matrix  multiplication. 

The  eo.®»t,tlon  sequences  re^uirea  for  these  eOBputetlon.  are  o.itllnea  by  the 
functional  flow  diagram.  Figure  (3 .ID* 
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FIGURE  3.n,  FUNCTIONAL  FLOW  DIAGRAM  - 
PLATFORM  ANGLES  FOR  SIX-DEGREE-OF  FREEDOM  OBLATE  ROTATING  PLANET  OPTION 
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THIRD  ROTATION 


10  0 
0  Cob  Sin 

0  -sin  0  Cob  0 


The  trensformatlon  matrix  is  given  hy 
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=  i  ^ 


or,  In  tei'ms  of  the  planar  rotation  matrices,  the  intermediate  axes  are  elira- 
inatod  hy 
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The  direction  cosine  elements  of  the  transrormation  matrix  are  obtained  by  per- 
Corming  the  indicated  multiplication.  For  the  yaw-iJitch-roll  rotational 
seq,uence 
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(3-93) 
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THIHP  ROTATION 
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The  transformation  matrix  is  given  by 
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or,  in  terms  of  the  planar  rotation  matrices,  tie  intermediate  axes  are  elim¬ 
inated  by 
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The  direction  cosine  elements  of  the  transformation  matrix  are  obtained  by 
performing  the  indicated  multiplication.  For  the  pitch -yaw-roll  rotational 
56<^U6nC6 
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Fip^ure  3•l*^  Unit  Sphere  For 
Pitch -Roll -Yaw  Sequence  of  Rotation 
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The  transformation  matrix  is  given  by 


or,  in  terms  of  the  planar  rotation  matrices,  the  intermediate  axes  are  elim¬ 
inated  by 
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The  direction  cosine  elements  of  the  transformation  matrix  are  obtained  by 
performing  the  indicated  multiplication.  For  the  pitch -roll -yaw  rotational 
sequence 
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(3-95) 


Tb,e  (iipection  cosines  relating  body  and  inertial -coordinates  are  assigiied-tlae-- 
following  symbols  in  the  central  program  (see  Equation  (3*l)-)--  — 
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(3.96) 
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By  comparing  Identical  positions  in  the  matrix  of  Equation  (3*96)  with  the 
matrices  in  Equations  (3«93)>  (3«9^)>  or  (3*95)>  the  direction  cosines  above 
are  defined  in  terms  of  the  appropriate  sequence  of  Euler  angles. 

3.2.3  Platform  Coordinates  -  An  orthogonal  platform  coordinate  system, 
Xp-Yp-Zp  is  defined  by  the  sensitive  axes  of  three  mutusLlly  perpendicular 
accelerometers.  The  direction  cosines  describing  the  inertial  orientation  of 
platform  coordinates  will  not  be  derived.  The  angles  used  to  orient  the  plat¬ 
form  are  the  Inertial  angle,  Bp,  geoceutx'ic  latitude  azimuth  A.  The 

sequence  of  rotation  Is  given  in  the  following  di'igrara: 


AXIS  AND  ROTATION 
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(3.97) 


The  direction  coBiaos  defining  the  platform  coordinates  vith  reference  to 
local-geocentric  horizon  coordtShtCh  may  he  ohtaisiBd  h  rotating -the  - 
Zg~axia  throng  the  azimuth  angle  A,  aa  sho^  in  Figure  (3. 1?). 
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Pigute  3 •15  Relation  of  Platform  and 
Local -Geocentric  Rorison  Coordinates 


The  transformation  matrix  for  this  rotation  is: 
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The  direction  cosines  defining  the  Xp,  Y-n>  and  Zp  piatform  coordinates  may  then 
be  determined  by  substituting  Eq,uation  {3*9^)  into  Equation  (3.97). 

The  direction  cosines  defining  the  transformation  from  the  Inertial  coordinate 
system  to  the  platform  coordinate  system,  in  terms  of  the  orientation  angles,  are; 

Xp  (-Cos  Bp  Sin  ^^Lp  Cos  A  (-Sin  B  Sin  Cos  A  (-Cos  Cos  A)  X 

+  Sin  Bp  Sin  A)  -Sin  A  Cos  Bp) 

Yp  =  (Cos  Bp  Sin  0Lp  Sin  A  (Sin  Bp  Sin  Sin  A  (Cos  ^Lp  ^)  Y 

+  Sin  Bp  Cos  A  -  Cos  Bp  Cos  a) 


+  Sin  Bp  Cos  A 
Zp  (-Cos  Bp  Cos  5^Lp) 


(-Sin  Bp  Cob 


I  Sin  5!!r„) 


(3-99) 


For  convenience,  the  direction  cosines  in  the  matrix  will  be  defined  by 
the  notation,  -  — ~  1 
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(3.100) 


3.2.i!  Platform  Ansles  for  a  Flat-Planet  Problem  -  For  a  flat -planet 
problem,  the  orientation  of  the  platform  coordinate  system  will  be  assumed  to 
coincide  with  the  flat-planet  coordinates.  Therefore,  the  angles  measured  on  the 
gimbals  of  this  platform  may  be  determined  for  the  three  glmbeO.  arrangements 
considered.  For  the  yaw-pitch-roll  gimbal  system,  the  following  direction 
cosine  relationships  are  obtained  by  comparing  corresponding  positions  in  the 
matrices  used  in  Equations  (3*93)  and  (3.96).  Five  elements  are  sufficient  to 
define  these  angles. 


U 

j 

=  -Sin  0 

I2 

=  Cos  0 

Sin 

ll 

=  fo?  9 

Cos 

nin 

J 

=  Sin 

Cos 

=  Cog  0 

Coo 

(3.101) 


The  first  equation  defines  the  angle  0-  The  angles  and  ^  may  be  defined 
explicitly  by  combining  the  second  and  third  equation  and  the  fourth  and  fifth 
equation,  thus, 

Sin  e  =  -  I3 

Tan  +  =  I2/I1 

and  Tan  0  =  ra3/n3 


For  the  flat -planet  problem  with  the  platform  St  llized  to  coincide  with 
the  Xg-Yg-Zg  coordinates,  these  angles  represent  the  angles  measiored  on  the 
gimbals  and  will  be  designated  with  a  subscript  p. 

Op  =  -3in-l  I3 

ilTp  =  Tan“l  I2/I1  (3.102) 

=  Tan“l  ra3/n3 
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Sluiilarly,  the  angles  measured  ou  a  pitch-yaw-roll  giidhal  arrangomeht  may 
be  computed  by  comparing  identical  positions  in  the  matrices  used  in  Inequations 

(3.9U)  and  (3.96). 
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(3.103) 


Again  for  the  flat-planet  problem,  the  girobal  angles  for  this  arrangement  are; 

=  Sin"^  I2 
9^  =  Tan-^  -13/^1 


(ji*  =  Tan-i  -ne/roa 


(3.104) 


'Rie  appropriate  direction  cosines  for  the  computation  of  the  angles  for 
a  pitch-roll -yaw  system  are: 
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(3.105) 


The  platform  angles  are  found  from  these  direction  cosines  to  be; 
0p  =  -Sin"^  n2 
9^  =  Tan"l  “1/^3 
Tan"^  Ig/rog 


(3.106) 
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-Eor  the  flat=plaiiet  prohle®,  the  angles  detivea  in 
through  (3.106)  represent  the :  att itudea  oi*  the”vehIolSrij3d:3i 

Xg-Yg-hg  flat-planet  coordinates  and  also  with  respsCt  to  a:  ^IStfaria  e^dfaihahe- 
system  whose  respective  Xp-Yp«Zp  axes  are  parallel  to  Xg«Yg-Zg.  Since  the 
orientation  of  the  platform  in  this  problem  also  corresponds  to  the  orientation 
of  the  iaos^ial  coordinates  X-Y-Z  of  the  rotatlng-planet  problem  in  the  equatorial 
plane,  these  angles  are  also  the  inertial  attitudes  ('P, 0,5>)  of  the  vehicle 
with  respect  to  X-Y-S  coordinates  of  the  rotating -planet  problem.  The  com¬ 
putation  of  these  platform  relations  ai’e  sumMarized,  along  with  the  accelero¬ 
meter  indication  in  Figure  (3.I6). 

3.2.5  Platform  Angles  for  Rotating-Planet  Prob3.em  -  The  attitude  angles 
available  from  the  orientation  of  the  platform  gimbals  will  a].8o  be  required 
in  the  eraidance  and  control  subprograms  for  the  rotating -planet  problem.  In 
Paragraph  3*2.4,  the  direction  cosines  relating  the  platform  coordinates  and  the 
body  coordinates  were  known,  and  it  was  relatively  simple  to  obtain  functions 
of  the  pi  atform  angles.  For  the  i'otatlng-planet  problem,  it  will  be  necessary 
to  express  the  direction  cosines  relating  the  body  and  platform  coordinates 
in  terms  of  the  i-m-n  and  a-u-e  direction  cosines .  When  this  is  accomplished, 
the  procedure  developed  in  Section  3*2.4  will  be  used  to  obtain  the  platform 
angles.  Let  this  required  set  of  direction  cosines  be  defined  in  general  form 
as: 


Xp 

‘^l 
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'P 
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y 

(3. 107) 
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f3 

The  direction  coatnes  in  this  3“by-3  matrix  may  be  defined  in  terms  of 
any  one  of  the  three  sequences  of  rotations  derived  in  Equations  (3.93), 
(3.94),  and  (3.95).  For  the  yaw-pitch-roll  sequence,  this  matrix  ip  obtained 
by  using  platform  Euler  angles  in  Equation  (3.93)* 
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(3.108) 


The  d-e-f  seu  of  direction  cosines  will  be  expressed  in  terms  of  the  a-b-c 
and  1-m-n  direction  cosines.  'The  a-b-c  direction  cosines  relating  platform 
and  inertial  coordinates  were  derived  in  Equations  (3*96)  through  (3.100); 
these  a-b-c  direction  cosines  may  be  evaluated  from  input  data  and/or  from 
central  program  Information  according  to  the  platform  orientation  scheme 
selected  (see  Paragraph  3.2.6).  Equation  (3. 100)  is  repeated  here  for  con¬ 
venience  . 


FIGURE  3.16,  FUNCTIONAL  FLOW  DIAGRAM  - 
PLATFORM  ANGLES  FOR  SIX-DEGREE-OF-FREEDOM  FLAT-PLANET  OPTION 
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%  ®3  * 

Yp  «  bi  b2  b3  Y 

Zp  ei  C2  C3  Z 

The  transformation  from  inertial  coordinates  to  body  coordinates  was  derived 
in  Paragraph  3.1.3  the  direction  cosines  in  this  transformation  are  cal¬ 
culated  in  the  central  program  as  follows: 

X  ll  “1  X 

Y  =  I2  m2  n2  y  (3.109) 

Z  I3  m3  ng  z 

Eq,uation3  ( 3.100)  and  (3.109)  may  be  combined  according  to  the  laws  of 
matrix  multiplication  to  give 

®1  ^2  ®3  ^1  ”'1  ”1  * 

hi  b2  bj  I2  m2  ng  y  (3.IIO) 

c-i  C2  03  I3  m3  n3  z 

Since  the  product  of  the  Oiatrices  In  Equation  (3. 110)  are  the  direction 
coolnco  relating  platform  and  body  coordinntes,  this  product  Js  the  required 
set  of  d-e-f  direction  cosines,  and 

+  ^2l2  *3^3)  (^l"’!  ^21112  +  ®3™3)  (®l"l  ^3^3) 

d2  ©2  ^2  ~  (^l^'l  ^2l2  +  ^3^3^  (^l*''l  b2n)2  ^3''’3)  (^1*^1  "*■  1’2*^2  ^3^3^ 

^3  ^3  (°1^1  °2^2  *^3^3^  (‘^l“l  ‘'2™2  '  ^3103)  (cpni  i  02^2 

■^unctions  of  the  three  angles  of  the  yaw-pit ch -roll  sequence  way  be  determined 
by  equating  corresponding  positions  in  the  matrix  on  the  right  of  Equation 
(3.111)  with  the  matrix  of  Equation  ( 3-100).  First  equate  the  terms  in  the 
31  position  (third  row,  first  column). 

-  Sin  Op  =  c]_lp  +  C2I2  +  ^3^3 

The  pitch  attitude  of  the  missile  with  respect  to  the  platform  is  then  given  by; 

Op  =  -  Sin“^  (cili  +  C2I2  +  ^^313)  (3.112) 

Equating  the  11  and  21  positions  in  each  matrix  gives  the  following  relationships; 

Cos  Op  Sin  i|rp  =  hil^  +  b2l2  +  b3l3  (3.113) 

Cos  Op  Cos  i|fp  =  ajLli  +  a2l2  +  ^313  (3.11*+) 


(3>io6) 
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Dividing  Eqpuatioa  (3«113)  by  (3.1lU^)  gives  an  asqjiresBion  for  the  ant?le  tpi 


*  =  Tan“l  ( *  ^3^3 

^  V^l^l  +  ®2la  +  ^3^3 


) 


(3.115) 


Finally,  the  roll  angle  0p  will  he  fovind  from  the  32  and  33  positions 
Cos  Op  Sin  0p  =  cimi  +  C2ni2  +  C3™3 


(3.116) 

■p  wuo  yp  -*  «1HL  (3.117) 

Dividing  Equation  (3 *116)  by  (3.II7)  provides  an  e^qpression  for  the  roll  angle: 


Coa  Ot,  Cos  (p-^  =  c^ni  +  C2n2  +  C3n3 


Tan-1 


( 


®1®1  ®2®2  *^3*®3 

oi“l  +  C2n2  +  C3n3 


) 


(3.118) 


This  completes  the  sulution  for  the  three  angles  for  the  yaw-pitch -roll 
sequence  for  a  rotating-planat  problem.  The  platform  angles  for  the  other  two 
sequences  are  found  in  a  similar  fashion  and  are  given  as  follows: 


Pltcti-Yaw-Roll  Sequence 
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(^iH  ^sis  *  ^3^3) 

(3.119) 

Ql  = 

Tan-1 
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(3.120) 

d*  =: 

Tan"^ 

/  -(^1»1  +  "^2^2  *  ^3n^)\ 

y  h3_iiii  +  hgui2  / 

(3.121) 

Pitch-Roll -Yaw  Sequence 

11 

Sln-1 

^-(bini  +  b2n2  +  b3n3)^ 

(3.122) 

e"  = 

p 

Tan-^ 

(  ®iai  +  ^202  +  ®3“3\ 
y  ciui  +  C2n2  +  0303  j 

(3.123) 

*  "  = 

^  p 

Tan-1 

*  ^2^2  ^ 

\^1®1  ^2™2  ^3^3  / 

(3.124) 

3.2.6  Platform  Orientation  -  For  many  problems,  it  is  convenient  to  torque 
the  platform  in  some  prescribed  manner.  The  actual  dynamics  of  platform  stabil¬ 
ization  will  not  be  considered  in  this  problem,  however,  the  platform  can  be 
oriented  In  any  prescribed  fashion  by  adjusting  the  direction  cosines  relating 
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the  platform  and  inertial  eoer^inatesi.  3?heae  diife^otlon  .coslnea-are  .fnactlQfla:  of , 
the  inertial  angle  Bp  =  ©EiO  "  ^  platform  geocentric  latltudnil^tp, 

and  the  aximuth  of  the  platform.  Three  cases  of  platform  orientation  vill  now 
be  considered. 

Case  I  Platform  Inert ially  Fixed  -•  The  platform  may  be  fixed  Inertially  at 
any  desired  orientation  by  welng  the  ajipropriate  angles,  Bp,  ^p,  end  A  in  the 
evaluation  of  the  a-b-e  dix'ectlbn  cosines  relating  platform  and^inertial  coor¬ 
dinates.  The  usual  procedvire  could  also  be  aligned  by  a  8te].lar  fix.  In  this 
Instance,  Bp  -  0,  -  geodetic  latitude  of  the  launch  site,  and  A  Is  the 

desired  azimuth.  These  values  are  constants  during  the  flight  since  the 
platform  is  fixed  inertially. 

Case  II  Platform  Torgued  at  Constairit  Rate  About  the  Polar  Axis  -  The  constant 
ongular  rate  selected  for  this  application  is  usually  the  angular  rotational 
rate  of  the  planet  in  question.  The  platform  coordinates  now  become  a  tangent 
plane  fixed  to  the  planet  at  a  point  which  is  ususd-ly  the  launch  site.  Then 
the  angle  Bp  =  -Wpt,  (^Lp  is  the  geodetic  latitude  of  the  launch  site  and  A 
ic  the  desired  azimuth. 

Case  III  Platform  Aligned  With  the  Local-Geocentrlc-Horlzon  Coordinates  - 
The  platform  is  rotated  so  that  Zp  is  aligned  geocentrically  downward  and  the 
Xp-axis  is  pointing  northward  in  a  meridian  plane.  This  orientation  of  the 
platform  coincides  with  the  orientation  of  local -geocentric-horizon  coordinates. 
The  direction  cosines  relating  the  local -geocentric-horizon  coordinates  and 
inertial  coordinates  are  continuously  evaluated  in  the  central  program  and  may 
be  used  as  the  direction  cosines  relating  the  platfoi'm  and  inertial  coordinates 
f*or  "thlc  c^iCv  cTily*  tbv.*! 
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These  three  cases  are  among  the  ones  most  frequently  used.  Additlonatl 
methods  of  platform  orientation  may  be  simulated  by  following  the  procedures 
used  in  doveloplng  these  three  cases . 

3.2.7  Platform  Coordinate  Transformations  -  Reduced  Degrees  of  Freedom  - 
When  an  autopilot  is  used  to  control  the  flight  of  a  vehicle  which  is  con¬ 
strained  to  motion  In  reduced  degrees  of  freedom,  the  platform  motion  has  a 
similar  constraint  applied  to  it.  The  coordinate  transformations  required  to 
relate  the  platform  to  the  body  axes  ere  simplified  for  the  same  reasons  the 
transformations  of  Paragraph  3.1. 7  are  reduced.  Of  the  reduced-degree-of -freedom 
options  available,  the  three-degree-of -freedom  longitudinal  option  is  best 
suited  to  the  use  of  a  platform  in  coniunetion  with  the  autopilot.  The 
platform  transformations  which  follow  are  applicable  to  this  option.  The 
platform  coordixiate  system  will  be  defined  as  the  Xp-Zp  axis  for  the  three - 
degree  longitudinal  problem;  thi’ee  possibilities  are  considered  for  the 
rotating -planet  problem  in  the  equatorleJ.  plane. 


■6 
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Figure  3 si?  "Plat form  Coordinate 
System  InertJally  l!'-!.vi=^d  at  Launch  Site 


Tne  platform  axes  are  situated  in  the  position  of  the  coordinate  system 
at  t  ==  0.  (See  Figwe  Paragraph  (3«1*8)).  Tiie  angSe  of  the  body  axes 
with  the  platform  axes  is  S>0°  +  '9';  therefore: 


Y 


Figtire  'j«l8  Platform  Coordinate 
System  Tor^ued  at  a  Constant  Rate 
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From  Figu-’e  (3.1?)  for  eastward  fligjit  9p  =•  90°  +  u-t  +  O.  Similarly,  for 
westward  fli(iht  ^  «  90°  -  Wgt  •fiQ'* 

The  appropriate  sign  is  inserted  by  using  the  factor  K^: 

0p  =  90O+Kff  Wpt  +«-  (3.187) 

3.  Platform  torciued  to  local -geocentric  -  In  this  case  local -geocentric 
coordinates  7g-Zg  are  identical  to  platform  coordinates  7p-Zp  so  the  platform 
angle  is  the  angle  with  the  local -geocentric  horizon,  0,  given  by  Equation 
(3.55),  Paragraph  (3.I.8), 

0  =  Op  =  90®-K^  s+e*  (3.128) 

For  a  three -degree  longitudinal  flat-planet  problem  with  the  platform  coor¬ 
dinates  coinciding  with  the  flat-planet  cooi'dinates,  the  platform  angle  is  the 
Bttiue  as  the  pitch  attitude,  Q,  with  the  flat-planet  (inertial)  coordinates, 
so  that: 


Op  =  0  (3.129) 

The  computations  required  to  determine  the  platform  angle  for  the  three-degree- 
of-freedom,  longitudinal,  equatorial -plane  option  are  summarized  in  Figure  (3.19). 


(a)  mUATORIAL  FLAME 


CONTINUE  PROBLEM 


(h)  PLAT  PLANET 


I 


CONTINUE  PROBLEM 


Figure  3*19  Fimctional  Flow  Diagram-Platform 
Angle  for  Three-Degree-of -Freedom  Longitudinal  Computation 
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3*2.8  A c celgromet^  Indleat Ions  -  Let  %  Tae  tie  vector  sw  of  ;  tie_platf‘^pi 
accelerometer  outputs  and  g  ie  the  mass  atbraetive  aooeleratioh  of  the ^planet . 
The  accelerometers  are  calibrated  to  read  zero  when  they  are  unaocelerated  __ 
and  aligned  such  that  the  sensitive  axis  is  perpendicular  to  g.  The  vector  R 
will  represent  the  displacement  of  Wie  ^atform  witj^  respect  to  the  center  of 
the  planet.  It  will  be  shown  that  A  =*  R  -  g  where  R  is  the  inertial  accelera¬ 
tion  of  the  platform.  Consider  the  vehicle  accelerating  vertically  at  Ig  with 
respect  to  a  sphericea  body.  In  local -geocentric-horizon  components  then 


(3.130) 

R 


R  -  -g  l^g 

In  the  absence  of  a  gravitational  fields  the 
accelerometer  should  read  -Ig.  Positive 
motion  of  the  accelerometer  mass  along  the 
Zg  axis  represents  a  negative  acceleration 
in_thls  case,  and  the  vector  g  is  equal  to 
g  IZg.  Cora iderat ion  of  the  gravitational 
field  will  cause  an  additional  displacement 
of  the  accelerometer  mass  in  the  positive 
Zg  direction  giving  a  total  indication  of 
-Pg,  The  equation 

A  -  R  -  g  (3.131) 

■will  be  evaluated  from  the  data 
R  =  -  Ig  Tzg 

so  that 

A  =  -  2g  IZg  (3.132) 

This  result  is  shown  schematicall.y  in  Figure 


Figure  3.20  Accelerometer  WILL 
Sensitive  Axis  Aligned  With 
Local -Geocentric  Vertical 

(3-20), 


The  vector  A  is  equal  to  the  vector  sum  of  the  accelerations  produced  by 
the  externally  applied  forces.  The  body  components  of  the  externally  applied 
forces  may  be  taken  from  the  separate  subprogram  which  gives  the  summation  of 
forces  and  moments.  P^,  Fy,  and  Fj,  arc  the  body  components  of  the  ex+.ernal 
forces  plus  the  weight.  The  weight  must  then  be  subtracted  to  determine  the 
body  components  of  A; 


*  \~^)h * 


(3.133) 


The  body  components  of  the  vector  A  will  now  be  resolved  to  platform  coor¬ 
dinate  components;  these  platform  components  will  then  represent  the  accelero¬ 
meter  outputs.  This  resolution  utilizes 


(3.110)  which  relates  these  two  coordinate  systems,  thus 


A*  IUWa  WA  WJ  A.I  vJ  L*U.  Irf 
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^ere  Axp,  Ayp,  and  AZp  represent  the  output  of  accelerometers  whose  sensitive 
axes  are  aligned  along  the  three  platform  coordinate  a:»s. 


3*3  Auxiliary  Transformations  -  The  computer  program  developed  in  the 
Six-Degree -of -Freedom  Flight-Path  Study  is  a  generalized  program  capable  of 
calculating  the  motion  of  various  types  of  flight  vehicles.  To  define  completely 
the  various  trajectories  which  may  be  analyzed  requires  the  computation  of  a 
wide  variety  of  flight  parameters.  It  is  evident,  however,  that  for  many 
analyses  the  computation  of  the  entire  library  of  these  parameters  is  unnecessary. 
It  is  the  piirpose  of  the  present  discussion  to  specify  and  derive  the  special 
relations  and  transformations  for  those  auxiliary  parameters  which,  in  the 
interest  of  program  simplification,  may  be  deleted  from  the  computation  if  the 
parameter  is  not  required.  The  coordinate  transformations  and  auxiliary  para¬ 
meters  discussed  in  the  present  analysis  may  be  generally  considered  as 
Category  (3)  transformations,  as  defined  at  the  beginning  of  Section  3*  Under 
certain  conditions,  however,  the  transformations  may  be  equally  pertinent  to 
other  categories.  (For  exainp3.Q,0£  and  p  may  be  required  to  compute  aerodynamic 
forces  related  to  Category  (l)  as  well  as  being  used  for  tne  convenience  of 
the  analysts  in  readout,  Category  (3)). 

3.3*1  Angular  Rates  -  In  most  eases,  machine  differentiation  is  accurate 
enough  to  determine  the  time  derivative  of  a  function.  For  this  reason,  the 
angular  rates  of  angle  of  attack,  side  clip,  elevation  flight-path  and  azimuth 
angle  are  obtained  by  this  manner  in  the  present  formulation  of  the  Six-Degree - 
of -Freedom  Flight-Path  Study  computer  program.  In  some  cases,  however,  it 
may  be  desirable  to  have  analytical  e3q>ression3  for  these  angular  rates.  For 
this  reason,  the  following  pai'agraphs  will  present  a  derivation  of  expressions 
for  the  time  rates  of  change  of  the  vertical  and  horizontal  flight-path  angles, 

7  and  a,  and  of  the  aerodynamic  angle  of  attack  and  sideslip.  Tlie  basic 
definitions  of  these  parameters  are  given  in  Section  3.1. 

( a )  Derivation  of  time  rate  of  ehangg  of  flight-path  angle ,  7 
The  elevation  flight-path  angle  is  defined  as 


Differentiating 


1 

Vg(-Zg)  -  (-Zg)(Vg) 

[fWY  J 

v/ 

(3.136) 
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The  sxirf  ace -referenced  speed  Is 


from  which  is  obtained  the  derivative 


V 


y2  .  y2  .  7*2 


XgXg  +  YgYg  +  SgZg 


Substituting  Kqxiation  (3«138)  into  Equation  (3*3-36)  gives 


(3*137) 


(3*138) 


*  Ve  •"  Vg>  -  ''^8 


(b)  Derivation  of  time  rate  of  change  of  heading  angle,  ir 


(3.139) 


The  horizontal  flight-path  angle  is  defined  by 


o 


-  /  \ 

*  V  } 


(3. Tin) 


Differentiating  with  respect,  to  Lime,  and  rearranging  the  product  of  fractions 
which  is  obtained,  results  in 


(3*Hil) 


•  •  •  • 

Relations  for  the  quantities  Xg»  7g,  Zg,  and  Vg,  which  appear  in  the  /-  and 
lir-  equa-jfionH,  are  derived  in  Section  3*1>  Equatiojq  (3*29);.  Also  appearing 
in  the  7-  and  or-equatlons  are  the  quantities  Xg,  Yg,  end  Zg,  for  which  expres¬ 
sions  are  derived  as  follows: 

Let  K  be  the  displacement  vector  of  the  vehicle  from  the  center  of  the  planet, 
see  Figure  (3*1)*  In  inertial  coordinates 

R  =  xTx  +  Yly  +  zTj,  (3.: 
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and  In  local -geocentric  coordlnatea 


R  ^  -^Zg  (3*1%)-- 

I'he  velocity  of  tha  tody  is 

^  -  It®  “  <3.1'*'*) 

where  8R/8t  is  the  derivative  of  R  with  respect  to  the  movlnp;  coordinate 
system  Xg-Yg-Zg.  The  acceleration^  which  is  ultimately  required,  is 


n  = 


dt 


'•at 


+  u. 


7-  ..  8^  .  ^ 


xR)=|^  +  u)x||  +  uip 


dt  dt 


(3.1%) 


In  terras  of  the  local -geocentric  coordinate  system,  the  velocity  and  accelera¬ 
tion  contributions  are 

It  =  VXg  VYg  +  2glZg  (3.146) 

and 

The  cross  products  require  several  vector  mauipulalioas  bo  obtain  cxprcccionp, 
in  a  usabJ.e  form.  The  acceleration  of  Equation  (3.145)  is  more  conventionally 
written 

a  =  ^  ^  ^  (“p  ^  (3.148) 

since  the  time  rate  of  change  of  the  planet's  rotational  velocity  may  be 
taken  as  zero. 

The  rotational  rate  of  the  planet  is 
Zip  =  -(Upl^ 

in  inertial  coordinates  but  may  be  expressed  more  conveniently  in  terma  of  the 
local '-geocentric  coordinates  for  the  present  derivation  by 

Zp  =  +  “ZglZg  (3-149) 

where,  from  Figure  (3*1) 

“Xg  =  Wp  Cos  ylL 
‘^Zg  =  “’p  Sin 
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None  of  the  pleuciet  *b  rotatlcnal  rate  appears  in  the  Yg  axis  £ince  end 
lYg  are  perpandlcuLar  vectors.  Tlje  Coriolis  acceleration,  aSp  x 


2w  X  IS  =  2 

P  6t 


^Xcf 


wXg  0 


Xg  Xg  Zg 


[-(Xg<^g)lXg  +  -  ‘*XgZg)lYj 


+  (wKgYg)lag 


The  centripetal  acceleration,  w-  x  (Wp  x  R),  is  similarly  obtained  using 
Equations  (3»l*+3)  and  (3.149),  to  be 

Wp  X  (Wp  X  R)  =  -(“Xg  “'Zg  ^^)lXg  +  (“Xg  R)lZg 

Substituting  Equations  (3*1^7))  (3*150)>  and  (3. 151)  into  Equation  (3*1^^^) 
and  collecting  like  terms  gives 


(3.150) 


(3.151) 


Xg  -  2Y^>Zg  -  ‘^Zg‘-Xg  R 


+  2(XgO^  -  Zgu>x  ) 


lY. 


Zg  +  +  wXgUR 


The  acceleration,  in  inertial  coordinates,  is 

a  =  XTx  +  ny  +  zTz 


^Zr. 


(3.152) 


(3.153) 


Equations  (3<'52)  and  (3»153)  equal,  and  f>y  means  of  lUe  dii’uction  cosine 
matrix  relating  inertial  unit  vectors  to  local -geocentric  unit  vectors, 
Equation  (3*15) >  Section  (3.l)i  bhe  conversion  is 


1  •  • 

Xg  -  -  '■■'Zg“Xg^ 

il 

h 

»  » 

X 

Yg  4  2(X^gg-  ^g“Xg) 

= 

i2 

J2 

'^2 

» f 

Y 

4  0 

•  • 

-  2YgO^^  i  u^XgR 

^3 

J3 

ks 

Z 

(3.15'0 


*  •  if  I  • 

Since  Xg,  Yg,  Jind  Zg  are  the  required  quantities,  the  components  of  Coriolis 
and  centripetal  accelerations  roust  bo  subtracted.  The  inertieil  components  of 
acceleration  may  be  '«al  culated  by  the  direction-cosine  matrix  relating  body- 
coordinate  unit  vectors  to  inertial -coordinate  unit  vectors,  Equation  (3.l)» 
Section  (3.I) ! 
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(3.155) 


(6)  Note  that  Pj^,  Fy,  and  F^  include  the  weight  components  of  the  vehicle. 


( c )  Derivation  of  the  time  rate  of  change  of  angle  of  attack,  a 
The  angle  of  attack  Is  defined  by 


a  =  Tan"^  /  ^ 

\u  -  Uv/ 

Taking  the  derivative  of  Equation  (3.I56)  gives  the  required  solution  for 

a  =  (u  “  uv)(w  >•  wy)  -  (w  -  Ww)(u  -  uy) 

(u  -  u^)2  +  (w  - 

( d )  Derivation  of  the  time  rate  of  change  of  sideslip  angle.  B 
The  single  of  sideslip  is  defined  by 


(3.156) 


a; 


(3.157) 


P 


(3.158) 


Taking  the  derivative  of  Equation  (3.I58)  gives  the  required  solution  for  pj 


•  _  (u  -  %)(v  -  v^)  -  (v  -  v,,)(u  -  Uw) 

P  "  - 2 - P -  (3 

(u  -  uu)  +  (v  -  Vw) 

*  • 

The  quantities  u^,  Vy,  w^.  which  appear  in  the  a  and  P  equations,  have  been 
defined  by  Equation  (3.33)  of  Section  (3.I).  The  quantities,  u,  v,  w,  u,  v 
and  w  are  obtained  by  the  solution  of  the  equations  of  motion.  Relations  for 
the  quantities  uv^  obtained  as  follows; 


Wind  velocities  are  normally  given  in  local-geocentric  coordinates.  The  trans¬ 
formation  of  these  data  to  body  coordinates  Is  made  through  the  inertial 
coordinate  system.  The  required  direction  cosine  matrices  are 


lx 

iq  I2  i. 
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Jl  >12  J3 

k]_  k2  kg 
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V=F 


aa  fleftaafi  \jy  E<lWfttiea8  {3ii§)  eaS  (3ti)»  Wiese  tranofoifmafeion  ma^x'iceB  are 
the  inverae  ai'  tlnsaa  used  in  Stiuatienij  (3.124)  and  (3 *125)1  above.  Ww  tin» 
ratae  of  clianige  of  vehiele  veloelty  due  to  ehange  in  wind  veloolty  are; 


I  e 

:  se- 

■  F- 

i  •t--. 
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(3.160) 


The  methods  by  wl.ich  the  auuslerat-ion  component  b  of  the  wind  velocity  are 
obtained  depends  upon  the  manner  in  which  wind  data  have  boon  incorporated 
into  the  pi’oblem.  In  general  form,  the  derivatives  are; 


^Sv  ~  "It^^Sw^ 

-■§r"  +“5Tr“ 

dh  +  ^^gw 
dt 

Mi  + 
dt  oOl 

dOL 

dt 

Ygv  "  lt(W) 

^^gw 

dh  ^^gw 

Siew 

dOL 

6t 

dt  d^L 

dt  ‘ 

'^gw  ~  ^^^gw^ 

_  ^^Sw 

°^gw 

dh  ^^gw 

°^gw 

dt 

db  ^ 

dt  d©L 

dt 

(3.161) 


When  the  wind  data  are  incorporated  into  the  problem  by  curve-read  techniques, 
the  total  derivative  is  obtained  by  machine  differentiation. 


3*3’2  Inertial  CompoTients  of  Planet  Referenced  Velocity  (Point-Mass 
Problem) -  In  the  point -mass  problem,  the  planet-referenced  velocities 
and  £e  ai-e  normally  calculated.  However,  the  inertial  velocities  X,  Y,  and  Z 
may  be  required  for  reference  pvu’poses  or  to  provide  initial  conditions  for 
interplanetary  trajectory  computations.  Tlxe  transfoi'mation  between  inertial 
velocities  and  planet -referenced  velocities  is  derived  as  follows: 


Figure  3.21  Inertial  and  Earth- 
Referenced  Coordinate  Systems 


Ir 

I 

I 
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Let  R  be  the  displuKement  of  the  point-masB,  (see  Flgvire  (3.2L))* 

In  inertial  coordinates 

R  =  }ax  -f-  Yly  +  Zlz  (3.162) 

and 

« 

V  =  R  =  xTx  +  Yly  +  ZTz  (3.163) 

In  planet-referenced  coordinates 

R  =  Xglx^  +  y  +  ZglZe 

However,  due  to  the  rotation  of  the  Xg,  Yg,  Zg  coordinate  system,  the  velocity 
is 

+  (3.164) 

wher^ 

+  ^elYg  +  ZelZg  (3.165) 

Ihe  planet's  rotation  is  about  the  Z-axis  which  is  also  the  Zg-axis.  Therefore 

S  =  -^Z  =  -  VZg 


and  the  recLuired  cross  product  ir>: 


=  ('!fo'^p)iXe  "  (^e‘*t)lYe  (3.166) 


Substituting  Equatioiis  (3.163),  (3.I65),  and  (3.166)  into  Equation  (3.l64) 

Xlx  +  Uy  +  Zlg  =  (4  +  WpYe)Ixg  +  (Y^  -  +  (^e)lZe  (3.16?) 

The  relation  between  the  unit  vectors  in  the  inertial  system  Eind  unit  vectors 
in  the  planet  referenced  system  are  obtained  by  a  single  rotation  about  the 
Z-axis. 


u)p  X  R  ~ 


IXg  lYg  IZg 


-u^ 


XU.^  vA  CXiiPa 


UlC*  wX4 


is: 


IXe 
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= 

^ZtQ 

Cos  Wpt  -Sin  ‘‘^t  0 

Cos  w  T,t  0 

0  0  1 


Sin 
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It 


(3.168) 
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The  transformat ipn  from  planet -referenced  velocities  to  inertial  velocities 
is  made  with  the  inverse  of  the  matrix  of  Equation  (3 •l68)  and  the  compohent 
relations  derived  in  Equation  (3*167). 
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Cos  Wpt  Sin  Wpt 

-Sin  Upt  Cos  Wpt 
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+  Ve 

Ye  - 


(3=169) 


The  components  of  inertial  velocities  are  used  to  calc’jlate  the  speed  of  the 
body  as: 


V  =  y  +  y2  + 


(3.ITO) 


Equation  (3.170)  is  valid  regai.'dless  of  the  initial  coordinate  system  involved. 


3.h  Interplanetary  Trajeetory  Problem  Coordinate  Ti'ansformations  -  The 
Six-Degree-of-Freedom  Flight-Path  Study  computer  program  may  be  used  to  compute 
the  injection  conditions  for  vehicles  embarking  on  deep-space  Journeys  from  a 
planet j  and  may  also  be  used  to  compute  the  terminal  trajectory  of  vehicles 
approaching  a  planet  from  such  journeys.  Since  the  Six-Degree -of -Freedom 
Flight -Path  Study  computer  program  considers  the  actual  volume  and  gravitational 
effects  of  a  planet's  oblateness,  as  well  as  the  atmosphere,  this  pi'ogram  is 
suited  to  the  detailed  camputation  of  the  motion  of  a  space  vehicle  in  the 
proximity  of  a  planet.  Use  of  this  program  would  be  costly  from  the  stand¬ 
point  of  machine  and  analLyst  tline,  however,  and  a  reduced-degrees-of -freedom 
polnt-masa  problem  formulation  which  accounts  for  the  position  of  the  planets 
and  the  resultiiig  strength  and  direction  oi’  the  g;.'avitaLiona].  field  at  the 
location  of  the  vehicle  would  be  more  useful.  The  following  paragraphs  explain 
the  coordinate  systems  convenient  to  such  a  problem  and  derive  the  coordinate 
transformations  required  for  the  transition.  It  should  be  noted  that  the 
coordinate  transformations  presented  in  the  following  paragraphs  eu*e  performed 
only  once  in  the  compuLatioii  of  a  trajectory  using  the  Six-Degree-of-Freedoiti 
Flight -Path  Study  computer  program,  whereas  the  transformations  presented  in 
the  preceding  paragraphs  of  Section  3  are  i’equired  at  every  time  step. 

3.4.1  The  Coordinates  of  the  Interplanetary  Trajectory  Problem  -  The 
coordinate  system  normally  adopted  foi'  the  interplanetary  trajectory  problem  is 
a  heliocentric,  equatorial,  Cartesian  axis  system  based  upon  the  Earth's 
equatorial  plane  and  the  mean  vernal  equinox  of  reference  date  in  epheraeris 
time.  This  system  will  be  called  the  T-A- F coordinate  system  for  the  Six- 
Degree  -of-Freedom  Flight-Path  Study.  The  T  -  and  A-axis  are  in  the  eqxxatorial 
plane  of  reference  date,  ephemeris  time,  with  T  pointing  to  the  mean  vernal 
equinox  of  this  dete.  The  F  axis  is  perpendicular  to  the  plane  of  the T-A 
and  is  positive  toward  the  north  pole  nf  the  Earth.  The  position  of  the  planets 
is  normally  given  in  thi s  coordinate  system,  and  the  position  and  velocity 
of  the  vehicle  will  be  conveniently  calculated  in  this  coordinate  system 
by  an  interplanetary  trajectory  computer  program.  The  vehicle  position  and 
velocity  will  be  computed  relative  to  the  center  of  the  sun.  It  is  assumed 
that  the  interplanetary  program  also  has  the  capability  of  translating  the 
origin  of  the  coordinate  system  from  the  center  of  the  sun  to  the  center  of  a 
planet  without  disturbing  the  angialar  orientation  of  the  axes  in  space.  The 


planeto centric -equatorial  components  of  the  planet "reference  position  and 
velocity  may  then  he  cotaputed  in  the  tnterilanetEffy_la;aJsstQcy^pxhhiem. _ - 

3»4*2  The  Inei‘tial  Coordinates  of  the  Six^DeBree-of-yreedomTXot^m  -  The 
X-Y-Z  "inertial'*  coordinates  of  the  six^degraa-bf-freedom  .prohlem  have  heeh 
defined  in  Section  3*i=  The  X-and  Y-axis  of  this  system  are  in  the  equatorial 
plane  of  the  planet  with  X  inertially  fixed  to  the  meridian  of  the  vehicle  at 
the  time  of  problem  initiation.  When  transferring  from  the  interplanetary 
trajectory  problem  to  the  six-degree  problem,  the  X-axis  will  be  determined 
by  the  planet  meridian  of  the  vehicle  at  tho  time  of  transfer.  The  S-axis 
is  aligned  with  the  polar  axis  of  the  planet  and  is  positive  towards  the  soirth 
pole. 


3-^«3  Astronomical  Angles  Required  for  the  Coordinate  Tran8formati,on  - 
A  convenient  derivation  of  the  direction  cosines  relating  the  X-Y-Z  andT-A-F 
coordi'-ate  systems  may  be  made  using  the  riglit  ascension  (Ofy)  and  decliuatidn 
(8jy)  of  the  planet  *0  north  polar  axis  with  respect  to  the  T- A  -  F  coordinate 
system  of  l,he  reierencs  date.  The  right  ascension  and  declination  of  the 
north  pole  of  several  of  the  planets  may  be  found  on  Pages  521  and  522  of  the 
lybu  American  Epherraerls  and  Nautical  .Uraanac  (Refai-euce  (lO)).  Tlw  two 
rotations  through  Oijj  and  %  define  the  equatorial  plane  of  the  planet;  one 
more  rotation,  the  hour  angle,  is  necessary  to  orient  the  X-axis  of  the 
Six-Degree -of -Freedom  problem.  This  procedinre  may  be  used  for  transferring 
cither  to  or  from  the  Six-Degree -of -Freedom  Flight -Path  Study  comijuter  program, 

3«^  -  ^  Tx’ansformatlon  From  Interplanetary  to  tae  Slx-Degree-of -Freedom 
Iiiari-lal  Coordinate  System  -  The  Information  required  to  evaluate  the  direc¬ 
tion  cocincs  in  this  coordinate  transformation  ai'e; 

The  right  ascension  and  declination  of  the  north  polar  axis  of  the 
planet  in  question. 

2.  Position  components  in  the  mean-equinox -of -reference -date  coordinate 
system  with  the  origin  at  tho  center  of  the  subject  planet. 

The  required  direction  cosines  will  be  determined  by  tho  multiplication 
of  the  transformation  matrices  of  each  individual  rotation  required  to  align  the 
two  coordinate  systems  accoi’ding  to  the  method"  of  Refei’enoe  (9).  The  sequence 
of  rotations  is  given  by;  (See  Figure  (3.22)). 
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The  squat oriajL  plane  of  the  planet  is  defined  by  the  coordinate  system 
A-B-(-Z)  which  is  obtained  by  rotating  through  ajj  and  (90°-6if).  Tne  X-axis 
will  be  located  in  this  plane  by  the  meridian  of  the  vehicle  at  the  time  of 
transfer.  The  angle  \if  specifies  the  hour  angle  of  the  meridian  of  the  vehicle 
with  reference  to  A  and  may  be  determined  from  vehicle  position  components, 
as  noted  in  the  next  paragraph. 
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®xe  ciirection  coslues  of  the  transforniation  will  be  obtainefl  by  writing 
Equation  (3.1T1-)  in  terms  of  the  individual  transformations  as  follows; 
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Carrying  out  the  indicated  multiplication  gives  the  required  transformation. 


(3.172) 


Since  the  X-axis  is  established  by  the  position  of  the  vehicle  at  zero-time, 
when  the  transfer  is  made  to  the  Six-Degrees-of -Freedom  Flight-Path  Study,  the 
Y  components  the  transformation  of  Equation  (3*172)  must  be 

(Siu  X.N  Sin  By  Coo  0^  +  Cos  Xy  Sin  «y)T  +  (Sin  Xy  Sin  By  Sin  oy  -  Cos  Xy  Cos  ay)A 

-  (Gos  Bjj  Sin  Xy)r  ,0 


which,  solved  for  Xy,  gives 


Xy  =  a!au"^ 


_ d  Cos  oy  -  T  Sin  c»i  _ _ 

T  Cos  oy  Sin  By  +  A  Sin  ay  Sin  By  -  r  Cob  By 


(3.173) 


3,1,5  T^raurformation  From  the  Six-Degree -of -Freedom  to  Interplanetary 
Coordinates  -  The  direction  cosines  derived  in  this  section  o-re  applicable  when 
transferring  the  computations  from  the  six-degree -of -freedom  problem  to  an 
interplanetary  trajectory  problem.  The  final  angle  (Xy)  in  the  sequence  of 
rotations  discussed  in  Section  was  dctcrriiincd  from  Imowledgo  of  the 

vehicle  position  iri  the  mean-equinox-of -reference-date  coordinate  system. 

Since  these  position  components  are  not  Xnown  when  transferring  from  the  six- 
degree  -of  -freedom  problem  to  an  interplanetary  problem,  another  method  of 
determining  Xy  must  be  used.  Since  the  right  ascension  of  the  north-polar 
axis  of  the  planet  establishes  the  line  of  intersection  of  the  planet's 
equatorial  plane  and  the  Ea'rth  equatorial  plane  of  date,  the  hour  angle  of 
the  launch  site  at  the  time  of  launch  with  this  dat’un  ia  required.  Unfor- 
txuiately,  planet  hour  angles  are  not  usually  referenced  to  this  polntj  however, 
the  angle  Xy  may  be  evaluated  from  the  planet  hour  angle  of  the  vernal  equinox 
with  the  planet  meridian  of  the  laxmch  point  at  the  time  of  larnich.  From 
Figure  (3*23),  the  required  relationship  is; 
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L  =  Launch  Point 

R  =  Vehicle  Position  at 
Time  of  Transfer 


=  %  "  ■'ll  +  90°  (3-17^) 

where  mh  ia  the  ho\ir  angle  of  the  vernal  amilnox  of  date  with  the  launch  point 
at  the  time  of  launch,  and  vj}  is  the  angle  of  the  vernal  e(iulno>:  of  date  with 
the  intersection  of  planet's  equatorial  plane  and  the  Beueth  equatorial  plaiie 
of  the  reference  date. 

The  angle  ‘'jj  will  he  dotcrBiiaed  from  the  spherical  triangle  TCA  (Figure 
(3»23))*  By  the  law  of  cosines  for  sides: 

Cos  ‘'H  =  Cos  TC  Cop  (90  +  cqj)  +  SinTC  Sin  (90  +  Ojj)  Cos  (3*175) 

SeversLL  terras  in  the  equation  must  be  related  to  the  known  parameters  Oij} 
and  The  cosine  of  qu  may  ha  found  from  the  law  of  cosines  for  angles: 

Cos  TiK  =  Cos  SfT  Cos  I'K  (3*176) 

From  the  law  of  sines: 

Sinfc  =  Cob  &11  Cob  (3*177) 

The  cosine  of  the  arcTC  is  also  x-oquired  ia  Equation  (3*175)  ajxd  is  easily 
ohtsined  by  the  trigomoraetric  Identity: 


Cos 


o  ~  ? 

Cos“  Ojj  Cos  0^ 


(3*170) 


Substituting  Equations  (3*176),  (3*177)  >  (3*178)  into  Equation  (3*175) 

and  solving  for  Cos  I'w  gives  the  relation; 


/  -Sin  Ofu  \ 

Cos  ■'N  =  ~==z====^—  I 

1  -  Cos^  By  Cos  csjj  j 


(5*179) 


Tlxe  angle  Is  "when  obtained  from  Equation  (3*1?^): 


1 .. 
"U 


“  ^  T 


Cob 


-Sin  ay 


y  y  1  -  Coo^  By  Cos^  ay  j 


(3*180; 


The  angle  Xy  completes  the  set  of  angles  that  will  be  used  to  rotate  the 
T-A-r  coordinates  into  congruence  with  the  X-Y-Z  system.  The  transformation 
matrix  for  each  individual  rotation  will  be  determined  and  the  required  direc¬ 
tion  cosines  will  be  obtained  by  multiplying  these  matrices. 
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This  sequence  of  rotations  is  identical  to  the  sequence  in  Section  (B.J+.l). 
Therefoi'e,  the  definitions  of  the  direction  cosines  used  in  Section  (3.U.i)also 
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may  "be  used  when  transferri-ng  Troffl  the  six-dagrae-of-freedom  problem  to  an 
Interplanetary  trajectory  problem.  The  angle  Ajj  la  cojnputed  a 
manner  In  each  case^  but  this  will  not  affect  the  def inttlona  of  the  ,.diS§.ot4QS. 
cosines.  The  transformation  from  X-Y-Z  toT”A'-  F  coordinates  is  therefore 
given  by  the  inverse  of  TSquation  (3.172). 


(Cos  Xjj  Sin  Cos  d-^ 
-Sin  \j}  Sin  Ojj) 

(Cos  X,jj  Sin  Bjj  Sin  0!ii 
4Sln  Xii  Cos  Ot^) 

(-C06  X-ii  Cos  B{j) 


(Sin  Sin  Bpj  Cos 
+C08*  Xjj  Sin  CKjj) 

(sin  Xjj  Sin  Bjj  Sin  0f[} 
-Cos  Xjj  Cos  Qljj) 

(-Cos  Bj}  Sin  Xji) 


-Cos  B}{  Cos  ajjj 

lx 

-Cob  B[j[  Sin  Ofji 

1y 

-Sin  Bjj 

Iz 

1+.  VEHIOLE  CHARACTERISTICS 


The  methods  ‘by  which  the  aerodynamic,  propulsive,  and  physical ^characteristics 
of  a  vehicle  are  introduced  into  the  Six -Degree-of “Freedom  Flight; -Path  Study  com¬ 
puter  program  are  prosentod  in  this  section.  Tlie  form  and  preparation  of  these 
input  data  are  discussed  together  with  methods  by  which  stages  and  staging  may 
to  incrcuSw  ths  sfToGtivs  ds-ts.  8.3^60.  EHo*bt:0O.  'to  0  doscriptioji 

of  the  vehicle’s  properties. 


4 . 1  Aerodynamic  Coefficients 


4.1.1  Form  of  Data  Input  -  Tlie  primary  objective  of  the  aeirodynamic  data 
input  subprogram  is  to  provide  for  a  complete  accounting  of  the  various  contri¬ 
butions  to  the  aerodynamic  forces  and  moments  regardless  of  the  liiglit  conditions 
or  the  vehicle  being  considered.  Two  powerful  techniques  are  available  for 
use  in  digital  computer  programs;  (a)  an  n-dimensional  table  look-up  and 
interpolation  and  (b)  an  tu-order  polynomial  function  of  n  varia'oles  lu’epared 
by  "curve  fit"  techniques.  In  the  first  method,  the  proper  value  for  each  term 
is  obtained  by  an  Interpolation  In  "n"  dimensions  where  the  number  of  dimensions 
is  taken  to  be  the  number  of  parameters  to  be  varied  independently  plus  the 
dependent  variable.  Tills  method  has  the  advantage  of  accurately  describing 
even  the  most  non-linear  variations  with  a  minimum  of  preparation  effort.  The 
amount  of  storage  space  whlcn  must  be  allocated  to  such  a  method,  however,  can 
achieve  completely  unreasonable  proportions  and  may  require  substantial  com¬ 
puting  time  for  the  interpolation  as  the  numoer  of  dimensions  is  increased - 
The  second  method  has  essentially  the  opposite  characteristics;  that  is,  a 
large  amoi.int  of  data  may  be  represented  with  a  iidnimnm  amornl.  nf  storage 
space  and  the  computation  time  is  held  to  reasonable  limits  but  the  data  varia¬ 
tions  which  may  be  represented  must  be  regular.  A  substantial  amount  of  effort 
is  usually  required  for  t^'o  preparation  of  data  by  a  curve-fit  technique.  Both 
of  these  methods  arc  vary  convenient  when  the  amount  of  data  to  be  handled  is 
moderate,  but  tend  to  become  unmanageable  when  large  amounts  of  data  are  required. 
This  usually  occurs  when  the  program,  having  several  degrees  of  freedom,  is 
committed  to  one  or  the  other  of  these  two  techniques.  Therefore,  the  Six- 
Degree  -of  -Freedom  Fllgtit-Path  Study  computer  program  will  incorporate  both  of 
the  techniques  discussed  as  a  compromise  to  take  advantage  of  the  more  desirable 
features  of  both.  To  do  this,  a  general  set  of  data  equations  will  be  programmed 
which  define  each  of  the  aerodynamic  forces  or  moments.  In  general,  the  co- 
effici.0iits  lor  these  equations  will  i'te  obtained  froin  a  curve- read  interpolation. 
Several  slmjilifi cations  may  be  made  to  the  equations  depending  or;  the  flight 
condition  and  vehicle  to  be  considered. 


The  effects  of  the  following  parameters  will  be  considered: 

(a)  Angle  of  attack  and  its  time  derivative  (a,  ct) 

(b)  Angle  of  side  and  its  time  derivative  (p,  p) 

(c)  Roll,  pitch,  and  yaw  control  deflections  (&p,  6q,  Br) 

(d)  Roll,  pitch,  and  yaw  angular  rates  (p,  q,  r) 

(e)  Mach  number  (Mrj) 


(f)  Center-of -gravity  position  (xq,(j,  ) 

(g)  Reference  structural  temperature  ('^s^gf) 

The  aerodjTiamic  forces  and  moments  considered  with  inspect  to  each  coor¬ 
dinate  axis  include  the  effects  of  angle  of  attack  and  sideslip,  primary  control 
deflection  with  respect  to  each  axis,  lag  of  downwasb,  and  primary  damping 
effects.  In  addition,  the  -soiling  moment  due  to  yaw  rate  is  included,  and 
Magmxs  forces  and  momenta  are  accounted  for  in  one  of  the  airframe  options. 
Complete  generality  in  the  aerodynamic  coupling  effects  has  not  been  Included 
in  the  present  subprogram  options  since  the  descriptive  terms  required  depend 
upon  the  particular  problem  considered.  However,  the  storage  space  provided 
for  the  several  existing  options  is  considered  to  be  adequate  to  accommodate 
other  special  problem  formulations  tlirough  substitution  of  terms. 

Quite  often  the  particular  application  will  not  require  some  of  the  terras 
listed  in  order  to  describe  completely  the  flight  path  and  vehicle  voider  con¬ 
sideration.  The  subprogram  will  be  arranged  So  that  the  computer  will  assign 
a  constant  value  to  any  curve  for  which  the  data  has  not  been  supplied.  For 
most  curves,  the  constant  value  will  be  vicro.  Tiiis  Le'chniqub’  will  reduce  sub¬ 
stantially  the  time  required  for  the  preparation  of  data.  Values  intermediate 
to  those  introduced  in  a  tabular  listing  will  be  obtained  by  linear  interpola¬ 
tion.  The  method  of  incorpoi’ating  data  for  staged  vehicles  is  discussed  in 
Paragraph  ^.^i.  The  method  of  introducing  the  effects  of  static  aerothermo- 
elasticity  is  outlined  in  Appendix  Four. 

I|,1.2  Flight  Path  and  Vehicle  Types  -  In  most  of  the  cases  discussed 
he  low,  a  "  curve -fit*'  technique  will  be  used  to  obtain  all  or  a  sort  ion  of  the 
acrou;yiiui,ic  For  the  purposes  of  this  oubprogram,  it  will  be  assuineu 

that  the  eur/.:  fit  hue  been  ceiecLcd  lo  represent  the  variation  of  the  coeffi¬ 
cient  about  the  trim  conditions.  This  may  have  the  effect  of  removing  physical 
hignificance  from  some  of  the  individual  terms,  and  ofLi.y  Ihe  cui::  of  the  terms 
will  represent  the  data.  A  typical  example  is  indicated  below. 


Actual 
Curve  Fit 


Figure  4.1  Curve  Fit  Non-Linear 
Aerodynamic  Characteristic 
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In  this  case,  the  CNq  and  C]^(^  values  used  in  the  equation  for  Cj}  are  obviously 
different  from  the  actual  values  of  these  parameters. 

A  functional  f3.ow  diagram  for  the  solution  of  the  aerodynawic  forces  and 
niomonts  is  presented  in  Figure  (^^.2).  It  should  be  noted  that  the  actual 
machine  programming  will  not  necessarily  follow  the  sequence  shown  since 
certain  compiitei’  operations  have  been  omitted  in  this  description  of  the 
problem  f ormvilation . 

Airframe  Option  (l)  Controlled  Aircraft  ^  A  controlled  aircraft  repre¬ 
sents  the  most  general  case  that  will  be  considered.  In  order  to  account  for 
the  many  component  forces,  it  is  necessary  to  make  certain  restricting  assump¬ 
tions.  The  assumptions  will  be  made  that  the  aircraft  is  confined  to  moderate 
variations  in  position  angles  and  control  deflections.  Varying  Mach  number, 
center-of-gravlty  shift  along  the  x-axis,  and  aerothermoelastic  effects  are 
included.  The  coefficients  can  then  be  expressed  as  shown  in  Block  Number 
(1-7)  of  Figure  (h.2).  The  functional  computation  sequence  for  this  option 
proceeds  from  Block  Number  (l)  to  Block  Numbei’  (1-7)  In  a  straight-forward 
manner . 

In  the  axial  force  coefficient  equation,  there  is  a  provision  for  includ¬ 
ing  the  effects  of  variation  in  Reyiwlds  number.  This  will  be  accomplished 
by  supplying  C.Aq  an  a  function  of  unit  Reynolds  number  and  Mach  number.  A 
three-dimensional  interpolation  will  be  made  to  determine  the  value:  h-.  ,.,s3d 

in  the  equation. 

The  analyst  will  be  provided  the  option  of  biTinasing  the  aerotheriiio- 
eiastic  culculatlcnc  as  Indicnted  in  Figure  (4.2),  The  change  in  dynamic 
derivatives  duo  to  a  change  in  the  center-of -gravity  location  is  px’ograiiimed  as 
a  curve-read  in  order  to  avoid  the  complications  of  a  transfer.  It  should  be 
noted  that  either  body-axis  or  wind-axis  data  can  be  supplied  to  these  equations 
as  the  provision  will  be  made  to  rotate  wind-axis  dats  into  the  tody  axis. 

The  definition  of  a  and  p  as  applied  to  the  SDF  computer  program  is  noted  to  be 


and 


(3  =  Tan  “I  -  Vw  \ 

\U  -  U,,r  / 


(4.1) 


Data  supplied  must  correspond  to  this  definition  or  an  alternate  computation 
of  these  angles  must  be  formulated  to  agree  with  the  method  of  data  reduction 

Airframe  Option  (2)  Point  Mass  -  The  consideration  of  the  motion  of  a 
mass  greatly  simplifies  the  equations  for  the  aerodynamic  coefficients  as  no 
moments  are  considered.  The  additional  restrictions  that  are  imposed  on  this 
routine  are  that  the  vehicle  is  confined  to  moderate  variations  in  position 
angles  and  control  deflections.  In  addition,  no  consideration  of  aerothermo¬ 
elastic  effects,  dynamic  effects,  and  center -of -gravity  shifts  will  be  made. 
This  reduces  the  equations  to  the  form  shown  in  Block  Number  (2-3)  of  Figure 
(4.2). 


The  forces  calculated  in  this  case  will  be  In  the  wind-axes  system  rather  than 
the  body-axes  system.  Tills  is  in  keeping  with  the  solution  of  the  equations 
of  motion  as  noted  in  Paragraph  2.4. 
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FIGURE  4.2.  SOLUTION  OF  AERODYNAMIC  FORCES  AND  MOMENTS  SUBPROGRAM 


Alrfrane  Option  (3)  Pitch-Up,  Spin,  md  Similar  Maneuvers  of  a  Controlled 
Aircraft  -  The  study  of  aj0it?^"Ul?j  spin,  or  maSMimrs  of ’i^ 

is  norni^Lly  restrihted  to  particular  conditions  of  velocity 
Aerotheriuoelastic  effects  aiid  eenter-of -gravity  shifts  will  he  negleoted* 

Since  large  angles  of  attack  and  sideslip  are  expected,  a  four-dimenslohal  table 
look-up  and  interpolation  of  the  coefficients  as  functlcnc  of  angle  of  attack, 
sideslip  angle,  and  Mach  number  will  be  used.  For  this  case,  the  parameters 
(Ca)&=0>  (Cn)&=o»  (<'y)8==0»  (Ci)5=Q,  (Cni)B=o*  (Cn)B^O  specified  as 

functions  of  a,  p,  and  %.  This  allows  the  equations  to  be  reduced  to  the  form 
indicated  in  Block  Number  (3-3)  of  Figure  (4.2). 


!  '!3l 


Airframe  Option  (4)  Tisnbllng  Re-entry  Shapes  -  This  option  will  have  the 
capability  of  accounting  for  the  aerodynamic  characteristics  of  a  tumbling 
re-entry  shape  that  is  rotationally  symmetric  about  the  longitudinal  axis. 

The  Magnus  forces  and  moments  developed  by  a  spinning  motion  about  the  longitud¬ 
inal  axes  may  be  included.  Restrictions  on  this  case  are;  (a)  no  controls 
are  employed,  (b)  the  center-of -gravity  location  is  constant,  and  (c)  aero- 
therraoelastic  effects  are  neglected.  Each  of  the  coefficients  may  then  be 
expressed  as  functions  of  the  total  angle  of  attack  and  Mach  number.  The 
total  angle  of  attack  is  defined  in  the  following  manner: 


Or 


Tan“4 


(4.2) 


The  aerodynamic  coefficients  required  to  describe  the  forces  and  moments 
on  such  a  vehicle  are  listed  in  Block  Niunber  (*l-l)  of  Figure  (t.2).  A  three- 
divocnoional  interpolation  must  be  performed  for  each  coefficient  together 
with  a  rotation  of  the  coefficients  through  the  angle  0^  to  the  body  axes 
system.  The  aei’odynafnic  roll  angle,  defined  as: 


0A  = 


(h.3) 


4.1.3  Error  Constants  -  The  use  of  error  constants,  designated  by  the 
symbol,  ej ,  to  modify  the  acrodynurolc  data  characteristics  is  shown  in  Figure 
(4,2).  A  detailed  explanation  of  these  error  constants  and  their  use  is  given 
in  Section  4.5, 

4.2  Thrust  and  Fuel  Flow  Bata  -  The  techniques  t.n  be  employed  in  the 
introduction  of  the  thrust  and  fuel -flow  data  into  the  solutions  of  the  equa¬ 
tions  of  motion  are  developed  in  an  approach  rdmilar  to  that  employed  in 
Paragraph  4.1,  which  considered  aerodynamic  data.  An  n-dimensional  tabular 
listing  and  interpolation  technique  is  used,  with  the  independent  variables 
being  defined  by  the'  type  of  propulsion  unit  ueing  considered.  Equations  are 
developed  to  resolve  the  thrust  forces  into  forces  and  moments  in  the  vehicle 
body-axes  system.  The  provision  to  include  error  constants  in  the  thrust  and 
fuel  flovr  parameters  is  provided. 


4.2.1  Data  Inputs  -  The  number  of  independent  variables  which  affect 
the  thrust  and  fuel  flow  is  determined  by  the  type  of  propulsion  unit  being 
considered.  For  the  present  formulation,  the  propulsion  units  ore  grouped 


78 


inijo  th©  foXlowing  options;  (l)  non-ooa'trQllicl-tbrust  f9c]3^'t4 
thrust  rocfest;  -ana  (3)  -eaftinea:«-:-QBti£aa5iL§)  End  ('3)  rt^  ^ 

comtnancL  information  from  an  autopilot  "of  fli-gjit  plan  programmer.-  3) 

presents  a  functional  flow  diagram  for  the  computation  of  each  of  these  three 
options  for  the  case  of  a  single  nozzle  (or  propeller)  engine.  The  data  input 
techniques  applicable  to  each  option  are  outlined  below. 

PropulsiQn  Option  (l)  Non-Controlled-Thrust  Rocket  -  The  thrust  of  a 
non -cont rolls d-thfust  rocket  motor  is  assumed  variable  with  time  and  altitude. 
The  altitude  effect  is  determined  by  the  exit  area  of  the  nozzle,  Ae,  and 
the  ambient  jjressui'e,  P.  If  the  thrust  is  specified  for  some  constant  ambient 
air  press'.ire,  the  altitude  correction  can  be  calculated  within  the  subprogram. 

In  this  subprogram,  the  vacuum  thrust.  In  pounds,  will  be  introduced  by  a 
tabular  listing  as  a  function  of  time,  in  seconds,  and  corrected  as  follows: 

T  =  Tvac  -  PAg  (4.4) 

The  propellant  consumption  rate  will  be  specified  by  a  tabular  listing, 
in  slugs  per  second,  as  a  function  of  time,  in  seconds.  The  vehj.cle  mass 
can  then  be  determined  from  the  integrated  propellant  consumption  rate  and 
initial  macs. 


-  t  3  dt  (4.5) 

Note  that  (d  'fri  /dt)  -  -  ‘Mf  for  this  definition  of  mass. 

Propulsion  Option  (^)  Controlle ct -Thrust  Rocket  -  The  con U oiled- thrust 
rocket  differs  from  the  non-controllcd  in  that  tlie  propellant  flow  rate  and 
the  thrust  at  any  given  time  and  altitude  may  be  varied  by  the  flight  pro¬ 
grammer  or  autopilot  subprograms  of  the  computer  program.  It  will  be  necess¬ 
ary,  therefore,  to  specify  the  vacuum  thrust  ns  a  faction  of  propellant  flow 
rate.  lT*e  propellant  flow  r*ate  must  bo  obtained  from  an  autopilot  (or  flight 
programmer)  signal.  The  flow-rate  command  will  then  be  used  in  the  tabular 
listing  of  vacv.um  thrust.  Correction  of  this  thiust  for  altitude  will  be 
made  by  use  of  Equation  (4.4).  The  vehicle  mass  la  Ustermiuca  from  an  inte¬ 
gration  of  the  mass  flow  rate  according  to  Equation  (4.5). 

Propulsion  Option  (3)  Air  Breathing  Engines  ••  An  air-breathing  engine 
is  strongly  affected  by  the  environmental  conditions  under  which  it  is  operating. 
Engines  which  would  be  grouped  in  this  classification  are  turbojets,  ramjets, 
pulsejets,  turboprops,  and  reciprocating  machines.  The  parameters  which  will 
be  considered  of  consequence  in  this  program  are; 

(a)  Altitude  (h  -  ft) 

(b)  Macb  number  (M^) 

(c)  Angle  of  attack  (a  -  degrees),  and 

(d)  Throttle  setting  (N  -  units  defined  by  problem) . 

Both  the  thrust  and  fuel  flow  are  functions  of  these  variables.  In  order 
to  accommodate  these  variables,  a  five-diraensionel  tabular  listing  and  inter¬ 
polation  will  be  used  to  obtain  both  thrust  and  fuel  flow.  The  thrust  needs 
no  further  correction  as  the  effects  of  all  parameters  are  included  in  the 
interpolated  value,  'me  mass  of  the  vehicle  is  uetex'niined  from  Equation  (4.5). 
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The  fmctlonal.  computation  f«rlhtroduelv^tj^ejBe  data  is  s^al^t- 

^’crttard  ee  outlined  in  Figure  (^.3).  AlBa  .sb.otfQ  ' 

patation  req.uired  to  resolve  the  engine  force  into  todj'-fcj^  7  '  ' 

components.  This  somrutatlon  mur-t  he  performed  for  all  jirop^sibh  oWlons  and 
is,  therefore,  associatea  vr:.tb  the  fixed  portion  of  the  edinputer  pTogram  rather 
Wi.tH  ‘ti'ii'USu  cvl;l  fu*il  r-otf  BUbprogran.  Tb--  resolution  is  shown  in 
PiSJi-e  (4.5),  however,  since  It  is  so  closely  assuciated  with  these  forces. 

k.2.2  Component  Forces  and  Moments  -  AH  propulsion  units  are  capable 
of  introducing  components  of  force  and  moment  along  each  of  the  three  coor¬ 
dinates  of  the  vehicle  body -axes  system.  These  may  he  due  to  misalignments, 
position  of  installation,  or  vectoring  of  the  thrust.  A  common  method  of 
control  utilizes  the  thrust  force  to  produce  control  moments  hy  swiveling  the 
exit  nozzle.  Since  the  equations  of  motion  are  derived  on  the  basis  of  motion 
in  the  vehicle  body-axes  system  for  all  options  except  the  point-mass,  it  is 
necessary  to  resolve  the  forces  and  moments  in  the  proper  axes  system.  De¬ 
fining  the  plane  of  swivel  as  a  plane  parallel  to  the  x-axis  and  including  the 
thrust  vector,  let  ffin  be  the  angle  of  rotation  of  this  plane  from  the  x-y 
plane  (y  into  z  rotation  is  positive).  Also  let  Ifji  be  the  angle  between  the 
thrust  vector  and  a  line  parallel  to  the  x-axls  in  the  plane  of  swivel 
(0  <  Xt  <  90°).  Then 

Tx  ~  T  CoS 

Ty  =  -T  Sin  Xt  Cos  (^.6) 

Tg  =  "T  Siu  X/p  Sin 

where  Tx,  Ty,  and  are  the  oomponeuLs  of  thrust  in  the  vehicle  Dody-axes 
system.  (A  positive  T  produces  a  positive  u.)  Tliese  forces  will  introduce 
moments, 

LT  =  (j-^j  -  A^c.G.)  -  Ty  (Zfj  -  ^c.G.) 

Mt  ^  T.,^  (zfl  -  -  Tj.  (xjg  -  (^*7) 

Nt  =  Ty  (xn  -  Axc.g.)  -  Tx  (yN  - 

Wnere  L^j^,  Mji,  and  Nip  are  the  thrust  momenlo  about  the  vehicle  x,  y,  and  z  body 
axe.;  rciipectiveXy j  v-jjj,  yjj,  and  zjj  are  the  distemces  of  the  point  of  swivel  of 
the  nozzle  from  the  reference  center  of  gravity  and  ^C.G.;  ‘^C.G. 

represent,  the  shift  in  the  center  of  gravity  from  the  reference  location,  in 
the  Six-Degree-of “Freedom  Flight-Path  Btv-.dy  computer  program,  consideration 
of  the  movement  01'  the  center  of  gravity  will  be  confined  to  translation  along 
the  x-axis.  This  reduces  the  momeiit  cio  tions  to  the  following  form. 

=  T^yjj  -  TyZjj 

Mp  =  TxZjj  -  TgCxjj  -  Ax^i.g,)  (*+-3) 

Np  =  Ty(xu  -  Axg.gJ  -  T,r-d' 
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If  more  than  one  engine  is  used,  or  if  a  single  engine  with  more  than  one  exit 
nozzle  is  used,  then  the  sum  of  the  individual  forces  and  moments  must  be 
obtained.  In  this  case: 


■  ’'xi  *  ■'=<2  .  fxn 

and  similarly  for  and 

I/p  =  Lni,  Lm  a.  +  I/p  - 

j.  i.2.  ^2  •‘H 

Mrp  -  Mrp^  +  +  .......a.........  + 

Nip  =  Nipj^  +  NipQ  + . .  + 


(4.10) 


The  functional  flow  diagram  to  incorporate  a  multiple  engine  configuration  into 
tne  Six-Degree-of -Freedom  Flight-Path  Study  computer  program  is  outlined  in 
Figure  (4.4).  However,  the  present  subprogram  will  be  limited  to  accounting 
for  single -engine,  single-nozzle  operation  only.  More  than  one  engine  can 
be  accounted  for  if  the  coTi’uined  effects  can  be  grouped  into  a  single  "effect.- 
ive”  engine.  Reassembly  of  the.  progi'am  deck  will  be  required  for  multiple 
engine  arrangements. 

4.2.3  Error  ConsUants  -  The  use  of  error  constants,  designated  by  the 
sjitibol  eij  to  modify  the  thrust  and  fuel  flow  characteristics  is  shown  In 
Figures  4.3  and  4.4.  A  detailed  explanation  of  these  error  constants  and 
u’iwir  use  is  given  in  Section  4.5. 

4.3  Physical  Characteristics  -  The  methorts  to  be  employed  for  the  intro¬ 
duction  of  vehicle  physical  characteristics  into  th'.-  R  Iv-Dcgrcc-of -Freedom 
Flight-'Path  Study  computer  program  are  outlined  in  this  section.  A  tabic 
look-up  and  interpolation  technique  is  used  to  fiRt.emdnc  those  parnmotors 
which  are  variable.  A  provision  is  made  for  the  introduction  of  error  constants 
into  several  of  the  parameter c . 

4.3.1  Categories  of  Physical  Cnaractex'istice  -  Physical  characteristics 
aro  i:'troduced  into  the  couiputor  program  in  two  gro’ups:  (a)  characteristics 
used  in  the  general  solution  of  the  equations  of  motion,  and  (b)  oharacteris- 
ticc  used  only  in  specific,  or  auxiliary,  subprograms.  The  pnyslcal  charac¬ 
teristics  used  in  the  auxiliary  subprograms  (e.g.  nose  radius,  wedge  angle, 
skin  thickness,  skin  density,  and  thermal  conductivity  used  in  the  aerod;/namic 
lieating  subprogram.  Section  j.)  will  be  .specified  as  input  data  along  with 
the  introduction  of  the  specific  subprogram.  The  following  items  will  be 
defined  in  the  general  vehicle  chai’acteri sties  subprogram; 

(a)  Initial  mass  of  the  vehicle  (^Vq), 

(b)  Reference  area  (s), 

(c)  Reference  lengths  (d^,  d2), 

(d)  Reference  center-of -gravity  location  (xc.g.j,^^.) , 

(ei  Rotating  machinery  pitch  angle  (©r), 
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(f)  Rotating  machinery  angular  rataC^^)^ 

(g)  Rotating  machinery  moments  of  inertia  (lxj,>  ly^j  izr)j 

(li)  Vehicle  center -of -gravity  location  (jcc.G.)' 

(i)  Vehicle  moments  of  Inertia  ^Ixx^  ^yy^  ^xy^  ^xz^  ^yz^^  and 

(j)  Reference  jet-damping  lengths  (ly,  I5.,  Ip,  Im,  1^). 

Items  (a)  through  (g)  will  he  constant  throughout  any  stage.  Items  (h)  throu^ 
(j)  will  be  variable  during  the  stage  due  to  the  variation  in  mass  caused  hy 
fuel  consumption.  Figure  presents  a  functional  flow  diagram  defining  the 
manner  in  which  these  characteristics  are  introduced  into  the  computer  program. 

4.3.2  Reference  Weight  -  The  instantaneous  mass  is  used  in  the  computa¬ 
tion  of  the  hody  motion.  The  reference  weight  is  obtained  by: 

w't  =  (32.17^*)  (4.11) 

4.3.3  Error  Constants-  -  The  use  of  error  constants,  designated  by  the 
symbol  e^,  to  modify  the  general  vehicle  physical  characteristics  is  shown 

in  Fig.ur-H  4.3.  A  detailed  explanation  of  these  error  constants  and  their  use 
is  given  in  Section  4.5. 

4.4  Stages  and  Sta.ging  -  A  problem  common  to  missile  performance  analyses, 
and  encountered  frequently  in  airx^lone-  porformanco  work,  is  that  of  staging,  or 
tiai  ruleaso  of  discrete  mssRpa  from  the  continuing  airframe.  The  effect  of 
di.o]'['in;;  a  booster  rocket  or  fuel  tanks  is  often  great  enough  to  require  that 
the  complete  set  of  aerodynamic  data  be  changed.  RLage  changes  at  constant 
wciijht,  such  as  extending  drag  brakea  or  turning  on  afterburners,  may  also 
require  revising  the  aerodynaadc  or  physical  characteristics  of  the  vehicle. 
Another  use  of  the  staging  technique 'is  possible  with  the  present  computer 
program  which  does  not  involve  physical  changes  to  the  configuration;  this 
technique  may  he  used  to  revise  the  aerodynamic  descriptors  as  a  function  of 
aerodynamic  attitude  or  Mach  number.  With  t.his  use  of  LUc  sl,age  concept, 
ncciirate  descriptions  of  the  forces  and  moments  acting  upon  vehicle  may  be 
maintained  over  wide  attitude  ranges  if  required.  Other  applications  of  this 
stage  technique  are  possible.  Kox*tuEil  ly  it  is  not  practical  to  stop  the  com- 
pvitea-  and  manually  insert  a  new  set  of  data.  A  better  approach  is  to  have 
the  computer  do  this  .automatically.  The  loading  of  new  data  will  be  done 
automatically  by  the  computer  on  the  basis  of  whether  a  specified  variable 
has  exceeded  or  become  lass  than  a  pre-selected  value.  For  generality,  it 
is  possible  to  test  on  four  values  in  each  direction. 

When  the  new  data  are  read  in,  the  conditions  representing  the  last  time 
step  will  be  read  in  as  Initial  conditions  for  the  next  stage.  This  avoids, 
the  discontinuity  that  would  result  from  an  infinite  rate  of  change  of 
center-of -gravity  location.  It  also  will  cause  the  integration  routine  to 
be  started  over  which  will  reduce  the  computer -induced  transients  due  to 
staging. 
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FIGURE  4.5  VEHICLE  PHYSICAL  CHARACTERISTICS  SUBPROGRAM 


4.5  Error  AnaJLys&s  -  The  Six -D«gree-of -Freedom  Plight-Path  Study  oomputer 
program  will  incorporate  a  provision  f car  conveniently  perferm^g  jpiight-path- 
ei'ror  and  dispersion  analyses  by  trajectory  ootnputatlon.  ^is  prcS)iei  Involves 
the  determination  of  flight-path  dispersion  due  to  deviations- of- input  q.uan- 
tities  from  their  predicted  nominal  values.  The  usual  approach  to  this  type 
of  problem  requires  that  a  series  of  trajectories  be  computed  in  vfhtch  standard 
aeviations,  or  errors,  are  Gyitematically  Introduced  for  each  parameter  while 
the  remaining  parameters  are  held  at  their  nominal  values.  These  results  are 
then  combined  to  determine  the”  probable"  dispersion.  This  approach  will  be 
implemented  in  the  Six-Degree-of -Freedom  Flight-Path  Study  computer  program 
by  providing  a  simple  and  efficient  method  of  introducing  the  deviations. 

The  capability  of  modifying  a  nominal  value  by  either  an  error  constant 
multiplier  or  an  additive  error  constant  is  provided  for  many  of  the  parameters 
as  outlined  below.  The  provision  of  these  error  constants  wj.ll  reduce  sub¬ 
stantially  the  number  of  tabular  data  listings  that  must  be  changed  for  an 
error  analysis,  thereby  reducing  the  work  of  the  analyst.  The  determination 
of  the  standard  deviation  of  each  of  the  parameters  and  the  method  of  combining 
the  trajectory  variations  are  left  to  the  analyst  in  view  of  multiplicity  of 
coirbinations  possible « 

4.5.1  Aerodynamic  Data  -  The  provision  to  modify  the  aerodynamic  c"- 
el'fioienLs  through  the  use  of  error  constants,  is  ouLlined  in  Section  4.1, 

The  uonstants  oro  applied  as  follows: 

nj,.  =  (c]L%  +  £2)'!*® 

a  =  +  ei|)q*S 

y  -  (.-^Cy  +  C(5)q*S  (4,12) 

1  =  +  GQ)qXS  dj, 

ni  =  (sriCj,,  +  d;j^ 

n  *•  ^12)1*^  ^2 

These  eri’or  constants  allovr  the  total  werodynamic  cneffioient  to  be  modified 
to  account  for  configuration  modification,  experimental  or  analytical  error, 
or  misaliguir,fcal&. 

4.5.2  Thrust  and  Fuel  Flow  Characteristics  -  The  provision  to  modify  the 
thxust  and  mass  characteristics,  through  the  use  of  error  constants,  is  out¬ 
lined  in  Section  4,2.  The  constants  are  introduced  as  follows; 

T  =  C13TVAC  *  ^14  - 

ft  (4.13) 

'f>L  =  dt 

An  error-cons taut  multiplier  is  not  provided  for  the  vehicle  mass  due  to  com¬ 
plications  discussed  in  Paragraph  4,5.5. 
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4.5*3  VeljA^e  Phyelcal  CharaoteTistlca  -  Tfee  jawistcui  to some  of 
the  vehieie  phyBlcal^haraGterlstioB^'tHrauj^  the  use  o?  cbiiStSit's  Is 

outlined  in  Section  4.3.  The  constants  are  applied  as  foliows; 

J^.G.  =  +  eis 

i>  j%/ /um  N  . 

-^xx  <=19 

lyy  =  f(^)  +  ^20 

Iza  =  +  ^21  (^‘1^) 

^xy  "  f(^)  +  ^22 

Ixz  “  +  ^23 

1^5,  =  fM  +  ep4 


4.5.4  Autopilot  Functions  -  Error  constants  associated  with  an  autopilot 
will  necessarily  he  defined  by  the  choice  of  autopilot.  Section  6  presents  a 
description  of  a  typical  control  system  which  will  be  programmed  for  the  Six- 
Degree  -of  -Freedom  Flight-Path  Study  computer  program.  Although  the  constants 
are  referred  to  as  bias  and  drift  constants,  they  are,  in  effect,  error  constants 
which  serve  to  modify  nominal  values.  These  constants  are  applied  in  the 
following  way; 


Bias  on  Control  Surface  Deflection  and 
Rate  of  Control  Surface  Deflection 


X  t 

r-.t 

J  "  \ 

(4.15) 

j  and  Dx 

•ift  on  Attitude  Sensors 

0  +  R-  ^  A  -R.  .-,t 

“P  ^  -lo  •  --W" 

■'i'pi 

'I'p  +  ®18  +  ®19^ 

(I1.16) 

II 

^12  '^13^ 

Bias  on  Rate  Gyi'os 

p'  =  p  +  B20 

<1'  =  (1  +  B21  (4.17) 

r»  =  r  +  B22 
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In  the  application  or' srrpr  conistants  in  the  above  equations,  .caution,  must,,  be 
exercised  to  insore  that  the  ^mits  are  consistent.  Each  of  thi' errSr 'cettstlBitB 
will  be  assigned  a  nominal  value  which  will  be  used  when  no  other  value  is 
specified.  The  constants  which  are  multipliers  will  have  a  nominal  value  of 
unity,  while  those  that  are  additive  will  have  a  nominal  value  of  zero. 

4.5.5  Additional  Errors  -  Not  all  of  the  system  input  constants  can  be 
modified  for  error  analysis  studies  as  indicated  above.  In  certain  cases,  it 
may  be  found  unrealistic  to  modify  the  input  data  through  the  use  of  error 
constants  because  the  actual  deviation  would  not  appear  as  simply  a  constant 
increment  or  percentage  change.  An  example  of  such  a  case  would  he  the  change 
iu  thrust -time  history  of  a  rocket  due  to  temperatiire  changes  of  the  prope.llant 
since  such  a  change  affects  both  thrisst  level  and  burninp;  time.  For  an  accorntc 
representaxion  of  such  a  case.  It  would  be  necessary  to  modify  the  entire 
tabular  listing  accordingly. 

4.5.6  Atmospheric  Density  Error  -  An  error  constant  has  been  Incorporated 
in  the  computation  of  the  atmospheric  density  in  Oxilion  6  only.  Th.e  constants 
ai’G  applied  as  follows: 

d’  -  ^25P'''  ^26  (4.18) 
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5-  VEHICLE  ENVIRONMENT 


The  models  for  sitnulating  the  envlroutnent  in  whieh  a  will  opirate' ' 

are  presented  in  this  saotion.  Tliis  environment  includes  the  atmospheric  wind, 
and  the  gravity  field  conditions  associated  with  the  planet  over  which  the 
vehicle  is  moving.  Ihe  shape  of  the  planet  and  the  conversion  from  geodetic 
to  geocentric  latitudes  are  also  considered.  In  the  discussions  which  follow, 
the  descriptions  of  vehicle  environment  pertain  to  the  planet  Earth,  xne 
environmental  simulation  may  be  extended  to  any  planet  by  replacing  appropriate 
constants  in  the  describing  equations. 

5.1  Atmospheres  -  The  concept  of  a  model. atmosphere  was  introduced  many 
years  ago,  and  over  the  years  several  models  have  been  developed.  Reference 
(11)  outlines  the  historical  background  of  the  gradual  evolution  of  the  ARDG 
model.  The  original  (1956)  ARDC  model  has  been  revised  to  reflect  the  density 
variation  with  altitude  that  was  obtained  from  an  analysis  of  artificial 
satellite  orbit  data.  Tills  revision  Is  the  1959  ARDC  Model  Atmosphere. 

The  advantage  of  a  model  atmosphere  is  that  it  provides  a  common  reference 
upon  which  performance  calculations  can  be  based.  The  model  is  not  Intended 
to  be  the  ’’final  word”  on  the  properties  of  the  atmosphere  for  a  particular 
time  and  location.  It  must  be  realized  that  the  properties  of  the  atmosphere 
are  quite  variable  and  are  affected  by  many  parameters  other  than  altitude, 

Ai.  Ihe  present  time,  the  "state -of-the-art"  is  not  advanced  tc  the  point  vrhere 
these  parameters  can  be  accounted  for  and  it  may  be  sever-al  years  before  the 
effects  of  some  parameters  can  be  evaluated. 

5.1*1  1959  ARDC  Model  Atmosphere  -  The  1959  ARDC  Model  Atmosphere  is 
■specified  in  l.ayera  assuming  either  isothermal  or  linear  temperature  lapse- 
rate  sections.  This  construction  makes  it  very  convenient  to  incorporate 
other  atmospheres,  either  from  specifications  for  design  purposes  or  for 
other  planets.  The  relations  which  mathematically  specify  the  1959  ARDC  Model 
Atmosphere  are  as  follows  (Reference  (12); 

The  1959  ARDC  Model  Atmosphere  is  divided  into  11  layers  as  noted  in  the  table 
bc-Low . 


Layer 

Hh -Lower  Altitude 

Upper  Altitude 

(Creopotential ) 

(Geopotential) 

Meters 

Meters 

1 

0 

11,000 

2 

11,000 

25,000 

3 

25,000 

47,000 

4 

47,000 

53,000 

5 

53,000 

79,000 

6 

79,000 

90,000 

Y 

90,000 

105.000 

8 

105,000 

160 j 000 

9 

160,000 

170,000 

10 

170,000 

200,000 

11 

200,000 

700,000 
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For  layers  1,  3,  5,  7,  8,  9,  10,  and  11,  a  linear  taolecular-seal©  temperature 
lapse-rate  is  assumed  and  the  folloving  equations  are  used!  '  ^ 


SP 

T 


_ _  .3Q48h 

1  +  .304011/635^766 


-  Tm 


p  = 


A  -  B  tan-4  { 

1  +  K^dlgp  -  H^)  j  -^2 


P  -  Pb  [4  +  -  «h) 

Vg  49.020576(Tm)^/^ 


I-  =  0 


.0226988  X  10”^ 


rp3/2 


(T-il98.72)p 


Meters 

OR 

Lb../Ft.^ 
Slugs/Ft .3 

Ft. /Sec. 
Ft.2/Sec. 


For  the  isothc  I'nl  layers  2,  4,  and  6,  the  following  changes  are  made  in  the 

UbuVe  '. 


(5.B) 

-  o'^'"3  (^GP  “  ^h) 

(5.9) 

Values  of  the  leiuperaturc,  pressure,  <^ena1ty.  and  alLitude  at  the  base  01  each 
altitude  layer  arc  listed  helov  along  with  the  appropriate  values  of  K2, 
and  K3. 


''5.1) 

(5.2) 

(5-3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 


lantity 

1 

2 

3 

)i 

5 

6 

Kl 

-.225569-4 

0 

,138466-4 

0 

-.159202-4 

0 

K2 

-5.25612 

- 

11.3883 

- 

-7 . 59218 

- 

^^3 

- 

.157689-3 

- 

.120869 "3 

.206234-3 

'4b 

518.688 

389.988 

389.988 

508 . 78B 

508.788 

298.188 

Pb 

2116.21695 

472.73 

51.979 

2.5155 

1.2181 

2, 1080 -P 

Pb 

2.37692-3 

7.0620-^ 

7650-5 

2.8804-^ 

1.39468“^ 

4.1189-'® 

% 

0 

11000. 

25000 . 

47000 . 

53000 . 

79000 , 

90 


Quantity 

7 

8 

9 

10 

11 

^^1 

.241458-^ 

.886289-'* 

.754341-5 

.350715"5 

.222129-5 

K2 

8 , 54130 

1,70824 

3.41648 

6,83296 

9.76137 

- 

- 

- 

- 

Tb 

298.188 

406.188 

2386.188 

2566.166 

2836.188 

Pb 

2.1809-3 

1.5562-'* 

7.5578“^ 

5.8954-6 

2.9759-6 

"b 

4. 261 "9 

2.232-1*^ 

1.845-j-2 

1.338"^^ 

6. 113 “^3 

Hb 

90000. 

105000. 

160000 . 

170000 . 

200000 . 

Values  of  the  appropriate  constants  to  be 
(EquaLion  (5-3))  are  listed  below. 

applied  in 

the  temperature  equation 

A 

B 

C 

D 

0-9C 

1. 

0. 

- 

- 

90-180 

.759511 

.174164 

220 

25 

l8o-ic;ou 

•9357^7 

.£.73986 

I0U 

i4o 

Lliiiliutiong  -  The  vaiidxLy  oJ'  l.lie  iy^9  ARUU  mocteJ.  is  iliultocl  to 
ultiLudefi  below  7OO  km.,  although  the  program  is  arranged  to  extrapolate  the 
relationships  to  greater  altitudes  if  desired.  Extrapolation  to  greater 
altitudes  is  aceonipilshed  by  altering  the  cutoff  altitude. 

At  an  altitude  of  90  km  (approximately  30U,OOQ  ft.)  the  subprogram  nor¬ 
mally  ceases  to  caliiulale  kinemutic  viscosity  and  speed  of  sound  and  assigns  a 
value  of  zero  to  each  eif  these  parameters  as  an  indication  that  the  computation 
has  stopped.  This  is  done  for  the  following  reasons:  (a)  the  molecular  coin- 
jioaition  of  the  atmosphere  is  unknown,  (b)  the  variation  of  the  ratio  of  specific 
iieats  above  90  ^m.  is  nut  knoWt>,  and  (c)  the  numei’ical  value  of  the  speed  of 
sound  has  little  physical  significance.  The  validity  of  Sutherland’s  empirical 
formula  for  viscosity  is  also  reduced  because  of  the  extremely  low  pressures 
which  exist. 


5.1.3  Accuracy  -  Due  to  a  lack  of  knowledge  of  the  rounding -off  proce¬ 
dures  used  to  evaluate  the  constants  in  Reference  (ll),  it  was  impossible  to 
obtain  exact  agreement  between  the  subprogram  and  the  values  tabulated  in 
Reference  (ll).  A  comparison  of  the  results  over  an  altitude  range  of 
0  -  1,000, OUO  ft.  revealed  that  the  deviation  of  the  computed  from  the  reference 
values  never  exceeded  one  tenth  of  one  percent  and  in  most  cases  was  less  than 
one  half  of  this  value. 
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5*2  Winds  Aloft  -  The  vrinds -aloft  sMbprogram  pro  vide  3. for  three  ^p^ate 
methodB  of  introdueing  the  wind  vector  -  as..a,f33B0ilop.  pf  _ait^uaey_a  f^6®on 
of  range,  .nhd  a  fuagtipn  of  tijne*  ^is  will  fae^il^ate  -tM  irhV&Mif 
wind,  effects  for  the  conventio2ial  perf(teroahc@" Sadies*  lie 
approximated  hy  a  series  of  straight  line  segm^ts  for  ea^  .pf  the  methods 
mentioned  aho/e.  Statistically  derived  profiles  of  the  t:^e  pfeseht'l'd'lh ’’ 
Reference  (13)  con  he  represented  by  this  approach  and  it  is  presiraed  that  the 
analyst  will  resort  to  sources  of  this  type  to  obtain  the  wind  input  data. 

The  present  subprogram  will  not  be  particularly  concerned  with  the  method  used 
to  determine  the  wind  vector,  as  this  is  a  separate  problem  outside  the  scope 
of  the  Six-Degree -of -Freedom  Flight -Path  Study  computer  program. 

Fovir  options  will  be  used  to  define  the  wind  vector  in  the  SDF  computer 
program.  The  three  components  of  the  wind  vector  in  a  geodetic  horizon  coor¬ 
dinate  system  will  be  specified  as  tabular  listings  with  linear  interpolations 
(curve  reads)  in  the  following  options. 

Wind  Option  (o)  -  In  this  option  the  wind  vector  is  zero  tliroughout  the 
problem.  This  will  allow  the  analyst  the  option  of  evaluating  performance 
without  the  effects  of  wind.  This  option  causes  the  winds-aloft  subprogram 
to  be  bypassed  in  the  computational  sequence. 

Wind  Option  (l)  -  In  this  option  the  components  of  the  wind  vector  will 
be  specified  as  a  function  of  time  for  the  estimated  cruise  altitude.  Wind 
speed  will  be  specified  in  feet  per  second  and  time  will  be  specified  in 
seconds. 

Wind  Option  (2)  -  The  three  components  of  the  wind  vector  will  be  intro¬ 
duced  as  a  function  of  al.titude  In  this  option.  Wind  speed  will  be  sp>ecified 
■in  feet  per  second  and  altitude  will  be  specified  in  feet. 

Wind  Option  (3)  -  In  this  option  the  components  of  the  wind  vector  will 
be  introduced  as  a  fut'otlon  of  range’ for  the  estimated  cruise  altitude.  Wind 
speed  will  be  specified  in  feet  per  second  and  range  will  be  specified  in 
nautical  miles.  The  range  utilized  in  this  computation  will  be  the  great- 
circle  range. 

By  staging  of  the  wind  option,  it  will  be  possible  to  switch  from  one 
method  of  reading  wind  data  to  another  during  the  computer  run.  Care  must  be 
exercised  in  this  opei-atlon,  however,  as  the  switching  will  introduce  sharp- 
edged  gusts  if  there  are  sizeable  differences  In  the  wind  vector  from  one 
option  to  another  at  the  time  of  switching.  Tliis  effect  should  be  avoided 
except  in  cases  where  gust  effects  are  being  studied. 

Figure  (5.1)  presents  a  fiinctional  flow  diagram  of  the  winds-aloft  sub¬ 
program.  Note  that  the  inertial  components  of  the  wind  are  not  determined 
in  this  subprogram.  This  wind,  which  is  due  to  the  rotation  of  the  atmosphere 
with  the  planet,  is  determined  in  the  winds-aloft  resolution.  Only  local- 
geocentric  components  of  wind,  as  noted  by  an  observer  at  a  fixed  location, 
are  considered  by  the  winds-aloft  subprogram. 
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Figure  5.1  FuD-ctional  Flow  Diagram  -  Winds-Aloft  Subprogrem 


■  Wind  0ffeGtE.wil?^,A)e,.4j3^)idaa.ia,i^^^  fwau^ay^od  pf.^he  slK-deg-ira'efQf- 

freedom,  t-h<3-  -three^egfee -of -gfreMPUL 

i'reedQm  lateral  options.  The  deduced  degrees  of 

-options  will  allow  the  deletion  of  uimecessE^y  oonponents  of;  tile  vector. 
Since  wind  effects  are  not  normally  of  interest  in  WC  f Sliit -ms s  'dSt'iOH:^’ 


winds -aloft  subprogram  will  be  bypassed  automatically  when  this  option  is 
selectedt 


5.3  Gravity  -  'ibis  section  presents  the  equations  necessary  for  the  in¬ 
troduction  of  the  gravity  components,  into  the  equations  of  motion.  These 
components  were  determined  by  taking  partial  derivatives  of  the  gravity  potential 
equation.  The  potential  equation  adopted  has  been  recommended  for  use  in' the 
Six-Degree -of -Freedom  Flight -Path  Study  computer  program  by  AFCRC.  Constants 
for  the  potential  equation  were  determined  from  References  (l4),  (I5)  and  (16). 

Spherical  harmonics  are  normally  used  to  define  the  gravity  potential 
field  of  the  Earth,  References  (17)  through  (20).  Each  harmonic  term  in  the 
potential  is  due  to  a  deviation  of  tlie  potential  from  that  of  a  uniform  sphere . 

In  the  present  analysis  the  second-,  third-,  and  fourth-order  terras  are  con¬ 
sidered.  The  first-order  term,  which  would  accomt  for  the  error  introduced 
by  assuming  that  the  mass  center  of  the  Earth  is  at  the  origin  of  the  geo¬ 
centric  cooi'dlnate  system,  Is  assumed  to  be  ?.ero.  With  this  assumption 


(5.10) 


where  P;;,  i’3,  and  Pj,  '.Te  T,eg(‘iuh’e  functions  of  geocentric  latitude  expressed  as 


P2  =  1  “  3  sin^ 


P3  -  3  sin  .  5  sin^  !i<L  (5.11) 

P,,  =  3-30  sin2  0J.  +  35  sin'^ 


The  gravitational  acceleration  along  any  line  is  the  partial  derivative 
of  U  along  that  line.  At  this  point,  it  should  be  noted  that  the  three 
ni’-’.tunlly  perpendicular  d.lrections  in  the  spherical  coordinate  system  are 
identical  (other  than  sign)  to  those  in  the  local-geocentric-horizon  coordinate 
system  which  is  defined  In  Section  3.1.5.  Therefore,  the  acceleration  in  the 
direction  is  identical  to  gXg  the  acceleration  in  the  R  direction  is 
identical  to  -gz-*  "the  equation  form: 


9k 


1  au 


(3  cos  0L  -  15  aln^  0^  oqs 
+  5^  I  (-^  sin  0Xj  SOS  0L  +  sin3  0^  cos  0l) 

^''V  / 


Golloctlng  terms; 


&Zr. 


■  ^  [  (r)  ’“2  *  f  (r)  ^3  *  l(r)  ‘'■‘j 


where 


P5 

Tb 


sin  0L  cos  0l 

cos  0L  (1  -  5  sln^  0l) 


-  sin  0L  cos  0L  (“3  +  7  sin^  0l) 


(5.13) 


(5.14) 

(5.15) 


(5.16) 


Equations  (5.14)  and  (5.15)  Qro  used  in  the  gravity  subroutine  with  the  follow¬ 
ing  vuluco  recommended  for  the  eojisLauLs. 

\x  =  1.407698  X  lol^  ft.3/sec.^ 

Re  -  20,925,631.  ft. 

J  =  1623.41  X  10-6 
H  =  6.04  X  10-6 

K  =  6.37  X  10-6 


It  should  be  noted  that  these  constants  and  equations  pertai  n  to  the  planet 
Earthj  however,  it  is  possible  to  use  these  same  equations  for  any  other  planet. 
For  this  reason,  the  values  of  these  constants  will  be  programmed  as  an  input 
to  the  program  so  that  the  applicable  constants  may  be  inserted  for  the  planet 
under  consideration.  Due  to  limited  knowledge  of  the  gravitational  fields 
of  other  planets,  it  is  probable  that  zero  values  would  be  assigned  to  some 
of  the  harmonic  coefficients  when  the  pr-ogx’am  is  used  for  entry  studies  on 
other  planets. 


Tlie  above  equations  are  applicable  to  a  non-rotating  planet  as  the  centri¬ 
fugal  relieving  effects  caused  by  the  planet’s  rotation  are  included  in  the 
equations  of  motion.  In  addition,  the  effects  of  local  anomalies  must  be 
added  if  it  is  desired  to  make  a  weight -to -mass  conversion  based  on  a  measured 

w  icfht.  * 
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while  the  motion  the  body  is  aomouteja  la 
independent  of  the  soirface .  In  the  cent?al  ■pl?og?aapti§~'fll^%-fS6h^a®^e  ^7 
and  the  heading  angle  a  are  calculated  with  respect  to  the  locsl-geocentrie 
coordinates.  By  definition  7  and  <7  are  angles  measured  with  respect-  to  the 
local  geodetic.  Althou^  the  majci-mum  difference  that  can  exist  hstwaen  the 
two  coordinate  system  is  11  minutes  of  arc,  it  may  be  desirable  to  know  7  and 
a  more  accurately  than  is  obtained  when  measured  from  the  local  geocentric. 


5.t.l  Latitude  -  It  will  be  necessary  to  resolve  the  geocentric  latitude 
to  geodetic  latitude  foz*  an  accurate  determination  of  position.  Figure  (5.2) 


Figure  5.2  Planet-ObLateness  Effect  on  Latitude  and  Altitude 

It  Is  apparent  from  this  figure  that  the  most  significant  difference  between  the 
geocentric  referenced  position  and  the  geodetic  position  is  the  distance  AB 
on  the  surface  of  the  reference  spheroid.  This  distance  can  be  defined  by  a 
knowledge  of  the  angle  ffi,,  the  geocentric  ^titude;  the  geodetic  latitude; 
the  corresponding  radii;  and  the  distance  OC. 

The  relationship  between  the  geocentric  and  geodetic  latitude  of  a  point  on 
the  surface  of  a  planet  which  is  an  oblate  spheroid  is  obtained  as  follows: 

The  eqviation  for  the  surface  in  a  m(;rldian  plane  is 


of  tlie  gooSetic  latitude  can  be  found  by  determintog.tiia.jiisg^iyB.., 
recijujaceS  of  tSo  slope  of  ^  'tajiggiit'  to  this  iellipse»  -  sj^Msion  'rth±h^'  ^ 
tangent  is  . .  '  -  -  -  ■  ,r 


Tan  0tT  = 


Re^-  Zb 
Rt>2  Xr 


(5.18) 


Note  that  Zq  Is  a  negative  number  in  the  northern  boinisphere. 
The  tangent,  of  the  geocentric  latitude  of  point  B  is 


Tan 


(5.19) 


Substituting  Equation  (5. 19)  into  Equation  (5.18)  gives  the  required  relation 


Tan  Tan 

Rp!’ 


(5.20) 


Tlie  expression  for  the  radius  of  the  planet  at  point  B  In  terms  of  the  geocentri' 
latitude  of  the  point  and  the  equatorial  and  polar  radii  is  obtained  by  the 
rectangular  to  polar  coordinate  transformation 


=  RjfLg  Sin 


(9.21) 

(5.22) 


and,  solving  for  Rdr,,  t)y  substituting  Equations  (5.2l)  and  (5*23)  into  Equation 

/  1  fT\  *  ^  ^'S 

(5.1f),  gives 


!^Lg  +  Cos2 


(5.23) 


The  distance  is  determined  in  burms  of  R^t  ^Lg>  /g  using  the  law  of 
sines  to  be  ^  ® 


■  -Vp.  (I^) 


(5.24) 


The  distance  OC  is  calculated  by  subtracting  the  projections  on  the  X-axis 
of  R^l^g  and  R^^. 


The  point  P  represents  the  vehicle  position  for  which  it  is  desired  to  determine 
the  geodetic  latitude,  knowing  the  geocentric  latitude  and  distance  from  the 
center  of  the  planet.  Expressing  the  Cartesian  coordinates  of  the  vehicle  in 


97 


-of  rthe  ^tilnide  (ii),  and  tae  charaeSBgiat.ixs.-td3^^^:^^^l. 

R^g  ’and  W  dafind's  relation  ’baWe^ea' -tKs  gedGahlVdx.l^ 

geodetic  latitude  to  toe  *' 


or 


-Zp  _  (R^g  +  h)  Sin  0g 


(R0g  +  h)  Sin 

Tan  0L  =  h  Cos  0g  +  Oos 


h.^o) 


This  equation,  toeing  transcendental,  is  inconvenient  for  the  solution  of 
geodetic  latitude  when  the  geocentric  latitude  is  known.  Although  solution 
is  possible,  the  complication  involved  would  toe  uneconomical  in  view  of  the 
fact  that  the  calculation  is  a  small  correction  to  the  working  coordinate, 
the  geocentric  latitude.  The  solution  is  relatively  simple  when  the  geodetic 
is  taken  as  the  Independent  variatole.  The  results  of  such  a  computation  are 
presented  in  Figure  (5«3)  for  the  planet  Earth  where  the  maximum  difference 
tootwoeii  the  two  latitudsc  is  shown  to  be  on  the  order  of  11  minutes  of  arc  at 
the  surface  of  the  spheroid  at  degrees  latitude.  This  amounts  to  approxi¬ 
mately  11  nautical  mil.es  error  \mich  should  toe  accounted  for.  The  i'esults  of 
Figure  (5*3)  have  been  apinoxlmated  toy  a  curve  fit  of  the  form 


-  9>l  =' 


(kq  +  K'lIi''’  i  kgh*^  +  ->)  Cin 


_ _ 

-  1,000,000 


and 

= 

11  <591 '137 

Sec.  or 

iwi  = 

.1931906 

Deg . 

ky  =■• 

-.5106150a 

Sec, /Ft. 

ki  = 

-.009010251 

Dog. /Ft. 

K2  ” 

.020308362 

Sec. /Ft. 

k2  = 

.OOO338I72 

Deg. /Ft 

k3  = 

-.0003723074 

Sec. /Ft. ^ 

^"3  = 

-.OOOOOd21179 

Deg. /Ft. 3 

The  error  incurred  toy  the  use  of  Equation  (5.27)  instead  of  tne  exact  solution 
of  Equation  {'^.26)  is  shown  by  the  symools  in  Figure  (5'3)»  (Tlit;  maximum 
error  is  on  the  order  of  .004  minute.)  The  solution  has  toeon  extended  to 
20,000,000  feet  altitude,  or  approximately  one  Earth’s  radius.  Tills  altitude 
is  sufficient  for  the  problems  to  toe  considered  toy  the  SDF  computer  program 
for  the  planet  Earth.  Greater  altitudes  than  this  must  consider  such  other 
effects  as  solar  radiation  pressures,  planetary  perturbations,  and  the  effects 
of  the  orbital  properties  of  the  planet  and  may,  therefore,  toe  handled  by 
other  programs  such  as  an  interplanetary  trajectory  program  discussed  in 
Section  8. 
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A<f>  IN  MINUTES 


GEOCENTRIC  LATITUDE  IN  DEGREES 


FIGURE  5.3,  DIFFERENCE  BETWEEN  GEODETIC  AND  GEOCENTRIC  LATITUDES 
AS  A  FUNCTION  OF  GEOCENTRIC  LATITUDE  AND  ALTITUDE 


Ellgbj3-ga,'frlt  Anftlea  --  Kaaewl-ag  gsodstlc  latitufls 
aatl.tuas  ®a.  3^^  componrata  of  velocity,  -ft 

the  componehts  of  vi3S43.ty  ia  local -geodetic,  coordinates  ^MyZg^V?"- 

(See  Figure  (^.4)0  '  '  -  ■  - -. 


-z 


Figure  l^.k  Relation  of  Geodetic  and  Geocentric  TTori znnf! 


The  transformation  is  given  by: 


1  Xg,  I  I  Cos  (0^  -  0l) 

I  X  j  I  ^ 

i  *  I 

'  %i  I  “  ^  ° 

;  Zgj^  i  -Sin  (f/g  -  (IIl) 


0 

1 

0 


Sin  (0g  -  0l)  i 

”  I 

Cos  (0g  -  0l)  I 


(5.28) 


As  noted  above,  the  maximum  difference  between  the  geodetic  latitude  and  the 
geocentric  latitude  is  .11  minutes  of  arc,  which  occurs  at  45  degrees  gec'^etlc 
latitude.  The  small -angle  approximation  is  valid  ai-id 


Sin  (0g  -  0l)  *=  0g  "  in  radians 


(5.29) 


Cos  (0g  -  0l)  =  1 


(5.30) 


100 


and  substituting  Equations  (5.29)  and  (5*30)  into  matrl'/!:  (5.28X  gives: 


X 


SI 


••SI 


"Si 


1  0 

0  1 

■(0g  “  C 


(5<g  - 

0 

1 


■Y„ 


g 


The  flight-path  angle  and  heading  angle  corrected  to  the  local -geodetic 
latitude  are  computed  by 


7b 


Sin 


-1  (  =  Sin-^l  -I  Zg  -  -  0l)  rad.l 


'Si. 


(5.31) 


(5.32) 


since  the  magnitude  of  vector  Vg,  is  equal  to  the  magnitude  of  vector 
and 


jp  =  Sin" 


X„  2  +  Y„  2, 


=  Sin" 


'g. 


Wi^g  Zg(0g-0L)rad.}^  +  i 


llie  angles  7  and  a  may  be  computed  in  local-geocentric  coordinates  by 
Equations  (3*69  and  3»70). 


(5.33) 


-  Stn-1  ( 


and 


a  =  Sin 


-X 


or  by  setting  (^g  -  equal  to  zero  in  Equations  (5*32)  and  (5-33). 

5 •^•3  Geodetic  Altitude  -  The  geodetic,  or  true  altitude  (h),  will  be 
approximated  by  the  altitude  (h')  by  the  relation  (reference  Figure  (5.2)) . 


h  ^  h‘  =  R  -  R0j^  (5.3I+) 

The  error  incurred  by  this  approximation  has  been  investigated  and  determined 
to  be  of  the  order  of  1  -  cos  eg.  Numerical  evaluation  of  the  error  using  the 
relations  of  Equation  (5*3^)  and  the  exact  solution  is  summarized  below. 
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Irua-  L  - 

. 

•JQiGtiO ' 

100,000 
150,000 
200,000 
250 '000 
500,000 
1,000,000 
2,000,000 
3,000,000 
1+, 000, 000 
5,000,000 
10,000,000 
20,000,000 


Error  (h'  -  li) 

1 6 '  tiie  MaxesT'ToW 

1 

1 

1  ' 

3 

3 

h 

6 

11 

16 

20 

2k 

39 

59 


AUTOFILOl^  AND  ffttaHT jRLAM  EaC)@»iaS  k 


The  autopilot  amd  flight  "pian  pi'ogramnier  are  tnecdiaiiisinstiy  which  the  ■sfehiole 
motion  or  trajectory  are  ragxilated  or  controlled.  For  use  in  the  SDF  computer 
program,  an  autopilot  is  defined  aa  that  portion  of  the  program  which  deter¬ 
mines  the  vehicle  control -surface  or  thrust  vector  deflections'.  This  definition 
applies  for  computation  options  which  permit  emy  combination  of  the  rotational 
degrees  of  freedom.  This  portion  of  the  program  may  range  in  sophistication 
from  simple  curve-read  functions  of  control  surface  deflection  with  time  to 
a  linear -differential -equations  simulation  of  a  multiloop  autopilot  containing 
corrective  networks,  servo  systems,  gyros,  etc.  which  is  commanded  by  steering 
equations  developed  from  an  inertial  navigation  system.  A  flight-plan  pro¬ 
grammer  is  a  device,  similar  in  operation  to  an  autopilot  but  restricted  to 
computation  options  which  exclude  the  rotational  degrees  of  freedom.  This  is 
done  because,  for  the  most  part,  flight-plan  programmers  arbitrarily  assign 
rotational  attitude. 

6.1  Typical  Autopilot  -  Since  the  autopilot  for  a  particular  vehicle  is 
a  highly  specialized  device,  formulation  of  a  library  of  autopilot  subprograms 
will  not  be  attempted.  Rather,  a  typical  vehicle  autopilot  is  treated  in  the 
following  section  which  employs  most  of  the  elements  normally  used  in  this 
device.  This  autopilot  is  considered  as  an  example  formulation  to  demonstrate 
the  techniques  required  in  the  digital  simulation  of  autopilot  networks  in  general 

6.1.1  Pc script Ion  of  Flight  Control  System  -  The  flight-control  system 
(See  Figure  (6.1) )  to  be  programmed  for  the  SDF  computer  program  has  three 
control  channels:  pitch  attitude,  azimuth  attitude,  and  roll  rate.  The 
pitch  and  azimuth  attitude  control  channels  each  contain  inner  and  outer  feed¬ 
back  loops.  The  inner  attitude  rate  loop  is  used  to  improve  the  damping 
churacteristics  of  the  missile  and  to  provide  dynamic  stability.  The  body 
angular  rates,  q  and  r,  are  sensed  by  body-mounted  rate  gyros  and  are  roll 
resolved  to  obtain  the  pitch  and  azimuth  attitude  rates  required  In  the  inner 
feedback  loops  of  the  pitch  and  azimuth  control  channels  respectively.  During 
a  certain  portion  of  the  fliglit,  the  inner  feedback  loop  signal  is  obtained 

by  resolving  the  sum  of  corresponding  components  of  the  acceleration  and 
angular  velocity  measured  by  the  rate  gyros  and  body-mounted  accelerometers. 

The  forvarO  portion  of  each  Inner  loop  contains  a.  lag  (or  lea.d,  depending  on 
the  constants  used)  network  to  improve  dynamic  stability  and  a  notch  filter 
to  attenuate  the  ucroolastic  oscillations  sensed  by  the  rate  gyros.  The 
outer  feedback  signals  of  both  the  azimuth  anco  pitch  control  channels  are  the 
attitudes  obtained  from  a  servo  repeater  driven  by  the  platform  gimbals.  The 
yaw-and  pitch -attitude  commands  are  r,ur.iined  v;lth  the  appropriate  repeater  output. 
The  resultant  error  signal  is  multiplied  by  a  constant  gain  to  provide  the 
inner-loop  rate  command.  The  total  pitch -attitude  command  is  the  sum  of  a 
predetermined  attitude  program  and  the  output  of  a  pressure  control  loop. 

The  pressure  control  loop  generates  a  pitch  attitude  error  signal  proportional 
to  the  difference  In  the  stagnation -pres sure  command  and  the  measured  stagna¬ 
tion  pressui-e.  The  effects  of  temperature  limiting  may  be  incorporated  in  a 
manner  analogous  to  the  pressure  control  loop.  A  temperature  control  loop 
has  been  devised  which  will  determine  the  change  in  pitch  and/or  azimuth 
attitude  required  to  avoid  a  critical  heating  condition.  The  computation  of 

+  V»^  a  r»QTTimQ ri ^  ^  O*’  C  1.11  t  ^  O 
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FIGURE  6.1 ,  CONTROL  SYSTEM  FUNCTIONAL  BLOCK  DIAGRAM 


■  IM^rolIrgbntfroi  ctiaiihel  conaisbs  of  &  feecOSack  frol  ferTaody-ftOim^ 
jjata-gpo  ■-.aL!L^J^...^ummeA  -vii<k..ti]fl..rellgr^(gIc^^C>"’^ 
sC^Sl  'Is  ■jasisa  tajfdijgls  a  :nat;wQrk 
aikfl  rKOEi  qo^tri^Jsi^  . 

control  swfaces  moimted  §0°  apart.  'Me  rb'BC-flsblvea  <S^pSl'"fi3C:TtSi.^^ck‘'  ' 
and  azi.itiuth  ckannels  are  presented  to  the  appropriate  pair  of  diametrically 
opposed  control  surfaces.  The  output  of  the  roll -control  channel  is  to  each 
of  the  four  control  surfaces,  (^posing  control  svirfaces  move  as  a  \mit  for 
pitch  and  azimuth  control  and  differentially  for  roll  control. 

6.1.2  Control  System  Input  Data  Simulations  -  The  flight  data  measured 
by  the  gyros,  repeaters,  and  accelerometers  must  be  calciilated  or  obtained 
from  other  sections  of  the  program.  The  functional  block  diagram  (Figure 
(6.1))  Illustrates  the  soxirces  of  input  data  for  the  control  system  computer 
simulation.  The  steering  functions  provide  the  steering  aigiials  (commands) 
for  the  control  system.  For  this  particular  application,  the  commands  are 
determined  from  several  two-dimensional  curve  read-out  subroutines  where  time 
is  the  independent  variable.  The  steering  functions  must  also  specify  the 
changes  In  computations  corresponding  to  the  position  of  the  switches  A-B-C-D. 
These  switches  are  used  to  modify  the  control  system  for  various  phases  of 
the  flight,  and  the  position  of- the  -svfitches  is  dependent  on  a  time  I’eference. 

The  platform  portion  of  the  fixed  program  computes  the  missile  attitude 
angles  (Section  ^.2)  in  a  coordinate  system  representing  a  stable  platform. 

The  platform  gimbals  for  this  application  ere  arranged  in  the  yaw -pitch -roll 
sequence  and  the  platform  will  be  aligned  initially  with  the  local  geodetic 
vertical.  Hig  platform  will  be  inertial ly  fixed  In  its  orientation  at  the 
time  of  launch.  (See  Section  3*^  the  ce-ordinatc  transforraationc . ) 

'Ihe  rigid-body  angular  rates,  p-q-r,  i-iiat  would  be  measured  by  the  bouy- 
iDOunted  rate  gyros,  are  calculated  in  the  equations  of  motion.  If  the  effect 
o"  aeroelasti.clty  on  the  control  system  is  to  be  invPvStigated,  the  appropriate 
normalized  bending  modes,  damping  ratios,  and  natural  frequencies  must  be 
supplied  to  the  aeroelastic  computational  block  which  in  turn  computes  the 
uoruelastic  body-bending  fuignlar  rates,  r^  and  qft.  These  aeroelastic  body 
rates  will  then  be  summed  with  the  appropriate  angular  rates  from  the  rigid- 
body  equations  of  motion  to  provide  the  rate  gyro  signals.  Appendix  Six 
presents  a  method  by  which  the  aeroelastic  body-bending  rates  may  be  slniu- 
lateu  by  a  second-order  differential  equation. 

The  indication  of  two  body-mounted  accej.erometers  whose  sensitive  axeb 
are  aligned  with  the  body  y-  and  z.-axes  must  also  be  determined  for  this 
program.  These  accelerations  may  be  taken  directly  from  the  Kummatlon  of 
the  forces  and  moments  subprogram. 

6.1.3  fitch  Control  Channel  -  A  stagnation-pressure  command  generated 
in  the  steering  functions  tabulation  will  be  compared  with  the  pressure 
behind  a  normal  shock  wave  (P2j),  and  the  difference  multiplied  by  the  gain 
factor  KAj  The  gain,  Ka,  Is  a  predetermined  fimction  of  time  and  is  obtained 
from  a  curve -read  subroutine.  Thus, 

(Pg^^  -  Pgiji)  Ka  ~  Kq  (6.l) 
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The  total,  pressure  hehind  a  normal  slacck  may  he  approximated  by  the  relatipn 


The  error  signal,  Ej.,  ie  modified  by  a  compensation  network  witose  Lt.i‘&hs3 
f'er  function  is: 


TiS  +  1 

(t2S  +  1)'(t3S  +  1) 


0-- 

% 


(6.3) 


This  transfer  fvuiction  is  converted  to  differential  eq.uation  form  by  the  method 
outlined  in  Appendix  Five;  Transfer  Function  Number  (3)  of  Table  5*1*  Tlie 
solutions  of  the  following  first-order  differential  equations  for  Qr^  and  0j.p 
are  required  for  the  digital  simulation  of  the  pressure  loop  compensation  network. 


'tp  +  6^2^ 


^rg  '’'3  ®r2  Eq 


(6.k) 


The  output  of  the  compensation  network  is  calculated  by  summing  functions 
of  ©rq  and  O^-g 


1 

i 

f  Qr  = 

“ 

T2 

- 11 

eui  + 

rn  -  Ti 

! 

'^2 

-  T3 

T3  ^ 

- 

- 

(Co5) 


The  pitch  attitude  of  the  vehicle,  (6p)  with  respect  to  platform  coordin- 
ateo,  in  obtained  from  tne  ]rUitfor-i.i  svl'xuogram.  It  may  hi^  desirable  to  invest¬ 
igate  the  effect  of  drift  on  the  attitudo  censors,  'f.hn's  drift  may  be  simulated 
by  adding  Bqg  +  Bqyt  to  the  i)itch  attitude,  Op,  calculated  in  the  platform 
subprogram 


O’ 

P 


Bp5  +  Bj 


(6.6) 


A  qjitch  repeater  is  used  to  develop  an  electrical  oignal  proportional  to  the 
angular  displacement  of  the  pertinent  gimbals.  The  transfer  function  repre¬ 
senting  this  repeater  is  a  second-oi’der  system;  the  repeater  output  may  be 
obtained  by  solving  the  following  differeutlal  equation,  Transfer  Function 
Number  (l)  of  Table  5.1. 


?rier, 


W3 


+  9ni  -  ©r 


(6.7) 


The  pitch -attitude  command  generated  by  the  steering  functions  is  summed 
with  “0^.,  -9jj5,  and  0^  (Op  is  a  teraperafore  limiting  attitude  command,  see 
Section  6.3)  and  the  sum  is  multiplied  by  a  constant  gain  Kg.  For  switch  D 
in  iiit*  ci-uiacu  position 


(0’  +  -  ©r  -  QJK-q  »  Eg 


(6.8) 
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If  'W3ss\;^e'  control  la^not  feg.ulre“a  "dtirlng’  a  .ijiart '  .o^~ ~  ' 
opQri”ea“'for'  that"portion~ot"  tKe  fligHt  7  switoftTC  open"^"  t^'^summli^Ton  ~o? 

EoLuation  (6.7)  reduces  toj 

(9’  +  0T  -  OJKb  =  Eg  (6.9) 

The  limiter  may  be  represented  by  a  simple  logic  element.  If  Lp  is  the 


limiting  value, 

the  logical  questions  are: 

If 

1^2! 

<  i 

^1 

Then 

00 

=  Eg 

If 

I®?1 

>  1 

Lp 

1  Then 

00 

=  Li 

where  the  sign 

of  limit 

must 

;  correspond  to  the  sign 

of 

©0  • 

The  error  signal  depends  upon  the  position  of  the  switch  A.  If  switch 
A  Is  closed, 


(Qc  -  ^)Kc  =  E3  (6.11) 

and  if  switch  A  is  open,  the  signal  E3  is  simply 

-0#a  1^3 

(The  generation  of  the  attitude  rate,  is  discussed  in  Paragraph  6.1.5*) 


rne  signal  E3  is  modified  by  o  simple  lag  (or  lead)  network.  The  equations 
required  to  compute  the  outpui;  of  this  network  are  given  in  Appendix  Five, 
Transfer  Fund  ion  Number  (;’)• 


rg  E)|^  +  Ek^ 


(6.13) 


iili 


'fq  -  '^h 
'^5 


(6.14) 


The  output  of  the  lag  network  is  directed  to  the  notch  filter  v/hieh  may  be  used 
to  attenuate  a  certain  aui’oelustic  body-bending  frequency  band.  The  output  of 
this  filter  may  be  represented  by  the  difforentinl  oniiatinnc  of  Trnnsfpr  Eundion 
Number  (7)  Table  5-1 .  The  output,  E5,  is: 

E5  =  Ek  -  2Ei,^  +  2Ek.,  (6.15) 

where  El+g  and  EJi^  are  determined  from  the  solution  of  the  following  differential 
equal J  jns: 


n6  ^2  +  ®42  =  Ek  (6.16) 

ne  ^4,  +  Ek^  +  Ek^  =  Ek  (6.17) 
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6 . 1  -  Agimuth^Cwtool  Channel  -  The  eleraents  of  the  azimuth  cOntrQl  c^umel 

-  tu*e  ifteatiea-i  -te--^  of  the  pitch  cQntggl  v^th  'f^gTe; 

that  the  azimuth  chaiyiel  contains  no  pressure  control  loop*  The  ' 

presenting  the  azimuth  control  channel  are  analogous  to  Equations  (6.^  through 
(6.17)  and  are  presented  in  a  corresponding  order  helow. 


P.l! 


Repeater 


tp  =  Vp  +  +  Bi^t 

tn, 


jnn  _ 

w2  ^  Oil 


+  tm  -■=  4' • 


Outer  Loop  Summation 


i'il*  -I-  %<  -  t,«)%  -  E6 


Limiter 


If  |E6|  <  I  Loj  (i-  Cos  0)^.  =  Eg 

If  jEg|  >  |L2  I  (i  Cos  0)^  =  Lg 


inner  Loop  puimnacion 


["(’I/  Coo  -  ('!'  Cos  P)|j,l  ^F.  ~  Ej 

I  .  J 


Lap,  Network 


( -t  Cos  0),„  Kg  =  Ey 

r-j  Eq^  +  Eb^  -  Erj 

E. 

"^7 


Switch  A  Closed 
Switch  A  Open 


En  “  "^6  E7 


Ep 


Notch  ?hlter 


E9  "  E8  -  2E82  +  2E83 
Tl6  E82  +  E82  =  Eq 

^83  +  ^'^16  EO3  +  =  Eg 


(6.18) 

(6.19) 

(6.20) 

(6.21) 

(6.220.) 

(6.22b) 


(6.23) 


(6.24) 
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‘fhe  roll  attitude  of  tlie  roisBile  is- reauir-^^^to  r^.CilYe  tte 
of  angular  vfeloetty  to  pltdi  ,«jd'a,S^!vith  attitude  ra^ea.  -ffihe-JsOli-atitl’iasfe^ 
simulated  ty  the  platform  suhprogram  is  modified  to  indlude  a  hlaS  and'a'  " 

?^p  =  ^^p+Bl2+Bi3t  (6.25) 


This  modified  roll  attitude  is  convsrtsd  to  an  electrical  slgaal  by 
attitude  repeater  similar  to  the  repeaters  used  in  the  pitch  and  yaw  charwiels. 
The  output  of  the  repeater  is  determined  from  the  solution  of  the  following 
differential  equation. 


U2_2  u>  , 


=  d* 


(6.26) 


The  pitch  and  azimuth  servo  commands  E5  and  Eg  are  roll  resolved  to  obtain 
body  components  of  the  servo  commands. 


Bqc  =  E5  Cos  +  Eg  Sin  0^ 
&rc  =  E9  Cos  -  E5  Sin  0,, 


(6.27) 


6,1.5  Body  Angular  Rates  and  Acceleratior >  -  The  body  angular  rates, 
p,  q,  and  r,  sensed  by  the  three  body-mounted  rate  gyros,  are  calculated  in 
the  equations  of  motion.  A  bias  on  the  rate  gyros  will  be  included  by  adding 
a  constant  to  each  of  the  calculated  rates, 


F '  -  P  +  020 

q’  =  q  +  (6.28) 

r »  =  r  +  B22 

to  simulate  physical  imperfections  in  the  instrument.  If  the  effect  of  aero- 
elasticity  on  the  stability  of  the  control  system  is  to  be  investigated,  the 
additional  motion  of  a  rate  gyro  due  to  body  bending  is  computed  in  the  aero- 
clastic  modif icatisn  operation  and  summed  with  the  rigid-body  rates  calcialated 
in  Equation  (6.28)  to  simulate  the  total  signal  generated  by  the  body  rate 
gyros,  (q^,*  and  r,/) . 

If  switch  B  is  placed  in  the  closed  position,  an  additional  signal  is 
summed  with  qm*  nnd  This  signal  is  developed  from  the  output  of  two 

body-mounted  accelerometers  whose  sensitive  axes  are  aligned  with  the  y-  and 
z-body  axis.  The  y-  and  z-components  of  acceleration  may  be  obtained  from 
the  body  components  of  the  externally  applied  forces. 


(6.29) 

-  6z 
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where  Fj^aM  are  to4y'£GOte0lffiiits'  ■  suBima'fe-ioia^euf  -  tlaa~aaEb®^al],y__.^2jj,8'd 

forcea  and  the  weiight*  --3^:  o^'sa’fc  tBB  hsgs^srgia^b^' 4a .  -■ 

ins  the  tniie  “hoAv  n.nmnnnMhiiR  n-f  with  a  tran^^  "  ‘  :' 


ing  the  true  “body  compohehts  of  adhGlaration  with  a  i?rail^ef  “ft®^Oh^ 
describes  the  behavior  of  the  accelerometer.  The  error  -signal -Eio  is  then 
obtained  by  multiplying  the  accelerometer  output  by  the  constant  gain  Kp. 
The  differential  equations  arc 


ElO 


Ell 

(j022 


? igElO 


(6.30) 


•igEii 

(02 


■p. .  _  w_  o 

“  *u''  “y 


For  the 

switch  B  closed,  the 

input 

to  the  resolver  is: 

% 

~  %i 

- 

^m 

=  r  ^ 

+  '&Y1 

whereas 

if  switch  B  is  open: 

^ro 

= 

’’m 

=  r* 
^in 

(6.31a) 


(6.31h) 


The  resolutions  of  the  body  components  01”  inextial  rotation  to  ottitude 
rates  would  be  inccliHni'ied  in  the  actual  conirul  oyctem  by  0  roll  resolver 
and  is  simulated  by 


%.  '  Ini  ^XA  ~  ^tn  (^tn 

('jr  Cos  e)n,  =  Tn,  Cos  i  q^  Sin 


(6.32) 


These  attitude  ratesj  are  then  summed  with  command  signals  in  the  pitch 
and  azimuth  control  channels  described  in  Paragraphs  6.1,3  s^nd  6.1.4. 

6,1-6  Roll  Rate  ChanneJ.  -  The  rnlT -rate  command  generated  by  the  steer¬ 
ing  functions  subprogram  is  cumpared  with  the  ,■^e■ac;u^&d  roll  rate  ns  computed 
in  the  equath^ns  of  motion  and  biased  according  to  Fn_uation  (6.27).  A  time- 
varying  gain,  Kq,  is  developed  by  a  two-dimensional  curve-read  subroutine. 

The  error  signal,  Ei2>  4s  given  by 

Ei2  =  (Pc  -  p')Kg  (6.33) 
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JTli©  freg.uQricy  eharactsristics  of  Eia  taoatfied  "by  a  network  in  order 

to'lsprave  "the’  transient  respofise^^^'ffii  G3,®s4d  ^iShe -raib|!at^QiVtM.£^  „ _ 

work,  5pg,  is  given  ty  Transfer  Function  Number  C5)f  Tlbie  5-1,  as 

^pc  “  ^3  ^  ^3  ■  (6.3^) 

whei-e;  6pc^,  5pcg,  and  &pc^  are  determined  by  solving  the  following  differen¬ 
tial  equations, 

''13  Sci  =  ®12 

\k  ^pc2  ~  ^^2  (6.35) 

^15  Spe^  +  Spe^  =  ^12 
and  the  coefficients  arc  defined  as: 


A  =  (t13  -  tll)(Ti^  -  ip2) 

^  (^13  -  'ti)+)('fl3  “  '•^Ip) 

B3  =  (Tjti  -  tii)(Ti4  -  ri2) 

(^ll|  -  'ri3)(Tp),  -  ^li^) 

C3  -  (tl.,  -  -  Tr,;) 

(ti5  -  -  T-,;,)' 


(6.36) 


6.1.7  Control -Surface  Deflections  -  For  swiLch  C  in  the  closed  position, 
the  control -surface  commands  developed  in  the  pitch,  azimuth,  and  roll -rate 
channels  are  summed  to  prov'ide  the  control-deflection  commands  for  the  four 
surface  s . 


5lc  = 

*^qc  ■*■  ^pc 

= 

Or*r*  '*■  ^T»r» 

£■  - 

&o„  = 

jC 

-Bqp  +  Bp^, 

S4c  = 

-Spc  +  6pc 

(6.37) 


The  servo  response  will  be  represented  by  a  first-order  lag  network,  and 
the  actual  control-surface  deflections  are  given  by  the  solution  of  the  follow¬ 
ing  equations. 

^10  ^n  ^n  “  ^nc 


or 

^n  =  ” —  ^^nc  "  ^n) 
■'lO 


(6.38) 
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There  is  a.  limit,  os  the  rate. of  control -surface  deflection  due  to  the  physical 
limitations  of  the  .control-aupface.  .servo  sygte'fli. ' 
on  the  rate  of  control -surface  deflections,  effects  deierihsS'a^ve^xfflk^ 
he  simulated  hy  the  following  eg\iat ions. 


^  ^nc  "  ^nl  ■*■  ®l4n 

TIO  t-  J 


If  1 

!4.l 

< 

Ihl 

5'  = 

K 

If  1 

4| 

> 

43I 

5  •  == 

H 

(6.39) 


• 

where  the  sign  of  L3  corresponds  to  the  sign  of  8n.  The  integration  of  the 
four  deflection  rates  defined  in  Equation  (6.39)^  for  n  =  1,2, 3;4  is  performed 
for  each  of  the  four  conti'ol  surfaces.  These  computed  deflections  must  he 
limited,  since  the  actual  missile  control -surface  has  some  maximum  possible 
displacement,  Llj..  There  also  may  he  a  bias  on  the  control -surface  deflections 
due  to  mechanical  misalignment,  5jj  .  The  control-surface  deflections  are  given 
hy  the  following  equations.  ° 


A, 

G  •  .  J  +  6^^ 

If  !&;;!<  I H I  Sn  =  k  (s.^^) 

l&ui  >  im  ^  =  H. 


The  fom’  control  surface 
deflections  calculated  above 
must  he  resolved  into  tlie  three 
G.rfcctive  control  deflections 
Dq,  and  5j..  The  deflections 
cotnputed  above  are  defined  in  Lexmis 
of  their  position  with  rosjpect  to 
body  axes  as  shown  In  Figure  (6.2), 

The  positive  direction  of  o-ich 
surface  would  produce  a  rotational 
velocity  vector  into  the  miso.Lle. 

Surface 

3 

The  effective  rolling  moment 
deflection  is  the  average  of  the 
four  8's  computed  above. 

8p  =  (1/4)  (5]  +  82  +  63  +  &i|) 


I 


Control 

Surface 
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&(j  and  &!•  are  defined  as  positive 

rotations  about  axes  parallel  to  Figure  6.2  Control -Surface  Arrangement 

the  body  y  and  z  axes  respectively.  and  definition  of  Surface  Deflections 

Therefore,  from  Pig'.u-e  (6.2), 


8n  =  (83  -  &T )(l/2) 


6r  =  (8h  -  82) (1/2) 


6.1.8  ComButational  JEIow  Eii^.atB  -  O^e  egLU9,t ions  rfjpT'esigatihg  the  . t^laai 
control  system-  hive  Veen  denived-^  In  Paragraphs  V  Jl.3  .  throngV^l.if - 
the  chaimels  of  the  control  system  functional  diagram  (Pigure  C6»i-) )  •  .  SinoV 
the  indicated  numerical  operations  must  proceed  sequentially  in  the  digital 
computer,  the  same  equations  have  "been  arranged  in  a  chronological  order  in 
the  computational  flow  diagram  of  Figure  (6.3). 

6.2  Flight -Plan  I’rogrammer  -  A  flight -plan  programmer  subprogram  has 
■bsan  Incorporated  into  the  SDF  computer  program  which  allows  a  selection  of 
several  types  of  functions  for  trajectory  control  of  the  point -mass  reduced- 
degreen  -of  -freedom  options.  The  flight-plan  control  sequences  outlined  in 
this  section  permit  a  Eslection  of  6  control  options,  with  4  of  these  having 
a  selection  of  3  independent  variables  against  which  to  program  the  control 
functions.  Five  of  these  programmers  are  contained  in  one  subprogram;  the 
other  is  contained  in  an  alternate  subprogram  (Section  6.2,3). 

6.2,1  Flight -Plan  Programmer  Control  Commands  -  The  flight -plan  programmer, 
as  defined  for  the  SDF  computer  program,  is  the  means  by  which  the  trajectory 
is  controlled  for  the  point -mass  options.  Tliis  featiAre  of  the  point -mass 
problem  corresponds  to  the  steering  functions  for  an  autopilot  used  in  the 
options  which  permit  the  rotational  degrees  of  freedom.  Use  of  the  flight- 
plan  progrumtiier  is  restricted  to  the  point-mass  options  since  it  permits 
vehicle  motion  without  regard  to  rotational  inertia  (e.g.  absolute  specifica¬ 
tion  of  angi.e  of  attack  versus  Much  nunibei  or  time).  Since  there  are  several 
flight-pluii  methods  that  are  used  cxccnsively  during  preliminary  design  and 
development  of  a  particular*  vehicle,  a  number  of  control  methods  have  been 
selected  as  a  prei.lminary  library  of  flight -plan  programs  of  the  SDF  computer 
program.  As  such,  these  methods  of  control  are  available  at  the  option  of 
tlic  analyst  by  appropriate  specification  of  input  data.  The  fllcht-plans 
that  will  be  included  are: 

(1)  Programmed  lift  coefficient  Cl,  side-force  coefricient  Cy,  and 
di'ag  co-sfficient  Cn. 

(2)  Programmed  angle  of  attack  u,  and/or  angle  of  sideslip,  |3. 

(3)  Programmed  body-axes  attitude  angles  ^  and  0  (j.ccal  Eitler  tmgles), 
with  a  dj-namic  pressure  feed-back. 

(4)  Programmed  wind-axes  normal  load  factor,  n^  and  n^,  thrust 

Included. 

(5)  Programmed  flight-path  angle  7,  versus  altitude  h,  with  p  =  0. 

The  first  four  flight-plan  commands  will  be  curve-read  functions  of  the  Inde- 
pendent  variables  time  t,  Mach  number  Mu,  or  airspeed  V^.  Flight-plans  (l), 

(2) ,  and  (3)  represent  "exact”  flight-plan  control  commands  in  that  the  forces 
acting  upon  the  vehicle  are  dictated  by  the  programmed  control.  (Flight -plan 

(3)  has  a  feed-back  loop  but  is  considered  an  exact  flight-plan  control.) 
Flight-plans  (4)  and  (5)  approximate  the  action  of  an  autopilot  by  employing 
an  error  function  and  a  gain  to  alter  the  forces  acting  upon  the  body.  This 
results  in  a  trajectory  that  approximates  the  desired  trajectory  depending 
on  tk-c  form  of  +-he  command  terms  and  the  value  of  the  gain  factor  selected. 
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U^n4&j---h&#h)a4  -(SaMiticnS'  this  math6cL,.slll.  aim  a  raSlstle  ' 

cjotnnSdeS  values’ very  cl06e3.‘yi  -  A  yreli«laury'maly^s-abtaf4&ta 
performed  ,to  deter tuina  how  elosely  the  cdniputed' load  f actor g"! foiloti'' '■ 
commanded  values ’(Plight -p3.an  (4))  and  is  discussed  in  later  paragrajiiS  to- 
show  the  comparison.  This  method  is  considered  preferahle  to  an  iteration 
procedure  to  get  a  siinultariRous  convergence  of  several  quantities  since  it 
results  in  a  suhstantial  saving  of  machine  rvinning  time  to  solve  the  problem. 

6.2.2  Discussion  of  Selected  Flight-Plan  Se’quehces  -  Flow  diagrams  for 
the  5  flight-plan  control  programs  are  shown  in  Figure  (6,t).  Individual  ex-, 
planations  of  the  data  requix'ed  and  the  sequence  of  operations  are  given  below. 

Flight  Plan  (l)  Programmed  Lift,  Drag,  and  Side  Force  Coefficients  -  This 
flight-plan  is  the  simp3_est  considered  and  is  intended  for  use  with  gliding 
or  coasting  bodies  without  thrust.  The  data  required  for  this  control  program 
are  the  parameters  time,  Ma-ch  number,  or  airspeed,  one  of  which  will  be  used 
as  the  independent  variable  for  the  command  functions.  Also  required  is  the 
dynamic  pressure,  q*,  and  the  reference  area,  S.  The  technique  is  to  obtain 
CLc  Cy^,  and  frc":  linear  Vnt.erpolations  of  tabular  ].istlngs,  and  calculate 
the  forces  L,  Y,  and  D  by  multiplying  by  q*S.  The  problem  is  continued 
without  entrance  to  the  aerodynamic  data  subprogram.  A  contro.l  word  is  set 
up  hy  T.he  executive  program  such  that  when  this  flight-plan  program  is  used, 
the  aex’o  subprogram  will  be  bypassed.  Thic  control  method  may  be  used  rui’ 
obtaining  the  glide  trajectory  for  a  vohiclc,  the  decay  trajectory  of  a 
oatei.litc,  or  the  ro-entry  trajectory  of  a  ballistic  missile. 

Plight  Plan  (2)  Frograinmucl  Axigle  of  Attack  and  Sideslip  -  This  f  light - 
p.inn  i-j  similar  to  Plan  (l  )  above  -vlLh  the  oxcnpt.ion  that  the  attitude  of  the 
body,  with  respect  to  the  trajectory,  is  known  (i,o.  speeiricd).  Uuch 
k.novrt.edge  ■'i.llows  the  Inclusion  of  thrust  forces  and  a  flnteniiin.'ition  of  thrust 
components  parallel  and  normal  to  the  flight  path..  The  data  required  for  this 
control  mode  are  the  parameters  time,  Mach  number,  or  airspeed  against  which 
the  command  functions  of  angle  of  attack,  and  sideslip,  p^,  are  programmed. 
The  commands  Oc  had  ^he  introduced  an  tabular  listings  of  the  desired 
parai.neter .  With  o'c  '''ad  given  the  problem  is  continued  in  the  normal  manner, 

'ra-i  aer c-dyr.amic  forces  are  computed  in  the  aerodynamic  subprogram  and  the 
motion  is  then  determined  on  the  basis  of  these  forces.  This  fliglxt-plan 
programmer  may  be  used  for  the  ballistic  trajectory  by  pi'ogramming  Oq  and 
B-  equal  to  zero.  This  is  done  automatically  within  the  flight-plan  programmer 
svibprogram  initialization  subroutine  such  that  if  using  the  point -mass  option 
with  no  flight  programmer  specified,  it  implis'?  that  Oc  and  Pc  are  zero,  or 
that  the  trajectory  is  ballistic.  A  particular  lift-to-drag  ratio  may  be 
followed  by  programming  the  appropriate  ang.le  of  attack  and/or  sideslip. 

Flight  Plan  (3)  Programmed  Body-Axis  Attitude  Angles,  t  and  9,  With 
Dynamic-Pressure  Feed-Back  -  This  flight -plan  program  provides  feedbacir  ioop 
control  which  is  especially  usef\il  in  the  analysis  of  cerLain  boost -phase 
trajectories  and  hypervelocity  glide  trajectories.  This  control  is  accom- 
Xjlished  by  modifying  the  attitude  command  according  to  the  difference  between 
bhe  computed  and  desired  dynamic  pressure  corrected  for  planet  rotation  effect. 
Tile  desired  dynamic  pressure  is  specified  in  terms  of  the  desired  altitude - 
velocity  profile.  In  the  case  of  glide  trajectories,  the  feedback  loop  provides 
a  method  of  controlling  the  skips  wbinh  occiir  if  the  correct  flight-path  angle 
is  not  selected  at  the  start  of  the  computation. 
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FIGURE  6.4,  SIX-DEGREE-OF-FREEDOM  FLIGH I  -PATH  STUDY 
FLIGHT  PROGRAMMER  SUBPROGRAM  CONTROL  FUNCTIONS 
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The  following  quantities  must  he  computed  prior  to  beginning  the  flight- 
plan  pi’ogrammer  calculations:  altitude,  h,  dynamic  press-'ore,  q*,  inertial 
velocity,  V,  radius  from  the  center  of  the  planet,  R,  local  radial  gravita¬ 
tional  attraction,  gz,,  horizontal  and  vertical  flight -path  angle  a  and  7, 

6ind  time,  airspeed,  or  Mach  number,  whichever  is  to  be  considered  the  inde¬ 
pendent  variable  for  the  body-attitude  angles,  and  9.  The  body-attitude 
angles  for  the  specified  maneuver  and  the  velocity-altitude  profile  dcoircd  fc 
a  non-rotating  planet  condition  are  introduced  as  tabular  listings.  The  com¬ 
putation  proceeds  as  follows:  From  the  commanded  altitude,  h^j  the  density, 
p-,  ia  determined  from  the  atmosphere  subprogram.  This  altitude  and  density 
are  the  desired  quantities  the  vehicle  should  have  at  the  computed  airspeed 
if  no  planet  rotation  existed,  (i.e.,  the  centrifugal  relieving  effect  being 
computed  using  airspeed,  Va,  which  is  also  the  inertial  speed,  V,  under  these 
conditions).  Planet  rotation  changes  the  situation,  making  the  airspeed 
greater  or  less  than  the  inertial  speed  (depending  on  the  azimuth  direction) 
with  Vo  in  general  being  greater  than  V  when  the  vehicle  is  moving  against 
the  planet  rotation  (westward  in  the  case  of  the  Earth).  The  method  used  to 
correct  this  is  as  follows: 


Assume  that  equilibrium  flight  existed  over  a  non-rotating  planet.  Then 

1-^1  (S.Hi) 

0 


Cl  1/2  Pc  =  Wt 


For  the  same  airspeed,  and  assuming  the  same  Cl  is  wanted,  the  condition 
existing  if  t’-^e  planet  were  rotating  would  be, 

r 


Cl  1/2  Pc;[_  ^ 


1  - 


szg  R 


(6.1^2) 


Solving  the  above  equations  'or  Pci;  which  is  the  desired  density  in  terms  of 
the  commanded  density  Pc  obtained  irora  the  versus  Vo  curve,  results  in. 


Pc2_  ~  Pc 


SZ.fr  R  -  V" 

Sz„  R  - 


1,0.43; 


The  coiiimaridod  dyinamic  pressure  is  therefore 


Ic*  =  1/2  Pc,  '4^ 


(6.I1I1) 


uid  Ir,  used  to  revise  the  pitch  attitude  by 


AO^. 


(q-x-  -  q^.  x  ) 


(6.45); 


; !:i::iaruU,'d.  mI, t,  i;:  i  lvu!  inod  ified  bv 


9^,  +  A9c 


/ 

1,0, 


i.g'', 


6.):: 


Best  Available  Copy 
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The  value  of  the  gain  eoeff !3mpiM'5aill^ifff^aaag 
to  the  ebnfiguration  being  considered}  however  j  studleB  oh 

have  indicated  a  value  of  0.02  degrees  per  unit  is  of -the  COTraet  .MSf,  ^ 
of  magnitude.  The  vertical  flight -path  angle  is  resolved  to  the  pitch  plane 
of  the  vehicle  by 


Tan  y 


7»  =  Cos  (-tc  -!■  a) 

from  which  the  aerodynamic  angle  of  attack  is  computed  as 

a  =  Oci  -  7’  (6.48) 

The  angle  of  sideslip,  p,  is  computed  from  the  same  resolution  as  above  by 


Tan  p  = 


Cos  y  Sin  ( -jp  +  g) 


Cos  7  Cos  Cob  ( +  cr)  +  Sin  y  Sin  0^^ 


(6.49) 


With  the  aerodynamic  angJ.es,  a  and  p,  known,  the  aerodynamic  forces  are  com¬ 
puted  in  the  normal  manner  and  used  in  the  solution  of  the  equations  of  motion. 

If  it  is  desired  to  eliminate  the  feedback  control,  the  value  of  Cq*  is 
syecifiod  us  zero.  The  cnrreotecl  pitch  attitude,  Boi  >  Include  an 

attitude  correction  based  upon  the  equilibrium  stagnation  temperature  or 
thin-skin  temperature  computed  by  the  teniiJerai.u.i.c  munitoring  sv’.bprc'g’'am^ 

Ccction  6.3.  A  great-circle  trajectory  which  is  unaffected  by  lateral  aero¬ 
dynamic.  fur  CCS  may  be  computed  by  making  =  a. 

Fll;;ht-riuu  (4)  l‘rsgra::!aod  Wind -Axes  Wormal  Load  Factors,  ny  and  Tig,  With 
Thrust  Included  -  The  data  required  from  the  preceding  part  of  the  program 
are  the  parameters,  time,  Mach  number,  or  airspeed,  against  wiiich  the  commanded 
vertical  wind-axe.=  normal  load  factors,  ny^  and  noc,  are  programmed,  aud  the 
computed  values  of  n^,  nn,  lift  L,  and  side  force  Y.  The  thrust  x  uud  ma&s 
are  also  required.  The  analyst  will  also  specify  the.  ”.pper  and  lower  limits 
which  will  be  allowed  for  angle  of  attack  and  sideslip.  To  start  the  program, 
initial  values  of  a  and  p  will  be  specified  which  are  compatible  with  the 
initial  and  nc,,  commanded.  The  load  factors  are  introduced  as  a  tabular 
Listing  versus  the  parameters  time,  Mach  number,  or  airspeed.  The  Cq  and 
Cp  gains  are  computed  using  the  equations  specified,  which  are  derived  as 
follovfs:  The  wind-axes  normal  load  factor,  ny,  is  defined  as 


Uy 


L  +  T  Sin  a  ^  a  q^S  +  T  Sin  a 

gref  gref 


The  derivative  of  n^  with  respect  to  cc  is 


dg 


q*S  T 

'/f.  Cref  Sref 


Cos  a 


(6.50) 


(6.51) 
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Assume  that  can  he  ejqjressed  as 


Then 


=  a 


dn;-y  ^  Ql  q*3  T 

Sref  ®  Sr>ef 


Cos  a 


»t  &ret  a 


T 


Sref 


Cos  a 


The  gain  factor  Cq  is  therefore  or 

da 


'U 


T-h  Sref 

i  +  T  Cos  Ct 
a 


Using  a  similar  technique  for  Cp 

-tr  Cref 


C. 


+  T  Cos  p 


P 


(6.52) 


(6.53) 


(6.54) 


(6.55) 


The  oorrecticiis  to  Lhe  angle  of  attack  and  sideslip,  Aa  and  Ap,  are  computed 
using  the  go  Ins  Ciy  and  Cn  multiplied  by  the  difference  between  n^^,  and  n^, 
and  no^,  and  n(j,  respectively. 

This  teoh.nlni.Kj  i->r  rnrit ■■•’ol  dins  been  investi  gated  ns  to  the  stabildty  of 
the  solvition  onfl  the  aeciirncy  with  which  thn  connranded  loud  factor-  la  followed. 
The  resalts(l)  are  shora  in  figure  (6.5);  for  two  typical  command  functions. 
Considering  the  fact  that  one-second  time  increment  was  taken  as  the  computa¬ 
tion  interval,  the  i’esults  are  considered  in  good  agreement  with  the  commanded 
values.  The  advantage  of  this  method  of  control,  compared  to  the  normal 
iterative  sclution,  Is  the  reduction  in  computing  time  required  since  every 
cycle  through  the  computation  advanced  the  vehicle  along  the  trajectory. 


(1)  !i:t  should  be  noted  that  this  investigation  was  rvjn  on  a  supplementary 
program  with  ty-Dical  inertia  and  aerodynamic  characteristics  of  an  airframe. 
V^ery  large  time  iiicremenls  were  used  Lu  l.esl  the  stability  of  the  solution. 
Results  of  actual  computations  using  the  SDF  computer  program  shovJ.0  be  greatly 
improved  over  those  shown. 
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FIGURE  6.5,  FLIGHT  PLAN  (4)  PROGRAMMED  WIND-AXIS  NORMAL  LOAD  FACTOR 


Versus 


^  5M:  5iiata  xegutKel.‘fi;o4Kme  ;.' 

ai*4 ';s£l:bl;buaSv' teas , “tkrust.,  lift,  aad  iJastaatan^us r-val^e ' ■ " 
vertical  flight-path  angle  and  its  time  derivative*  Also  regUtfed  foP  this 
program  are  the  upper  and  lower  limits  which  the  angle  of  attack  may  have. 

To  start  the  program  an  initial  angle  of  attack  «  will  be  specified  which  is 
compatibleCl)  with  the  7q  versus  h  profile  desired.  A  tabular  listing  of 
the  7c  versus  h  profile  desired  is  the  command  input.  The  problem  is  to  find 
the  angle  of  attack  which  will  provide  the  necessary  forces  to  follow  the 
commanded  flight-path  angle  at  the  altitude  computed.  From  the  relation 


>-ii  Vg  -^  =  T  Sin  a  +  a  -  «(  gref  Cos  7 


the  expression 


^  _  T  Sin  a  +  Lq  a  -  7)1  gref  Cos  7 


(6.56) 


is  obtained.  Differentiating  with  respect  to  the  angle  of  attack  gives 


^  _  T  Cos  a  +  Lq 
da'  V- 


(6.57) 


and  Idle  change  in  angle  of  attack  required  to  correct  for  an  error  in  commanded 
flii;ht-path  angle  rate  of  change  is 


r-.;  V. 


^«7  =  T  Cos  a ■+"ir^  -  7) 


(6.58) 


Changes  in  flight -path  angle  'Te  produeed  t'y  I’.lmewiRe  application  of  flight- 
path  angle  rates  according  to  i.he  relation 


d7  =  7  dt 


Therefore 


|2  =  42  dt 

da  da 


(6.59) 


and  substituting  Lhe  expression  previously  obtained  for  d7/da  gives  the  result 


T  Cos  g  +  Lg 

ni  Vg 


(6.60) 


(1)  Actually  any  initial  a  will  suffice,  however,  the  nearer  to  that 

i-»  *^4-1 1  <3  1  lar  r>vo  1  +  Vic  no  c?  11  I  1*  T  nrf  -Pl  ^  crVll’  7^0  +  h  Will  1  nW  "h  'ha  + 

^  \jk  nix^^x^  X^AXM\,Xf^j  VA4W  .h  ..r  VM.  W  A  ^ — - -  -  - - 

commanded  since  this  is  an  approximation  program. 
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Therefore  the. change  ,in  flight-path  angle  for  a  gjyen  Ih-ii: 

■  ls^p:ri^pta'SMft^£ytg^saiBg7;fafto;^ag?-4h9^tltT^^ 


r--w_-.«"asK5<^Sk»  ■ 


*“7  -(-^-aVt"-)  <^c.  -  ?> 


(6.61) 


The  total  change  In  angle  of  attack  may  be  obtainecl  by 


L")  [  B  (7c  -  7)  +  ( 


Aa  =  I 

’.•'here  g  is  a  gain  factor  on  the  time  rate  of  change. 


7c  -  7) 


(6.62) 


The  new  angle  of  attack  loay  be  computed  from  a  knowledge  of  the  existing  angle 
of  attack  and  the  Increment  Aa  defined  above.  An  investigation  in  which  the 
characteristics  of  an  airframe  were  axjproximated  has  been  made  anc  the  results 
are  presented  in  Figure  (6.6)  which  shows  the  solution  using  the  above  feed¬ 
back  correctioris  to  be  stable  and  to  approximate  closely  the  desired  flight- 
path  angle. 


6.2,3  Flight  Plan  Fro-;-; ramiiic r  10  -  rro:';ran:mod  Torgir tng  Corii.Mauds  to  Pitch 
Rate  Oyro  with  Drift  and  Bias  -  Flight  Finn  Programmer  10  is  an  alternate 
subprogram  which  permits  the  calculation  of  dispersion  associated  with  gyre 
f'”rn'T,  and  winds  for  vehicles  employing  three  single-axis,  rate  integrating 
gyros  as  the  basic  atbituOu  reforciicu.  This  flight  plan  progr'-Uiinii.M'  v.vls 
doclgned  for  Liie  execution  of  a  dispersion  an.alycic  of  '•  boost  snd  i  dr> 
misoiou.  The  pitch  uttil.ude-  of  tiic:  vehicle  durln.g  boost  is  specified  by  a 
stored  gyro  torgue  program;  the  pitch  rate  integrating  gyro  is  deleted  durin.g 
the  glide  phase.  Yaw  and  roll  torque  prograniB  which  nominally  maintain 
sideslip  and  bank  angle  zero  are  simulated.  This  flL(3ht  plan  prograirmyjr 
develops  the  .angle  of  attack,  arigi.e  of  sideslip  and  bank  ang].e  associated 
with  non-noniinal  winds  and  errors  in  the  rate  integrating  gyros. 


In  developing  the  flight  plan  programmer,  the  following  basic  assumptions 
v/ex’e  made . 

a.  The  vehicle  follov.'s  the  rate  int.egrating'  gyro  error  signal  ii-.incdiatcl; 
This  implies  a  perfect  control  system  and  a  vehicle  with  no  mo’.iient  of 
inertia. 

b.  The  instrument  erx'C'rs  and  winds  wrsich  introduce  changes  in  the  angle 
of  attack,  angle  of  sideslip,  and  bank  angle  are  small  so  that  the 
total  angular  change  is  the  sum  of  the  effects  of  the  individual 
perturbing  errors. 

c.  Hie  xz.  body  plane  coincides  with  local  vertical  plan.?  r.r\d.  contains 
the  relative  wind  velocity  vector  dui'lng  the  nominal  (no  errors) 
flight. 
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FIGURE  6.6,  FLIGHT  PLAN  (5)  -  PROGRAMMED  FLIGHT-PATH  ANGLE 


/if  tna  vehicle- - - -  - - - - .  „ 

..thefeh?  restrained  from  reaehlng  a  trim  ccjndd^y.en/';SiiS-  __ 

of  attack  and  sideslip  can  he  aBcertained.  An  e::^ession  f0:^%he 
attack,  a,  and  the  angle  of  sideslip,  1®  obtained  heldif. 


In  Figure  6.7,  o  and  7  are  the  flight  path  angles  relative  to  the  unper¬ 
turbed  wind  coordinates  x/-Ya-Za*  The  angles  OA  and  TA  define  the  airspeed 
vector  and  the  perturbed  wind  coordinates  XaYaZa«  Applying  the  law  of  sines  to 
triangle  x^-Zg-M  gives  an  expression  for  the  angle  of  sideslip  due  to  winds. 

sin  (oA  -  q)  _  sin  d  (6.63) 

sin  Pw  cos  6 


Tiie  angle  d  can  be  expressed  in  terms  of  known  parameters  by  applying  the  law 
of  cosines. 


cos  d  =  -sin  (ca  -  a)  sin  © 

The  feasibility  of  utilizing  the  approximation  sin  d  =  1  in  equation  (6.63) 
will  be  investigated  by  determining  the  maximum  value  of  iTA  -  f>’  which  causes 
sin  d  to  differ  from  unity  by  one  percent.  The  value  of  cos  d  (.139)  which 
coi'i'esponds  to  sin  d  =  .gP  is  inserted  in  the  above  equation  with  sin  Q  at 
its  maximum  value  of  unity.  The  resiilts  indicate  that  a  oa  -  a  of  eight 
degrees  or  less  will  introduce  an  error  cf  one  percent  or  less  in  Equation 
6.63. 


Applying  this  approximation  to  Equation  6.63,  the  following  expression  for 
Pw  ic  obtained. 

by  =  Sln"^  f  Cos  9  Sin  (n^  -  o) ]  (6.6U) 

The  angle  of  atiiack  can  be  determined  by  applying  the  law  of  sines  to  the 
spherical  triangle  yy-XA-A 

Sin  y*  _  Sin  f 
Sin  7a  Cob  (cta  -  o) 

Utilizing  the  approximation  sin  i‘  =  unity  and  solving  for  7*  in  the  above 
equation  gives  the  following  result. 


7’ 


sin"^ 


Sin  7A 
Cos  -  a) 


(6.65) 


The  angle  of  attack  is  obtained  by  subtracting  7’  from  the  pitch  attitude  9 
specified  by  the  control  system.-  Thus 

a  =  9  -  Sin'l  r  - rl  (6.6( 

L  Cos  Ua  -  a;  J 

When  tnp  pitch -rate -integrating  gyro  is  deleted  from  the  control  system  (at  end 
of  boost),  the  angle  of  attack  is  assumed  to  equal  its  trim  value,  modified  to 


124 


-dj3ujluae--aay  dasd.atlQng^.feaiJits  §;^stiia.  :£fas  .Bgrotoal  trim  aagl^^-  - . .. 

is  Inif j3:dus^  5 

:(I«E£BQ2)  .  Peviatloift"ln3f|#’'?^#e  »i*e  "  \ 

Kb6  ^otn  its  nominal  value  of  phe-wliejfe  '  ■ 

a  =  K26  0^  (6»67) 

The  pitch  attitude  is  obtained  by  solving  for  0  in  Equation  {6,66). 

Pitch  Ratc-InteftratlniX  Gyro  -  The  pitch  attitude  of  .the  vehicle  is  eoh- 
trolled.  by  torqulng  the  pitch  rate  integrating  gjTO  at  some  prescribed  rate, 
qc*  The  pitch  attitude  eri’or  is  given  by: 


®E 


(  (tic  -  4)  dt 


However,  in  this  program,  it  is  assumed  that  the  above  error  is  corrected  in¬ 
stantaneously  by  the  control  system.  Therefore,  the  pitch  attitude  at  any  time 
may  he  written  as 


Q 


®initial  ’ 


q,.  dt 


(6.68) 


where  ij,y  ic  ^  t'>ble  (I’TABOl)  of  filtch  rate  coiinnands  as  a  function  of  time. 
Errors  in  the  pitch  program  and/or  errors  in  the  rate  integt-nLLug  gyi.'o  are 
Introduced  by  including  error  couslauts  in  Equation  (6.68)  as  shown  hplnw. 


G 


-inttial 


V'.,T  11  „  Ot  4 


4  K^);  I  K25  t  +  K22 


RNTP 

RETP 


(6.69) 


where  K.21 

K22 

K24 

K25 

Ko"! 

RNTP" 

IrntpI' 


torque  constant,  nominal  value  of  one 
pitch  gyro  bias,  degrees 
er.ror  in  initial  pitch  alignment,  degrees 
.pitch  gyro  drift  rate,  degrees /second 
one  half  pitch  dead-hand  width,  degrees 

direction  of  pei’turbing  x-^-^tcli  force  due  to  misalignment  of  thrust 
and/or  asymmetric  aerodynamics 


Yaw  Rate -Integrating  Gyro  -  The  yav/  rate  integrating  gyro  errors  will  cause 
a  rotation  of  the  vehicle  about  the  body  z  axis  and  thus  introduce  a  sideslip 
angle.  The  resultant  force  acting  on  the  vehicle  will  alter  the  direction  of 
the  velocity  vector  so  as  to  reduce  this  sideslip  angle.  The  geometry  involved 
is  presented  in  Figure  6.7.  The  nominal  orientation  of  the  body  axis  is 
^nYn^nl  nominal  velocity  vector.  The  azimuth  angle  between  the 

Xn^n  plEwie  and  the  local  geocentric  system  (^^g^gZig)  is  the  iioniinal  azimuthal 
vehicle  attitude,  i^q.  An  eri*or  in  the  yaw  rate  integrating  gyro  introduces 
a  rotation,  about  the  body  z  axis  as  defined  below. 

C  =  i<ll  +  %7  +  Ki2  -t  -I  (RHTY/j  RNTYI,  )  (6.70) 
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whers 

Ki7 

Ki2 
■Ki8 
KNOT 
jRNWl 

The  contribution  to  ^  aasociated  with  iDjparfect  zero  torquing  of  the  gyro 
required  to  tnaiiita;Ln  zero  angle  of  sideslip  Is  neglected.  This  contribution 
can  be  approximate  cl  ns  an  equivalent  gyro  drift. 

The  cha,nge  in  aza.muth  flight  path  angle  associated  with  vehicle  lateral  maneuver¬ 
ing  reduces  the  result. ing  angle  of  sideslip  by  6,  that  is 

p.  =  &  -  !;  (6.71) 

where  I  can  be  obtained  as  follows  from  the  geometry  of  Figure  6.8.  By  apply¬ 
ing  the  lave  of  sines  to  the  spherical  triangle  Zg-M-xn  one  obtains 

Sin  g _ =  Cos  Q 

Sin  (a  -  Sin  d 

Again  for  small  the  sin  of  d  is  .apiiroximately  unity  os  shown  In  the  dls-- 
cusslon  of  the  effect  of  sinds.  Tlie  above  expression  then  simplifies  to 

Sin  I.  =  Cos  9  Sin  (ct  -  ilr„)  (6.72) 

where  '[fy  is  tabulated  versus  time  and  is  equal  to  a  of  the  nominal  trajectory. 

Roll  Rate-Intggrabing  Gyro  -  A  similar  investigation  of  the  lateral  dis¬ 
placements  clue  to  the  roll  rate  integrating  gyro  errors  is  presented  below. 


=  yaw  gyx'D  bias,  dsgraes 

=  erjeor  ih.  initiei  y^P^igMijitj  i _ :  1  . 

=  yaw  .  ,  .  i,  , 

=  one  half  yav;  daad-band  wM4h,  '  degree  B 

direction  of  perturbing  yaw  force  due  to  mieeilignment  of  thrust 
and/or  asymmetric  aex’odynamics 


The  roll  angle  is  developed  from  the  expression: 

yi  =  K13  +  K19  +  Ki4  t  +  K20  (RNTlVlRNTIiO  (6.73) 


where 


13 

K19 


Ki  i] 

K20 


RNTR 

iRNra) 


roll  gyro  biaS;  degrees 
error  in  initial  roll  aiignment,  degrees 
roll  gyro  drift  rate,  degrees /second 
one  half  roll  dead-hand  width,  degrees 

direction  of  perturbing  roll  force  due  to  misalignment  of  thrust 
and/or  asymmetric  aerodynamics 


The  contribution  to  p  associated  with  imperfect  zero  torquing  of  the  gyro  re¬ 
quired  to  maintain  zero  angle  of  sideslip  and  bank  angle  is  neglected.  'Hheae 
contributions  can  bo  approximated  as  an  equivalent  gyro  drift.  The  roll  angle 
arising  from  the  roll  gyro  error  will  in  general  introduce  a  bank  angle  Ba  and 
a  sideslip  Pp.  The  geometry  involved  is  given  in  Fig’ure  6.9.  The  velocity 
Xa  is  located  in  an  arbitrary  position  to  simulate  lateral  departures  from 
nominal  which  have  previously  accrued.  Tne  banlc  ongle  can  be  expressed  in 
terms  of  the  angles  b  and  c  as  follows; 


Ba  =  c  -  b 


(6.7'0 
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5}isi  ,^gle  c  may  be  determined  by  using  the 

Sin  c  _  Sin  (g  -  \lfo) 

Cos  9  ”  Sin  Or 


law  of  sines  on  the  spherical  triangle 

-If) 


In  order  to  specify  the  correct  Quadrant  of  the  angle  q,  the  tangent  of  c  is 
also  req.uired.  The  cosine  of  c  is  needed  and  Is: 


^  -Sin  0  +  Cos  ax  Sin  y 

Sin  Oqi  Cos  y 

Dividing  (o.??)  hy  {6."f6),  the  desired  tangent  runction  is  obLaiued. 

Sin  (a  -  'J'r,)  Cos  0  Cofj  7 

Tan  c  . . . 

-Sin  0  +  Cos  Oi^i  Sin  y 


(6.76) 


(6.77) 


The  angle  b  i  s  found  in  a  similui-  itiaiiner  froii;  triangle  Z^X^Xjj 


Sin  b  -  Cos  a  Sin  (a  i-  <^} 
Cos  b  ~  -Sin  u/Sin  ax 


'i'an  b  =  (m  ir  f)  Cos  a  Sin  aj.' 

-Sill  a 


(6.78) 

(6.79) 


(6.80) 


'Ctu;  aufO.e  »  is  needc'T  J  a  (6.30)  and  again  the;  tangent  .I'miction  must  be  used. 

The  a.ino  .-.ni;  cosine  of.‘  ■\  a.rc  reqairv.-d  a.nd  are  detei’inincd  froi.'i  britnigle  "‘•s: 


Cos  a 


-Sin  7  +  Cos  Kt  Sin  9 
Sin  CiT  Cos  0 


(6.01) 


ulu  (1 


Cos  7  Sin  (o  -  It'D) 
Gin  ax 


Dividing  (6.82)  by  (6.8l),  the  tangent  of  a  is  obtained. 


(6.82) 


Tan  a 


Cos  7  Sin  (n  -  t1/„)  Cos  0 
-Sin  7  +  Cos  ax  Sin  9 


(6 


6.^3) 


When  the  total  angle  of  attack  is  zero,  angle  a  is  undefi.ned  and  the  bank  angle 
equals  the  roll  angle,  ^/fhen  this  occurs,  the  computation  sequence  is  directed 
to  bypass  the  bank  angle  computations  presented  above,  and  the  bank  angle  is 
set  equal  to  the  roll  angle. 

The  angle  of  sideslip  associated  with  vehicle  roll  is  determined  from 
triangle  Xa-M-x^. 
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The  angle  d  is  again  assumed  to  'be  90‘^.  Using  this  app^oxlffiation,  the 
expression  for  pp  Is: 

Sin  Pp  =  Siii  osp  Sin  b  (6.8t) 

The  total  angle  of  sideslip  due  to  winds,  as  well  as  the  roll  and  yaw  gyro 
errors,  is: 

P  ==  Pw  +  Pr  +  ^  (6.85) 

Tiiis  completes  the  development  of  "he  fligriu  p.Lfni  pre\'„rann)er  wnich  proviLaes 
expressions  for  angle -of -attack,  angle  of  sideslip  and  hsnk  angle  which  are 
associated  with  specified  winds  and  instrument  errors.  A  furictlonal  flow 
diagram  of  the  flight  plan  programmer  is  shown  In  Figiu’e  6.iCi 

6.3  Structural  Temperature  Limiting  -  A  subprogram  is  formulated  which 
will  override  or  modify  .the  commanded  functions  from  an  autopilot  or  f. light - 
plan  programmer  according  to  computed  structural  temperatures  and  thus  alber 
the  trajectory  to  rc].iovo  the  aerodynamic  heating.  The  temperature  control 
function  is  of  the  form:- 


Total  command  -  pi-ogramined  command  IcorruDund  corrections  due  to  temp¬ 


erature  +  Scommand  corrections  due  to  temperature  time  rate  of  change. 


The  coiniiKUid  parameters  may  be  any  term  that  can  bo  ccjtitrolled  by  either  the 
autopilot  or  ti Lghn -plan  programmer,  but  must  have  tb'."  ca n!i.hi.].,Lty  ttj  inei'e.i-,!-; 
tor  a.eri'ij.'i.'.u;.;  tho  a.ltiiauh:,  i.,Luii(,e  the  attitude,  to  Joceicra  to  vali'cl/', 

Gevura.L  tHinperatures  may  he  used,  each  contributing  its  effect  to  change  the 
ira/iecluify  and  relieve  the  local  heating.  Since  the  tra.jector.v  change  to 
provide  a  relief  of  the  tetapcratiu-e  at  one  local  point  may,  in  many  Instanccfj, 
ngg.ro, vatc  the  tcmperatiri'c  at  soii.t;  other  poiiit,  the  tm  j.r.ctory  obtained  wit}i 
the  temperature  limit  functions  will  represent  a  compromise  between  tho 
•apvrpral  contfolilng  tenmeratures  used. 


6.3.1  Temperature  Limiting  Problem  Foriiiulnt J.ori  -  The  method  for  accom- 
plidh-Lug  a  tempei'.'itvu'e  limiting  control,  while  computing  the  trajectory,  Is  to 
modify  the  command  fiuictiona  generated  hy  the  autopilot  or  flight -plan  pro- 
gnumiier  by  incx’CKiental  cuumiQnds  which  are  functions  of  a  tciiiperature,  or  its 
time  derivative.  Assuming  tliat  pitch  •'.i.l  tj  l.ude  is  tlie  flight  pa.raineter  to 
be  controlled,  a  typical  block,  diagram  of  the  flight -plan  programmer  (oi' 
steering  ftmetions  for  an  autopilot)  may  be  as  shown  on  the  following 
page ; 
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FUNCTIONAL  FLOW  DiAORAM 
FLIGHT  PLAN  PROGRAMMER  10 


Fiffure  6.1.1  Typi.cal  Steering  Command 
Function  Modified  by  Dynamic  Pressure 
E.rror  and  Gtructioral  Heutinti  Limit  Feedback 


II.  c'Cj  the  rod  aroGroi.;  of  0  vcrs’us  time  is  modified  by  an  crru.r  in  dynai.ric 
pressure  .and  a  temperature  iimitln"  ion  v.'hicli  is  the  subject  of  the  present 

analysis.  The  temperature  limiting  subi)ro,"rniTi  is,  therefore,  a  feedbac':  loop 
which  overrides  a  pro(jrainiTied  command  function.  The  c;''T.j.n  factors  Ci(Tt;),  Cp(Tj,), 
Ci(Tyj,  and  C2(Te)  are  empirical  functions  of  the  structural  or  aq.uilibriuni 
stn;.;nation  teinpcrati.ure  vrhich  increase  in  ma.^nitude  as  the  limit! temnor.sture 
is  .-.ipproached.  The  values  of  the  factors  arc  selected  so  that  the  totnp- 

erature -limiting  subprogram  exercises  no  control  wnen  the  temperatures  are 
not  critical  but  completely  overrides  the  basic  pitch -attitude  command,  together 
with  the  corrections  due  to  errors  in  dynamic  pressure,  when  the  ternperatui’es 
arc  close  to  the  limit.  Tlie  total  pitch-attitude  command  is  given  by 


3^1  +  -  ®ci  +  (q*  -  qc^)  +  Ci(T„)  Tg 


+  CoCTs)  T^  +  Ci(Te)  Te  +  C2(Tg)  T^  (6.86) 

For  the  example  case,  it  is  assumed  that  0  must  be  reduced  to  lower  the 
structural  temperature,  T^.  It  is  further  assumed  that  increasing  0  to  get 
the  missile  to  a  higher  altitude  will  reduce  the  stagnation -point  temperature, 

m 
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gain  raotcat‘B  are  intxoaucefi  intQ  tasi  ^rograe  as  tab’alay-'lis'btog^Qi’'"- 
temperature.  'Hae  form  and  ma^iitude  of 'tlsasB  gain  factors  -be:  -COMijdgred  -  -  '  ■ 

in  i’ne  discussion  of  an  example  problem,  P&ragMph  S.3*2.  33®. 
and  their  time  derivatives,  used. as  iatelligance  for  the  temperature' iiniitins 
loop  are  computed  in  the  temperature  monitoring  subprogram  which  is  described 
in  Section  7. 

The  control  quantities  which  can  be  modified  by  the  temperature  limiting 
subprogram  may  be  any  parameter  which,  when  altered  by  the  flight -pl^  programmer 
or  the  autopilot,  will  change  the  trajectory  to  relieve  the  temperatures,  typ- 
i cnl  command  parameters  may  be 

(a)  Angle  of  Attack,  a 

(b)  Lift  Coefficient,  Cl 

(g)  Aerodynamic  Roll  Angle,  0A 

(d)  Pitch  Control -Surface  Deflection,  5^ 

as  well  as  the  ijltch  attitude  examp?-e  used  in  the  explanation  above.  The  value 
and  form  of  the  gain  factor  functions  selected  will  depend  upon  the  parameter 
which  they  are  modifying  and,  mitii  more  experience  is  gnii.ed  with  this  type;  of 
control,  will  have  Lo  be  determined  expierimentally.  It  should  be  further  noted 
that  several  sbructcrral  or  equilibrium  stagnation-point  temperatures  may  be 
used  to  compute  the  ternperaiux’e  limiting  correction  instead  of  only  one,  as 
used  in  the  origins L  expJ.anatlon.  Each  temperature  wo\iLd  have  its  own  gain 
factors  in  this  case. 

Figure  (6,12)  prosoutc  a  functional  flow  diagram  of  the  temperatui-e- 
limiting  subprof'raui  computation  for  the  flight --pinn  programmor  shown  in 
Figure  (o.Vl).  'i'lie  computation  of  the  dynamic  pressure  feedback  correction  is 
not  ccjiicidci'cd  !.ian.  of  the  present  analysis  and  is,  therefore,  omitted.  It  is 
fui'bher  assumed,  for  the  diagram  of  Figure  (6.12),  that  lateral  aerodynamic 
forces  are  to  b<<  kopt  very  small  and  that  the  boay  yaw  angle  is  commanded  Lo 
be  the  instantancour,  azimuth  angle.  The  operation  of  the  flight-plan  programmer 
is  explained  in  Section  6.2. 

6.3.2  Example  ror!fii.U.ation  -  An  example  formulation  of  a  temperature 
limiting  program,  as  appl.ied  bo  a  body-attitude -angle  flight -plan  programmer, 
is  now  j^jreseabed  with  particular  attention  given  to  the  method  of  determining 
the  gain  factors  Cp,  C2,  etc.  The  values  of  the  gain  factors  should  be  such 
that,  as  Tg  approaches  the  allowable  upper  limit,  the  commanded  angle  of  attack 
(related  to  the  pitch  angle,  9)  should  go  to  zero.  Also,  as  Tg  approaches  its 
upper  limit,  angle  of  abbuck  should  be  increased  to  give  a  climb  into  leas 
dense  atmosphere.  The  corrections  provided  by  these  two  temperatures  are  in 
opposition  to  each  other  and  v/ill,  therefore,  produce  a  pitch  command  which 
will  hunt  for  a  compromise  attitude  angle.  Since  9  is  related  tc  cs  through 
the  flight-path  angle,  7,  an  instantaneous  change  in  0  effectively  changes  a. 
Assume,  for  example,  that  the  allowable  structure  and  equilibrium  stagnation 
temperatures  are  1000°R  and  that  the  maximum  angle  of  attack  anticipated 
from  the  commanded  pitch  attitude  is  on  the  order  of  10  degrees.  A  typical 
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FIGURE  6.12  FUNCTIONAL  FLOW  DIAGRAM  -  TEMTERATUEIE  LIMITING  HIOGRAM 
COMBINELD  WITH  COMMANDED  BQDI  ATTITUDE  ANGLES  FLIGHT  PROGRAMMER 
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-  example  of  the  form  of  01^(13)  is  shown  in  Figure  (6.I3). 


Ts  OR 

Figure  6.1.3  Gain  Factor  Ci(Ts)  as  a  Function  of 


The  gain  factor  Ci(Ta)  shown  hex-e  has  the  property  that  as  the  skin  tempera- 
txu'c  reaches  850°R,  the  attitude  angle  starts  decreasing  proportional  to  Gi(Tg)xTs, 
and  is  reduced  hy  10  degrees  as  the  allowable  structural  temperatui'G  is  approached. 
Froiii  then  un^  the  decrease  Is  directly  proportioned,  to  the  temperature,  T^.  'llie 
gain  factor  Ci(Te)  might  have  a  simLIar  form  ar,  shown  in  Figure  (6.l4). 


0  200  itOO  600  800  1000  1^0Q  llvOO 

To  OR 

Figure  6. it  Gain  Factor  G|  (Tg)  ao  a  Function  of 


This  gain  factor  function  would  increase  the  attitude  angle  by  3  degrees  as 
the  allowable  eiiuilibriuni  stagnation  temperature  is  approached. 

The  form  of  the  gain  factors  that  mid.tiply  the  temperature  derivatives 
are  similar  to  the  factors  discussed  previously,  but  are  slightly  more  compli¬ 
cated  to  derive.  These  factors,  in  effect,  must  anticipate  the  temperature 
gradient  and  start  corrective  action  that  will  take  into  account  the  response 
time  required  tr  provide  a  relief.  Assume  that  10  seconds  ai'e  required  for 
corrective  action  to  be  felt  by  the  vehicle  and  that  the  taaximum  tefnpefattire 
rate  to  be  expected  is  on  the  order  of  20  degi’ees  per  second.  At  this  rate, 
in  10  seconds,  a  temperature  rise  of  200  degrees  would  occur.  Therefore,  if 
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fchia  rate  is  enGounte^ed  when  the  temperature  Is  already  8G0  degrees  uorreetivs - 

action  must  he  occurring.  Assuming  fm-thor  that  only  about  a  3  degroes  change 
in  angle  will  he  sufficient  to  start  the  corrective  action,  typical  CgC'Is)  and 
CoCTg}  gain  functions  wovild  be  as  shown  in  Figures  (6»1J>)  and  {6.16). 


6.3.3  Diacusslon  -  It  shoiild  be  noted  that  the  pi’cceding  explanation  is 
only  uzi  example  of  the  x’roblciii  uolutio)'.  ijlil^auphy  tc'  be  uriud.  Thu  actual 
fortn  o/'  the  gain-factor  functions  will  have  bo  be  determined  emplricallv  and 
will  depend  upon  the  zzerodynainic,  thcnnod.;ynaiiic,  and  inertia  charactcrioiics 
of  the  vehicle,  the  control  used,  and  t.he  rmbicijxi ted  flighi;  path. 

The  tuiipero+uro  coinputiition  subprogram  of  nuctlon  7  if-*  an  approximate 
ooiu''’.lon  of  the  thin-skiii  temperature  of  a  two -dimensional  flat  plate  and  of 
the  equli.ibrlum  stagnation -point  teinper.ature ,  This  computation  is  used  in 
lieu  of  a  more  oxnct  program  due  tc  machine  storiige  limitations  and  computation 
time,  oiiico  the  temijerutui'es  computed  are  not  exact,  the  allowable  teiuperature 
used  in  specifying  the  gain  factors  should  accounD  for  the  approximations 
involved. 

Special  flight  conditions  and/or  particular  combinations  of  allov/able  skin 
and  stagnation -point  temperatures  may  preclude  tcmperE.ture  limiting  by  the 
method  outlined.  An  example  S’-ituation  may  occur  when  the  vehicle  is  in  a 
vertical  climb  Vfith  the  equilibrium  stagnation -point  temperature  reaching  its 
allowable  limit.  In  such  a  case,  the  normal  correction  command  would  be  to 
Increase  the  angle  of  attack,  but  the  particular  flight  attitude  is  such  that 
the  maximum  relieving  action  maybe  occurring.  Uuler.s  the  increase  in  angle 
of  attack  produced  a  substantial  increase  in  drag,  and  thei-efore  a  deceleration, 
the  corrective  action  given  by  the  present  piugram  may  not  province  the  desired 
results.  Another  situation  which  may  occur  is  when  the  .allowable  temperatzu’es 
are  specified  so  low  that,  regardless  of  the  maneuver  of  the  vehicle,  the 
limiting  temperatures  will  be  exceeded.  It  Is  necessary,  therefore,  to  examine 
the  physical  situation  of  the  flijjht  and  the  control  requested  before  the 
temperatui'e  liinltini'  program  is  used. 
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7.  AERG&mmC  MATIIiG  SUBPkQRAlfe 


The  SDF  computer  program  ii'icludes  a  subprogram  to  monitor  a  chara.cteri§tiq 
structural  torapei'atiu'Q  or  aerodynauaic  heating  rate.  In  addition  to  providing  a 
knovfledge  of  the  heating  parameter^  or  temperatures^,  the  aerodynamic  heating 
subprogram  also  provides  input  information  for  an  alternate  flight-path  control 
program  so  tlaat  the  degree  of  heating  may  be  partially  controlled.  The  aero- 
dynamc  heating  subprogram  may  also  provide  a  reference  temperature  to  the  aero¬ 
dynamic  data  input  subprogram  for  use  in  modifying  aerodynamic  coefficients  for 
the  effects  of  structural  temperature  on  static  aeroelasticity . 

Is  LI-.  _ +ao  nprodynartLic  heating  program 

requires  a  problem  formulation  which  will  account  for  the  variation  in  local 
fiovf  properties  with  angle  of  attack,  boundary-layer  type,  Mach  number,  alti¬ 
tude,  and  type  of  structure,  liov/ever,  the  problem  of  aerodynamic  heating  is  a 
complicated  one  and  a  detailed  analysis  of  the  temperatures  in  an  actual 
structure  requires  an  extensive  computation.  In  viev/  of  the  extensive  computa¬ 
tions  associated  vdth  the  SDF  computer  program,  it  is  necessary  to  simplify  the 
aerodynajiiic  heating  subpx-ograrn  as  much  as  possible  while  retaining  those  features 
of  the  solution  required  for  the  rest  of  the  program. 

The  aerodynamic  heating  subprogram  formulation  outlined  in  th.is  section  is 
made  up  of  two  parts;  one  of  which  computes  the  thin-skin  tempera b”,re  of  a  flat 
surface  at  angle  of  asKuiniiig  two-dimensional  flow  with  an  attached  shock 

wave;  and  the  second  which  '.•oiiMiutcs  thu  equilibriu3U  stagnation  temperature  on  a 
licmicphcrical,  or  heni cyli rider,  nose.  The  combinabion  of  these  two  problem 
formulations  provides  temperatures  with  tne  required  properties  which  are  of 
sufficient  accuracy  for  the  monitoring  and  control  purposes  of  this  program. 

More  exact  analyses  of  the  heatinj'  of  particular  structures  must,  of  course, 

DC  pf-!r'.’oimod  with  more  sophisticated  heating  problem  formulations  which  arc 
beyond  Idie  scope  of  this  analysis. 

7.1  Thln-Sklu  Temperature  of  Arbitrary  VJedge  at  Angle  of  Attack.  -  The 
computation  of  the  thin-skin  temperature  of  a  two-dimensional  flat  surface  at 
angle  of  attack,  as  applied  to  the  aerodynamic  heating  subprogram  of  the  SDF 
computer  program,  is  developed  as  follovre: 

Ignoring  conduction  into  the  structure,  the  basic  heat  energy-balance 
equaLiun  for  an  element  of  skin  is: 

Qc  -  Qr  =  Qs  (7.1) 

which  states  that  the  heat  energy  stored  in  the  skin  is  the  difference  between 
the  convective  heat  input  and  the  heat  radiated  to  space.  Basic  definitions  of 
the  three  quantities  involved  may  be  expressed  as; 

~  ^^aw  ~  ^s)  (7.2) 

cp 

Qr  =  «3(Ts^  -  Tr^)  (7.3) 

Qs  =  ^sPsCpgTg  (7.4) 
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Although  relatively  siinple  in  appearance?  the  resultiog  <ii££ereufciajU  squati^  Jiiis 
nch-ljneai'  cceffioients  tliereby  ecmplieatliig  .the  solution  when  ciasaioai  methods., 
are  used.  However,  the  prsdictor-oorrector  integration  subroutins  used  ih  the 
SDF  ocmputer  program  allows  the  problem  to  be  solved  vfith  a  reasonable  aSidihit  of 
computation  effort. 


Solving  for  Tg  gives 


Tg  =  »  ■ — —  (Haw  “  hg)  - 

°sPs^Pg°p 


Bc:P< 


s°Pe 


(Tg^  -  Tr^) 


(7.5) 


where  Cp  and  Sg  are  properties  of  the  skin  material  and  surface  coating,  and  h, 
Cp,  and  Hg  are  properties  of  the  air  flowing  over  the  point  on  the  body  under 
consideration,  both  of  which  are  functions  of  Tg,  the  skin  temperature, 


The  auxiliary  functions  defining  the  properties  noted  above  will  now  be 
defined.  The  method  of  defining  the  heat  transfer  properties  is  based  upon  the 
i-eference  enthalpy  method  outlined  by  Eckert  .In  Reference  (f;l).  The  convective 
heat  input  to  the  skin  depends  upon  the  heat  transfer  coefficient,  which  is 


K* 

The  notation  (•>(■)  signifies  that  the  quantities  are  based  upon  the  reference 
oiitha.lpy.  .Lctt.ing  K"  -  Cp">- p^/Pr'”'  solving  for  the  heat  transfer  coefficient, 
li,  r.ives 


"  % 


(7.6) 


The  polynojidfil 

H  Di  +  r>;>T  +  03!'^  (7,7) 

appi'o.xiiiiatos,  (.he  cvirve  of  enthalpy  as  a  function  of  fomperatiu'e  given  by  Keenan 
and  Kaye,  Reference  (22).  The  constants  aro: 


Dj  =  -94.3s 

^2  =  0.2331 

Dq  =  8.4  X  10"^ 

Equ.ation  (7.7)  may  be  used  to  coiimute  the  enthalpy  of  the  air  at  the  skin 
tempera Lui’_c,  jfg,  or  the  enthalpy  of  the  flow  outside  the  boundary  layer  corres¬ 
ponding  to"  iilTe  local  flow  tenperature,  T2.  The  inverse  relation  between  enthalpy 
and  temperature  is  given  by: 

T  =  D4  +  D5H  +  (y,8) 
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where 


Dj  =  3.829 

=  “1.978  X  10"^ 


Equationn  (V.?)  and  (7.8)  are  valid  for  the  Keenan  and  Kaye  enthalpy 
temperature  variation  to  approximately  8000®R  but  disregard  the  effects  of 
dissociation  or  ionization.  These  real  gas  effects  become  apparent  at  approx- 
iiaately  4000®R,  see  Figure  (7.1).  However,  w5.bhin  the  range  of  temperatures 
(either  local  or  structural)  which  are  tolerable  by  aircraft  of  the  foresee¬ 
able  futui^e,  the  effects  of  diswociation  are  negligible  and  the  Keenan  and 
Kaye  curve  is  considered  valid.  For  this  reason  the  effects  of  pressure  are 
omitted  from  the  relations  for  enthalpy.  Equations  (7.7)  and  (7.8).  The. 
reference  enthalpy  is  empirically  defined  in  Reference  (21)  as: 

-  H2  +  0.5(Hs  -  H2)  +  0.22(Ha„  -  H2)  (7.9) 


The  adiabatic  wall  temperature  is  given  by 


Haw  =■ 


^Jgfef 


5.012x10^ 


(7.10) 


The  constants  and  Yy,  used  in  Equation  (7.6)  and  the  recovery  factor 
used  in  Equation  (7.10),  depend  xipon  the  local  Reynolds  number  of  the  point 
on  the  surface  under  eoii.Ki'i«ration.  If  Rj,..,  I5  less  than  Lhe  flow 

is  assumed  to  be  I'minar  and  the  eonstants^have  the  values; 


K]]  =  U.33;i 

Yfi  =  0.500 

rjj  0.B50 

If  Rfj2  1^  greater  than  RWcritical^  flow  is  assiuaed  to  be  turbulent  and  Llie 
constants  are  accordingly  revised  to 

Kj^  =  0.0296 

=  0,800 

=  0.900 

The  heat  capacity  and  emissivity  characteristics  of  the  skin  are  functions  of  the 
skin  temperature,  so  that 

(7.11) 

and 

'^Pg  ==  ^2(Ts)  (7.12) 

will  be  introduced  as  tvio-dimensional  interpolations  of  tab'olar  lictirigs. 
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ENTHALPY  iW  THOUSAND  BTU/LE 


01  2  345  6  789  10 

TEMPERATURE  IN  THOUSAND  “R 


FIGURE  7. 1,  ENTHALPY  OF  DISSOCiATED  AND  iONiZED  AiR  PER  AEDC.TN-56.12 


The  viscosity  variation  vrith  temperature  has  been  taken -as 'Sutheaalahdis  - 
relation  .  '  -  - 


=  1.18  X  10~5 


716  V 


iS.  \^/2  . 


^Tj^2l6  y  \!?00 

which  also  neglects  the  effects  of  dissociation. 


(7.13) 


The  temperature  T{{*'  may  bo  computed  by  Equation  (7.8)  when  H  is  The 
local  f].ow  parameters,  based  upon  the  reference  enthalpy,  are  defined  by 


p*  =  _Zi__ 
53.3  Th^^ 


(7.14) 


R 


= 

11* 


(7.15) 


A  functional  flow  diagram  outlining  the  sequence  of  computations  to  perform  the 
entire  analysis,  including  the  computation  of  local  flow  conditions  discussed  in 
Section  7.3,  is  shown  in  Figure  7.2, 


The  thin-skin  temperature  computation  formulated  in  this  section  is  probably 
limited  to  angles  of  attack  less  than  30  degi-ees  because  of  inadequacies  in  the 
coraputatiou  of  the  convective  heat  transfer  coefficient  and  the  limit  at  v/hich  the 
shock  wave  is  attached.  At  higher  angles  of  attack  the  coefficient  computed  by 
the  present  method  is  considered  to  be  too  low,  However,  it  is  the  purpose  of  the 
present  analysis  to  provide  a  program  to  the  SDF  comjiutor  program  whic’n  will 
(a)  monitor  the  gross  effects  of  aerodynamic  heating,  (b)  iiaplement  the  aerothermo- 
elasticity  tic-in  of  the  asrodyjicuaic  characteristics,  and  (c)  provide  a  tempera¬ 
ture  feedback  reference  for  the  corrective  ad.icn  portion  of  tlie  autopilot  program. 
Detailed  aercdyruimio  heatbig  computations  may  be  performed  by  more  sophisticated 
mothods  using  the  present  formulation  as  an  indication  of  trajectories  on  flight 
conditions  Tor  which  aerodynamic  heating  considerations  are  important. 

7.2  Equilibrium  Stagnation-Point.  Temperature.  -  The  stagnation-point 
equilibrium  temperatui'e  is  obtained  by  equating  the  convective  heat  flux  to  the 
heat  flux  radiated  to  space.  The  heat  flux  to  the  stagnation-point  of  a  hemisphere 
can  be  predicted  by  the  empirical  method  of  Reference  (23)  which  is  based  on  the 
analytical  solution  of  Reference  (24)  and  has  been  successfully  correlated  with 
test  data.  Use  of  the  method  of  Reference  (23)  results  in  heat  transfer  rates^^) 
which  are  slightly  higher  than  those  predicted  by  the  theory  of  Reference  (24) 
for  Mach  numbers  less  than  18,  and  is  employed  because  of  its  simplicity. 


(1)  The  heat  transfer  coefficients  predicted  by  Reference  (23)  are  approx¬ 
imately  6  per  cent  higher  than  those  given  by  the  theory  of  Reference  (24)  for 
Mach  numbers  on  the  order  of  9  and  for  the  altitude  range  of  100,000  to  250,000 
feet. 
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FIGURE  7.2  FUNCTIONAL  FLOW  DLi-GRAM  - 
EMPSaftTuHE  OF  A  VEIXJ5  AT  ANGLE  OF  ATTACK 


The  ciethod  ass’^es  conditions  of  equilibrium  dissociation  behind  the  nomal  'shebk  ■ 
..wave  and  siQJi-esses  the  stagnation~polnt  heat-fli^rate 

equation i  ~ 


o..  =  i'/bQQ 


Va  /  Hj  -  He  \ 

26000  j  Mt  -  Href  / 


(7.16r  ' 


where  Hq  is  given  by  Equation  (7.7)  substituting  Tq  for  the  temperatui-e  and 
is  given  by 


Hrp  -  Hq  + 


5.012x1C4 


(7.17) 


Ths  heat  flux  radiated  to  space  is 

Qr  =  (Te^  -  Tr^) 


(7. IB) 


so  that  a  quartic  equation  is  obtained  for  the  equilibrium  temperature.  A  closed 
solutio.'i  exists  for  the  roots  of  this  equation  but  the  manipulations  arc  rather 
tedious,  involving  the  extraction  of  both  cube  and  square  roots.  If  a  linear 
variation  of  the  emissivity,  €g,  is  assumed,  tfie  equation  is  of  fifth-order  and 
solvable  onJy  by  iterative  techniques.  For  this  reason  the  following  linear¬ 
ization  is  adopted.  (An  approximation  for  the  emissivity,  tg,  is  also  made 
later  in  the  analysis.)  If  the  equilibrium  temperature  for  the  current  instant 
of  time  is  related  to  a  previous  solution  by 


fp  fp 

*fcJri  ^  I 


(7.19) 


then  thie  quantity 

V  =  Oen.,  +  ATj)'* 


can  be  expanded  to  a  polyiiomial  in  the  equilibriimi  temperature.  T'no  expansion 
gives 


^  H-  4T.._  AT„  +  6Tf,„  AT.2 


which  may  be  approximated  by 

'I’en^  =  ^Tg 

since  the  change  in  equilibriimi  temperature  is  small  compared  to  the  temperature 
itself.  The  heat  radiated  may  then  be  approximated  by 

Qr  =  -  3Tg^_3^  -  T^^)  (7.20) 

(n-1) 


where  ig  is  approximated  by  the  value  at  the  last  known  temperature  Tg.  This 
equation,  linear  in  the  equilibrium  temperature,  may  be  used  in  the  solution  of 
the  pi-oblem.  Since  the  change  in  equilibrium  temperature  is  small  compared  to 
the  absolute  value  of  the  temperature  from  the  last  solution,  the  above  approx¬ 
imation  results  in  only  a  small  error  in  most  cases.  If  an  iteration  is  used  in 
conjunction  with  this  linearisation,  the  error  is  further  reduced. 
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An  altern&ts3  equation  will  be  obtained  for  the  ©ithalpy,  since 'the 
fit  of  Equation  (7.7)  is  other  than  linear,  thereby  complicating  the  solution 
for  Tg .  Therefore 


but,  by  definition. 


»e  =  Hen_i  + 


Hb  -  Ha  - 


Cp  dT 


Therefore,  if  Op  is  the  average  specific  heat  between  Tg  and  400°R,  then 

He  ^  Cp  (Te  -  400) 

where  the  constant  400  is  included  to  adjust  the  absolute  value  of  the  enthalpy 
at  a  given  temperature.  This  constant  is  consistent  with  the  reference  enthalpy 
curve  of  Reference  (22)  and  Figure  (7.1). 


Then 


Hen..i  -  Cp„_i  (Ter,_;i 


-  400) 


and 


^Cn 

The  enthalpy  variation  with  tempera tux-e  is  neai'].y  lineax’,  ao  uhat 

°Pn-l  "  ®Pn 

when  AT  is  small.  Then  the  enthalpy  may  be  written 


It. 


H, 


^n-1 .  (Te„  -  400) 


(7.21) 


Equating  Equations  (7.16)  and  (7.20),  substituting  Equation  (7-21)  for  enthalpy 
and  solving  for  Tan'  the  relation 

'  400  2 

l'en_i-4U0  ) 


III  ^  T 

ARt,  - 


17600  Tp— '  Vg 

J^S^SL  .26000] 


%  -  ^ref 


+  '^Sn..l(3Ten_i^^r  ) 


17600  rp~l 

VTirV'sL 


_ ^ 

26000 


3.15 


(Di+D2Ten_]+D3Tfin_;,2, 


(Ht  -  Href)(Te„_i-/*00) 


+  ^  Te^_i3 


l4p 


is  obtained. 


(7.22) 


A  functional  flow  diagram  outlining  the  aequences  of , Qomputations  cequirad 
1$  shewn  in  Figufe' (7.3) ..  The  values  df  the  constant  parameters  ha-ve  been  esM- 
bined  vnt'n  the  ^.piridal  constants  “in  the  aenvedtlve  heairiPfiac^eqijatloh.^^^^ 
that  an  interatien  loop  is  provided  to  improve  aosiu’acy  if  e-bhsidered  necessary 
by  the  analyst. 


This  computation  raay  be  made  applicable  to  the  stagnation  line  of  a  yawed 
hemlcylinder,  appro^mating  a  sv;ept-vdng  leading  edge,  by  suitably  altering 
Equation  (7.22)  for  the  r^v^sed  definition  of  convective  heat  input,  Equation 
(,7-rXby*  t.c  tiic  JL oxiovrin^; ' ' 


wnere 


or 


31^2600^ 

IItjl  “  '‘T  -  (H'p-H)(l-rj[)  Sin2\j^ 


^  Cos  ^ 


=  ll.p  -  0,15(ll^.-H)  Sin2Xjj. 


LE 


(7.23) 


7.3  Local  Flow  Cotiditions.  -  Sections  7.1  and  7.2  describe  the  skin 
temperature  computation  except  for  the  determination  of  the  local  flow  condi¬ 
tions  -  P-,,  0  p,  Tp,  M  •>.  P-Np"  These  parameters  must  be  computed  using 
tj:-ajcctoi''y  quantities  obtained  from  the  remai:  .ioi-  of  th«  pi’ograja.  The  two- 
dimenbional  oresv^ure  on  a  wedge  vdth  an  attached  shock  wave  (He Terence  (25)  is 
coi'related  by  the  similarity  paranni-er  Mft  Sin  (0!;;)  as  shov/n  in  figure  (7. A). 
Also  shown  in  this  figure  is  the  pressure  predicted  by  the  Tsien  hr/pcrsonic 
sltiilarity  relation  given  in  Ucfcrence  (26),  Page  263,  v^hi.ch  is 


(7.2A) 


where  Cp  is  defined  as  the  pressure  coefficient  for  the  pressure  ratio  across 
the  oblique  shock  wave  and  0^  is  the  total  angle  of  attack  of  the  surface 
(i.e.,  the  sum  of  the  angle  of  attack  and  the  surface  wedge  angle). 


C 


P 


i _ _ 

0.7  Mn2 


C7.25) 


a 


Dr,  +  a 


(7.26) 


(2)  At  the  higher  Kach  numbers  the  variation  of  with  sweep  back  is 
more  nearly  proportional  to  Gos^'  ^  LE" 


FIGURE  7.4,  COMPARISON  OF  PRESSURE  RATIO  ON  A  TWO-DIMENSIONAL  WEDGE 
CORRELATED  BY  THE  SIMILARITY  PARAMETER  M^  sin 
AND  BY  THE  TSlEN  HYPERSONIC  SIMILARITY  RELATION 
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The  preaaure_ratio  .is  therefore.. 


£2  =  Cp  0.7  Mn'  +  1 


(7.27) 


The  density  ratio  across  the  shock  can  be  expressed  as  a  function  of  the  pres¬ 
sure  ratio  using  the  Rankine-Hugoniot  relations  and  is,  for  air, 


f'2  = 


6P)+  1 

\  P/ 


6  + 


P2 


P  -J 


(7.28) 


The  temperature  ratio  follows  directly  from  the  equation  of  state 

h  =  P2^ 

T  Pj>/P 

To  find  V'2  requires  the  computations  of  Mfj,,  fiom  tiie  relatioii,  for  a:ir, 


(7.29) 


r  ^ 

1/2 

1 

_6(P2/P)  -  1 

Sin  ■;  p-0!H). 

MN2  = 


Tile  siiock  wave  angle  can  Uo  ueteri.'dnfcd  fi-ojii 


=  Sin"^ 


(7.30) 


Mn, 

Hp 


(7.31) 


where  H[,j  is  the  free^streom  KacJi  nui:iber  and  is  the  component  of  the  free- 
stream  Mach  niunoer  noimal  to  the  shock  wave.  A  relation  between  the  pressure 
ratio  across  a  nonnal  shock  and  the  Mach  nimiber  normal  to  the  shock  is  given  by 


£2  ^  7  -  1 

I’  6 


(7.32) 


for  air,  which  may  be  solved  for  Substituting  Equation  (7.32)  into 

Equation  (7.31)  gives 


Sin  P  =  V(6  P2/P  +  l)/7 

Mn 


(7.33) 


lt9 


With-the  shock-wave  angle  knovm,  the  local  Kach  :&aiculalS^^ss^“^^ 

Equation  (7.30)  and  the  local  flo\f  velocity  Vo  may  be  cslciiLatei" 


V2  =  Mn2  yf^  49.1 


(7.3/i) 


The  coefficient  of  viscosity,  M2»  and  the  local  Reynolds  number  Rn2  W  be  com¬ 
puted  by 


and 


(7.35) 


(V.36) 


reapeotivfcly . 


llie  SDF  con^mter  program  may  be  used  in  conjunction  with  interplanetary 
trajectory  computer  programs  to  continue  the  tr^ectory  of  a  space  vehicle 
follo^dng  its  arrival  at  close  proainAty  to  a  planet ,  or  to  determine  the  near¬ 
planet  trajectory  injection  conditions  for  interplld'etary  fllf^t.  Interplanetary 
trajectory  computer  programs  usually  consider  the  planets  as  point  masses ^  posi¬ 
tioned  by  the  published  ephemeiddes,  and  possessihg  gravitational  fields  vhif?h 
may  be  expressed  by  gravltatiorAal  potential  functions.  From  these  data  the 
resultant  magnitude  and  direction  of  the  gravitational  field  are  computed  at  the 
position  of  the  space  vehicle.  Vfhen  the  trajectory  comee  close  to  the  surface 
of  a  planet j  the  effects  of  the  atmosphere  and  planet's  oblatehess  must  be 
considered  and  the  .position  and  velocity  relative  to  a  point  on  the  surface  of 
the  rotating  central  body  may  be  desired.  For  these  reasons  the  SDF  computer 
program  has  been  designed  to  perform  the  following  computations  in  coordination 
with  Interplanetary  computer  programs. 

(a)  Determine  the  boost-phase  trajectory  for  a  vehicle  embarking  upon  a 
space  flight. 


(b)  Determine  the  re-entry  and  landing  maneuver  for  a  vehicle  returniiig 
from  a  space  flight. 


(c)  Calculate  that  portion  of  sijace  flig'  t  which  Is  near  enough  to  the 
surface  of  the  central  body  that  those  effects  of  ataiosphsre  or  planet's  ohlatc- 
nesb  which  ure  not  included  in  the  Interplanetary  trajectory  computer  program 
aaj'  be  oonsi  dered  if  necessary. 


These  computations  may  be  lAcrformed  with  cither  the  six-degree-of-freedom  or 
three-degree-of-freedom  point-mass  options.  Coordination  of  the  two  programs 
is  effected  by  a  semiautomatic  tle-ln.  When  transferring  from  the  SDF  computer 
program  to  the  interplanetary  trajectory  computer  program,  a  deck  of  cards  is 
punched  which  may  be  used  to  px'epare  the  input  tape  for  the  interplanetary 
computer  program.  Ihe  SDF  computer  program  will  accept  similarly  prepared 
cards  when  the  transfer  is  from  the  interplanetary  trajectory  program. 


The  coordinate  transformation  required  to  transfer  from  one  program  to 
the  other  is  included  in  the  SDF  computer  program.  A  derivation  of  the  trans¬ 
formation  is  given  In  Section  The  computations  and  data  input  necessary 

to  initialize  the  SDF  computer  program  from  an  interplanetary  trajectory 
computer  program  ere  contained  in  Part  II  of  this  report. 

Transfer  from  one  program  to  another  is  made  on  an  altitude  criterion.  The 
transfer  altitude  specification  is  left  to  the  analyst.  Figures  (8.1)  and  (8.2) 
show  the  accelerations  due  to  aerodynamic  drag,  gravitational  perturbations  of 
the  sun  and  moon,  radiation  pressure  (for  a  vehicle  loading  of  one  slug  per 
square  foot  of  radiated  area),  and  the  Eeurth's  oblateness.  At  an  altitude  of 
600,000  feet  the  accelerations  due  to  airloads  (in  this  case  drag)  are  reduced 
to  the  order  of  the  perturbation  accelerations  produced  by  the  sun  and  moon 
which  Is  approximately  one  part  In  one  million. 
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Acceleratloaa  due  to  dStitSieiS  «)re 
sicood  at  600>0GG  feet -stileh  ta  a  conadd^ifele'' 

for  transfer '1b  Off  toBaeLoum  aeeuraey  of  existlng^^^^^^p^l^jL&h 

is  on  the  order  of  3. 2x10-^  feet  per  Becoffd  per  seeoad.'  Rl,^e-f8?l)  ahows 
titiat  the  effect  of  Sartb's  oblatencsa  reduces  to  this  value  at  ap^roxlijaiately 
90,000,000  feet  altitude.  If  the  Interplanetary  trajectory  computer  program 
used  has  considered  the  effects  of  ohlateness  then  the  lover  altitude  may  he 
used  without  accumulating  this  error. 


15^ 


2,  camJsknom 

la  addition  to  the  oomputations  which  can  mde  from  this 
tion^s  prasentfisL  in. ether  sectlona,  seyexal  ®'th*r  coniputed  (faahtities  are' 
optional  calculatlone;  .  . 

(a)  planet  -  surface  reference  range, 

(h)  great  -  circle  range,  Rg 

(c)  down  and  cross  range 

(d^  theoretical  humout  velocity, 

(e)  velocity  losses,  Vp,  and  Vjj 

9.1  Planet-Surface  Referenced  Range  -  The  total  distance  traveled  over 
the  surface  of  the  planet  is  computed  as  the  integrated  surface  range.  If  the 
distance  traveled  ty  the  vehicle  over  a  given  portion  of  the  trajectory  is: 

/*2 

-  J  v„  at  (9.1) 

^1 

then  the  curvilinear  planet  surface  referenced  range  is 

-tg 

Rn  =  y  %  Cos  r  dt  (9-^’) 


The  flight-path  angle,  7,  may  he 
referenced  to  local- geocentric 
coordinates  or  corrected  for  the 
difference  "between  local  geocentric 
and  "local  geodetic  latitudes  (see 
Paragraph  5.h)  for  this  computa¬ 
tion.  ^Vhen  the  motion  is  aBSumed 
to  ocoiir  over  a  flat,  non-rotating 
planet,  the  quantities  euxd  R 
in  Kquation  (9*2)  are  unwfined 
and  the  surface-reference  range 
must  be  re-defined  as 

Rt,  r=  A  V  Cos  7  dt  (9.3) 

h  . 

9.2  Great-Circle  Range.  - 
The  great-circle  distance  from 
the  launch  point  to  the  instan- 
required.  Expressions  for  this 

ty  spherical  trigonometry,  (see  Figure  (9*2)) 

Cos  =  CoB(9O-0j^)Cos(9O-jSp^)  +  Sln(9O-0j^)Sin(9O-^^)(eoa(©j-Cj^)  (9.21.) 


*1  ® 


Figure  9-1  Relation  Retween 
Distance  Along  Trajectory  and  Sur¬ 
face  -Referenced  Range 

taneoua  vehicle  position,  Rg,  may  also  be 
distance  are  derived  as  follows; 
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or  simpliiyljQg 


HP 


Figure  5*^  Oreat-Circle  Range 


However,  since  the  planets  are  generally  ohlate  spheroiris,  R*  Is  not  a  constant 
radius.  An  approximation  may  "be  obtained  by  averaging  the  planet's  radius  at 
the  launch  point  and  at  the  vehicle's  position.  Therefore,  define  the  average 
radivjs,  R',  as 


R'  S 


(9 ‘7) 


and  the  surface-referenced  great-circle  range  from  the  launch  point  to  the 
vehicle  is 
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«g  ■  Cos"-^  j  '31n  Sin  +  Cos  ^  Cos  Cos 

For  the  flat-plauet  qpt Jon  i^rraoge  from  ^the 

defined  (see  explanation  preceding  Equation  (9*3) )•  Tixerefore 

R„  -  V'CX^IO^  +  (Yg-Yg^)2  (9.! 


g 


9.3  Dovn  and  Cross  Range  -  To  determine  at  any  tlt«  the  lateral  distance 
from  the  Initial  great  circle^  an  optional  con^tatlou  can  be  made  in  the  three- 
degree  point  mass  option  and  in  the  full  slx-degree-of-freedom  trajeetorj*'  over 
an  oblate  earth.  The  Initial  great  circle  is  defined  hy  "fche  initial. heading  at 
the  initial  latitude  and  longitude.  Then  the  crossrange  of  a  particular 
trajectory  point  le  defined  as  the  perpendicular  distance  from  the  point  to  the 
initial  great  circle.  The  downrange  is  then  the  distance  along  the  initial  great 
circle  from  the  initial  point  to  the  point  at  which  the  crossrange  is  measured. 
Prom  the  spherical  triangle^  Figure  9*3»  bhe  great  circle  range.,  LF,  to  the 
point  F,  is  confuted  by  Eq.Ufttlon  (9.8}.  The  heading^  ^  ,  of  tlvLb  great  circle 
at  the  initial  point  is  computed  from  the  spherical  triangle,  L-N-F. 


tan  ^ 


sin  (6j|_  -  Cos  Cos 


-  Bin 


Cos  LF 


'Jlie  x'lght  epherlca-X  triangle  UH.’  la  then  Bolved  for  the  dowiii'ange,  X-^,  and  tlie 
orossrange;  Yj). 


where 


Xjj  >=  R’  GOB 


■1  /  Cos  If  ^ 

I  Cos  (sin~^(sin  IF  sin  S))^ 


Yjj  ^  R'  sln“^  (sin  LF  sin  6) 


R'  Ik  defined  hy  Equation  (9*7) 


9.3  BowTinuiGS  and  CroRSi’ance  Geometry 


9.i^  Tb.eoretlcal  liurnout  Velocity  and  Loose 3 ♦  -  For  trtijectory  and  performance 
optiiidaubioii  studies  it  is  convenient  to  know  the  theoretical  burnout  velocity 
possible  and  the  velocity  losses  due  to  gravity,  aerodynaralL  drag,  and  atmoBpheri,c 
back  pressure  upon  the  engine  nozzle.  These  q^^antities  may  be  computed  as  follows: 


Theorct:.cal  Velocity 


'theo 


(9-13) 


Veloci.ty  Loss  Due  To  Gravity 


grav 


1  -6; 


62^  ’'d 


(9.14) 
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VelQOlty  Loss  me  tQ  Aapodynamio 


Velocity  Loss  Diic  to  Atmoaphorlc 
Buck  Pressure  Upon  The  Enfiine  Nozzle 


The  resultant  vclooi.ty  Vg  is  ottainod  by  addiiy>:  the  coraponentH.  coiTiputed. 


•  =  Vthoo  Vuv  "'d 


(9.16) 


(9-17) 


and  ahould  coiiipare  closely  to  the  ourl'acc-i’efereiicc'l  speed,  V^.,  obtained  from  the 
trujectoxy  co'.iiijutation,  v;hou  any  Initial  speed  is  included  iirthc  theoretical 
velocity. 
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10 .  eOMPUmflON; 


Beginning  a  calculation  with  the  generaliaed  computer  program  requires 
not  only  the  introduction  of  certain  initial  conditions  and  the  necessary 
iaoular  values  of  the  vehicle  characteristics  but  also  special  machine  compu- 
tatlona  to  prepare  the  Initial  conditions  data  for  use  in  the  subsequent 
solution.  The  initial  conditions  as  introduced  by  the  analyst  must  be  in  a 
form  which  are  readily  available  and  not  redundant. 

Initial  data  which  must  be  specified  for  every  computation  is  of  three 
types;  (l)  identification  (remarks,  case  number,  security  classification, 
stage);  (?-)  integration  (integration  time  interval,  integration  method, 
print  Interval,  initial  time);  and  (3)  auiiospherlc  and  gravitational  refer¬ 
ence  data.  In  addition,  the  position,  velocity,  and  vehicle  attitude  and 
angular  rates  must  be  specified.  However,  the  form  of  this  data  is  dependent 
upon  the  option  calculation  being  made.  For  the  convenience  of  the  analyst 
certain  auxiliary  calculations  can  also  be  made  if  specified  by  input  data. 
Because  of  the  multiple  possibilities  available,  a  detailed  listing  of  the 
input  datn  is  contained  In  the  User's  Manual.  To  simplify  the  preparation 
of  the  data  cards,  nominal  values  have  been  assigned  to  all  input  data  except 
tliat  'Which  requires  symbolic  names  as  data  and  for  tabular  listings.  Hrie 
computationaL  flow  diagi-ams  of  the  various  calculations  arc  also  contained 
in  the  User's  Manual. 
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11.  i?BVER3E  OPl’IOK 


A  reverse  option  of  computation  Is  J.ncorporateA  into  the  SDF  computer  prcgrsai 
whereby  known  treijeetory  and  motion  information  may  be  introduced  into  the  program 
to  compute  unknown  aerodynamic  forces  and  moments. 

11.1  Trajectory  Data  from  Fixed  Radar  Station  aiid  Measured  Body  Rates.  -  Ihe 
Six-Degree-of “Freedom  reverse -option  program  computation  sequence  is  constructed 
as  follows:  Considering  first  the  method  to  be  used  when  the  trajectory  position 
data  are  referenced  to  a  fixed  radar  station,  the  data  are  assumed  to  be  in  terms 
of  a  CEurtesian  coordinate  syst^  oriented  at  some  polrt  on  the  earth.  Signify 
these  data  by  y^,  Zjj,,  and  3^,  yn,  qnd  for  position  and  velocity,  respect¬ 
ively.  The  origin  of  this  system  is  located  at  the  longitude  of  the  radar  refer¬ 
ence  point,  (’smich  is  also  the  initial  longitude  of  the  inertial  X-axis),  at  the 
geocentric  latitude  of  the  radar  reference  point,  and  at  sn  altitude,  above 
the  reference  ellipsoid. 

The  geocentric  latitude  of  the  location  of  the  origin  of  the  measured  data 
the  altitude  of  the  origin  above  the  reference  ellipsoid  (ho),  and  the 
azimuth  angle  (A)  of  the  3f^-axis  are  specified  for  the  problem.  Figure  ll.L. 

Next  the  calculation  of  the  inertlal-eurls  position  of  the  origin  of  the  measured 
data  is  made.  The  analyBia  of  Section  5*^  discusses  the  acceptable  approximation 
that  the  geocentric  altitude  is  equal  to  the  geodetic  altitude,  h^.  PrepeLratory 
to  the  transformation  of  the  measured  trajectory  data  from  the  earth-reference 
axes  system  to  the  inertial  coordinate  system,  the  a-b-c  set  of  direction  cosines 
are  computed.  The  transformation  matrix  which  orients  a  platform  axes  to  the 
inertial  axes  (see  Section  3 *2)  is  directly  applicable  to  the  required  transfor¬ 
mation  pro’(rlding  the  inertial  angle  Bp  is  set  equal  to  -cOpt.  The  measiured  posi¬ 
tion  and  linear  velocity  data  (or  specified  data,  if  the  reverse  program  is  being 
used  as  a  design  problem)  are  Introduced  in  the  earth -referenced  coordinates  and 
transformed  to  Inertial  coordinates. 

This  completes  the  portion  of  the  solution  sequence  peculiar  to  the  use  of 
carth-rcfcranca  trajectory  data  such  as  radar  data.  The  measured  inertial  compo¬ 
nents  of  position  and  velocity,  referenced  to  the  inertial  coordinate  system, 
are  the  standard  form  required  for  all  methods  o"  operating  the  present  reverse- 
option  program.  Alternate  methods  of  operation  are  discussed  in  Paragraph  11.2. 

Since  the  equations  of  motion,  of  necessity,  are  solved  In  a  body-axes 
coordinate  system,  the  inertial  components  of  inertial  velocity  must  be  trans¬ 
formed  to  body  components  of  Inertial  velocity.  This  transformation  is  made  by 
the  1-a-n  set  of  direction  cosines,  see  Section  3 -I*  (This  transformation  matrix 
is  computed  by  two  methods  depending  upon  whether  the  problem  is  being  computed  the 
first  time  or  has  been  running  for  several  steps.  In  the  discussdbnvhich  follows, 
it  will  be  assumed  that  the  problem  is  being  initialized.  The  solution  sequence 
will  lead  to  the  alternate  procedure  through  the  time  up-dating  technique.)  Tne 
geocentric  l.atitude  and  longitude  are  compuwcu  ulong  v'-’+h  the  radial  position 
from  the  center  of  the  planet  and  the  Inertial  angle  B.  The  1-J-k  direction 
cosinen,  which  transform  quantities  In  local-geocentric -horizon  coordinates 
inertial  coor-iinates,  arc  computed  for  subsequent  use. 


The  aeasured  body  rates  are  introduced.  Pros  hers  the  problem 

proceeds  along  the  se(iuence  narked  "first  time  orly".  The  initial  values  of 
,  Q,  and  0  are  Introduced,  from  which  the  d-e-f  set  of  direction  cosines  are 
computed,  see  Section  3.2.  The  required  initial  values  of  the  1-m-n  direction 
cosines,  the  original  measured  trajectory  information  is  transformed  from  the 
inertial  components  to  the  required  body-axes  components. 


This  completes  the  first  initializing  pass  through  the  problem,  having 
obtained  the  initial  body  angular  rates,  P52,  qa,  and  rn;  aud  the  body  components 
of  velocity,  v^,  Vn,  and  Wn.  The  problem  leads  throu^  the  up-dating  operation 
thence  for  the  second  time  through  the  computation  for  B  up  to  the  computa¬ 
tion  of  the  l-s-r.  direction  cosines.  The  l-»-n  set  of  direction  cosines  are  now 
obtained  allowing  transformation  to  body  components  of  velocity  to  be  made  and 
goes  through  the  up-dating  loop  a  second  time,  'me  third  cycle  is  identical  to 
the  second  cycle  throtigh  the  calculation  of  the  body-axes  ccmponent.  The  body 
components  of  acceleration  at  point  (n-l),  using  the  average  slope  between  the 


n-2  and  n  data  points,  are  then  cosputed.  To  allow  this  computation  to  proceed 
requires  the  n-2  point,  which  was  the  reason  for  the  initializing  passes  throucdi 
the  first  part  of  the  problem.  It  should  be  noted,  then,  that  the  subsequent 
computation  ariplles 


/_  1  % 


The  BKiaeured.  vlnd  data  are  introduced  into  the  computation,  transferred  to 
inertial  wind  ccmpcnanta,  and  thence  to  body  components.  The  airspeed  is  computed 
by  the  normal  (?ftfinitlon  (e.g,,  see  Section  3.3). 


The  gra’/ltatlon  terms  are  computed  and  transformed  to  body-axes  conponents.  The 
measured  atmospheric  properties,  or  the  standard  values,  are  introduced.  Mach  mxsa- 
ber  and  reference  dynamic  pressure  are  computed.  Other  forces  and  moments,  given 
aa  functions  of  time,  in  body  coordinates,  are  introduced  together  vlth  the  vehlc].e 
physical  data. 


This  leads  the  problem  sequence  to  the  equations  of  motion,  which  solves  for 
the  forces  and  moments  using  the  body  components  of  sicceleratlon,  velocity,  and 
angular  rates  obtained  from  the  preceedlng  analysis.  These  forces  and  moiDents  are 
reduced  to  the  aerodynemic  coefficients,  Cy,  Cjj,  Cn  C^j,  and  Cj^.  After  compu¬ 
ting  the  angles  of  attack  and  sideslip,  the  sequence  again  up-dates  the  time  and 
starts  the  progrem  solution  of  the  next  known  point. 

11.2  Alternate  Methods  of  Bata  Input  and  Solution.  -  Several  alternate  methods 
of  operating  the  reverse  progx'am  option  may  be  devised  depending  upon  the  trajectf^ry 
information  which  is  available.  Some  of  these  techniques  are  considered  in  the 
following  paragraphs.  It  should  be  noted,  however,  that  only  the  formulation  of 
Section  11.1  has  been  prepared  in  the  computer  program. 


When  measured  acceleration  data,  obtained  from  accelerometers  mounted  on  an 
inertial  platform  oriented  to  the  launch  point  vertical  and  flight  azimuth,  are 
used  in  place  of  measured  radar  de+a.  the  computations  Indicated  in  Figure  I1.JL  would 
be  replaced.  Itie  alternate  computation  would  l-ji"  "■*+’’  th=  orleri+atinn  of  +•>’» 
inertial  platform,  the  initial  conditions,  and  proceed  to  the  main  sequence  nhe 
first-time  through.  Tiie  problem  re-enters  the  eicceleratlon  sequence  where  the 
trajectory  acceleration  data  are  stored.  Resolving  the  measured  acceleration 
data,  to  inei-tial  axes  data  and  subtracting  that  due  to  gi'avity,  provides  the 
inertial  acceleration.  Integrate  at  time  steps  equal  to  the  time  Intervals  of 
the  measured  data  and  the  solution  sequence  continues  s  before. 


1.6:' 


other  methods  f'f  operating  the  rcTerse  option  px-egraa  could  employ  posi¬ 
tion  data  obtained  from  radar  observations  and  the  linear  velocities  from 
platform  mounted  accelerometers.  In  this  case  parts  of  both  of  the  data  input 
programs  discussed  above  vould  be  used  to  introduce  the  knovn  trajectory.  Also 
accelerometer  data  may  be  Introduced  from  an  Inertial  platform  ^ieh  heis  been 
torqued  according, to  a  particular  program.  In  this  case  the  torquizsg  prograa 
would  be  incorporated  along  with  the  coordinate  trarsfcrmutlons,  see  Section  3,2. 
In  some  cases  measured  body  inertial  angular  rates  (p_  qu  Tjj)  may  not  be  avail¬ 
able.  An  alternate  method  of  introducing  the  required^ 0]^4ntat ion  would  be  to 
observe  the  Euler  angles  of  the  body  from  photographic  records  as  a  function  of 
tltee  and  differentiate  to  get  the  °-y»^  r^^^  Also  data  say  be  obtained 

from  an  Inertial  platform,  in  which  case'^the  information  required  to  compute 
l-ffi-ii  set  of  direction  cosines  is  available  directly. 

11.3  Ebn-Rotating  Body  Axes  Coordinate  System  -  The  aerodynamic  coefficients 
(Section  11.1)  are  referenced  to  a  rotating  bo^-axes  coordliaite  system.  However, 
if  the  body  is  rolling  as  a  function  of  time  and  an  incorrectly  measured  roll 
rate,  p,  is  used,  the  ■  attitude  and  consequently,  aerodynamic  forces  compu¬ 
ted  on  the  rolling  vehxcle-  .*’>1  b«;  in  error.  The  coefficient  of  the  force  wMch 
is  actually  supporting  tiv-  '-t'A-ip  :,;ay  be  continuing  in  a  well  behaved  fashion 
and  may  be  quite  accurate,  f  u-p.  p.bc  foiloirfng  simple  coordinate  trenoformation 
converts  all  the  force  eoefficieutE  vo  a  non -rotating  body  axes  coordinate  sys¬ 
tem  which  removes  errors  In  the  roll  attitude  of  the  vehicle.  Errors  in  pitch 
and  yaw  do  not  introduce  the  type  of  errors  noted  above  and  hence  are  not  consi¬ 
dered  J.n  the  present  transformation. 


Assuming  a  yaw-pitch -roll  rotation  sequence  to  define  the  local-geocentric- 
referc-uced  bodv  ’•^’.ler  angles  -0-^,  resxMsctlvely,  the  roll  angle  may  be  deter¬ 
mined  from 


tan  0  =  mi  ^3  «°2J3  ■<-  °3^3 

h^  1-5  +  D2j3  ■*"  ^3^3  (il'l) 

TiiC  vr-lucrf  '."'f  ■3jT|_  n-g  1^2  io  J3  and  ko  sire  available  at  the  appro¬ 

priate  tlmeu  in  the  i)ro^iem  trom^ tha  l-fi-n  a£id  the  i-J-k  direction  cosines.  The 
derivation  of  Equation  (ll.l)  is  obtained  according  to  the  pix>cedure  outlined 
in  Sections  3«2.2_,  3-2.3,  and  3-2.4.  The  rorce  coefficients  will  be  transformed 
as  follows : 


%  =<^A 

Cyv  =  -y  cos  0  +  Cjj  cin  0 

^Ny  “  ^  0 

or  in  matrix  fora  (ll.2) 


i 
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0  Ifc.’ 

I  ^ 

sin  d  I  C.. 

■  i 

cos  C« 

'  It 
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V  •  r  iiVuiS: 
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(11.3) 


!I3ie  aoiseut  coefficients  are  trasafoiiscd  by 


where  is  the  transforaation  matrix  defined  in  Equation  (11.2).  5iie 

aerodynanic  angles,  oC  ^  and  are  consistent  with  trauBforned  aerodynamic 

force  and  moment  coefficients,  and  are  defined  as  follows: 


tan  OC  ^  «  (^“^w)t  and  tan 
U-Uw) 

since  (u-u.^)  =  (u-Uy)^ 


(V-Yy)v 

/n_,1  T' 
V-  — y. 


(11.1^) 


The  required  velocity  coa^wnents  are  calculated  by 


■  («-^)v  ■ 

■  (u-u^)' 

(v-Vv)v 

1 

1 - 1 

1 - 1 

u 

(v-Vy) 

1 

|^-(v-v^)v^ 

-(t-.v)J 

(11.5) 


The  functional  flow  diagram  for  the  coordinate  transformation  is  shown  in 
Figure  11.1. 


ll.lt  Liaitat ic on  Reverse  Option  -  There  are  sevsrsil  aspects  of  the 
reverse  program  option  which  should  he  noted  since  they  limit  the  applicability 
of  the  method. 


(a)  The  reverse -progreau  option  may  be  generally  applied  only  to  the  six- 
degree-of -freedom  ansljrsis .  The  three-degree-of -freedom  longitudinal  motion  say 
be  considered,  but  analysis  is  restricted  to  motion  in  the  planet's  equatorial 
plane  or  to  a  non-rotating  spherical  planet.  Reverse  options  could  be  set  up 
using  other  equations  of  motion,  however  under  some  conditions  (e.g.,  the  point 
mass  trajectory  analysis  with  thrust  forces)  the  normal  trajectory  information 
available  is  Insufficient  for  a  reverse  option  solution. 

(b)  All  input  data  should  be  corrected  for  zero  shift,  instrument  error, 
etc.,  and  should  be  smooth.  The  smoothing  of  the  data  must  actually  portray  the 
pa'vh  of  the  vehicle.  Smoothing  fli^t-test  data  by  a  least  squares  method  or  a 
direct  polynominal  fit  might  not  be  adequate,  and  further  smoothing  by  inspec¬ 
tion  or  by  more  powerful  mathematicel  methods  may  be  required.  The  aerodynamic 
force  data  obtained  will,  of  courst:  b»  only  sus  good  as  the  trajectory  data 
Introduced. 

(c)  The  radar  data  coordinate  system  orientation  on  the  earth  (usually 
Lhc  launch  point)  is  required,  ^e  positive  axis  will  be  measured  along 
.ho  firing  azimuth,  the  positive  z^,  axis  down  along  the  geocentric  radius,  and 
the  iMDsitive  y^,  axis  will  be  meatiured  to  the  right  to  make  a  right-hand  Carte¬ 
sian  system. 
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(d)  The  body  angular  rates,  Qjj  r^j  should  be  obtained  by  direct 

Bieasureaent .  * 

(e)  All  data  other  than  aerodynamic  forces  and  moments  required  Ic  the 
equations  of  motion  should  be  given.  GAiIb  includes  the  mass  and  inertia 
characteristics,  and  engine  forces  and  socents. 

11.5  Aerodynamic  PerlTatives  -  The  aerodynamic  coefficients  conrputed  by 
the  reverse  option  are  related  to  the  aerodynamic  derivatives.  One  method  of 
determining  the  relationship  betveen  several  IndepeMent  variables  and  a  depen¬ 
dent  variable  is  the  multiple  regression  technique.  Reference  (  27  ),  Section 
7.3;  Reference  (,28  ),  Section  37*3;  and.  Reference  (  29  ).  If  the  aerodynamic 
ccefficlents  are  assuMd  to  be  suBnations  of  the  products  of  independent  vari¬ 
ables  and  the  corresponding  aerodynamic  derivatives,  then  the  aerodynamic  equa¬ 
tions  as  shown  in  Table  1  may  be  written  in  the  form: 

^'v  =  Cq  +  +  ...  +  CiXi  ...  +  CicX^  (11.6) 

idiere; 

X'-  denotes  ttie  dependent  variable  as  computed  from  Eq.  (II.6) 

Xj^  denotes  the  Independent  vari^le 

Cj[^  denotes  the  corresponding  aerodynamic  derivative 

Y  denotes  the  measured  dependent  variable  (aerodynamic  coefficient) 

Bubscrlpt  V  denotes  the  index  of  the  set  of  values  (v  *  1,2,  ....  n) 

Bubacript  i  denotes  the  particular  independent  variable  (i  -  1,2,  ....  k) 

subscript  J  denotes  an  Independent  variable  different  from  i 

The  solution  of  this  type  of  equation  is  done  by  the  method  of  least  squares. 
Reference  (  27  ),  p.  I30.  The  maximum  likelihood  estimates  of  the  constants, 

Cj,  are  the  values  which  minimise  the  sum  of  the  squares  of  the  residuals, 

-  Y'y)  ,  where  the  regression  equation  is  evaluated 
form: 

~ /C  *iv  ■*'/^2  ^2r"/^±  ^v  *kv  (11.7) 


-  -  Xi 

=.•  1  n 

V=1 


^  (Yy 
V=1 

in  the 

Y”- 

V 

where: 

Xly 
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ITis  coerrlclents  of  equation  11,7  are  related  to  the  original  aiirodynaffiic 
derivatives  of  equation  11.6: 


4  - 


P 


/} 


1  -  Pi  \ 
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.1 


(11.8) 


'Ihe  Eiajclimim  likelihood  estimates,  denoted  by  an  oster.lch,  oi'c  dctcralned 
by  the  solution  of  "tllG  normal  equations.  Reference  (  27  ),  p.  131,  or  by 
Cramer's  Rule,  Reference  (  ^  ),  p.  552. 
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*  =  y  =  -  i,- 

/o,  n  ' 

Y«=l 


^  ^  1  , 
^  ’*'C‘  *i 

i=x 


where; 


T  —  i  Y  •>' 

‘ij  -  n  ^v  -jv 

1  .  ^  1  3^  v_  x,-. 

oj  n  ^  • »  d  V 

Tr=l 


yv  -  Yv  -  Y 


L  =  Hi  •*• 


(11-9) 


•••  ^shl 


L,  <  =  cofactor  of  (-1)^  ^  jialiiorj 


jminor^j  j  is  forned  'ey 

s-triking  out  the  ■*  row 
and  j  colujDn  of  the  L 
determinant 


iue  desired  aerodynamic  derivatives  are  obtained  by  evaluating  equation  11.8 
with  the  results  of  equation  11. 9* 

The  standard  deviation,  s,  of  the  curve-fit  is  defined  (Reference  28, Sq.  37oo) 


V=1 


(11,10) 


2L,  =  (l,r  -  Y'y)  -  residual 

11. 3.1  Superfluous  Terms  -  The  form  of  the  regression  cur\>e,  equation  11.6, 
roust  be  known  to  compute  the  aerodynamic  derivatives.  The  aerodynamic  equa- 
1  Ions  presented  in  Table  1  are  the  equatlcm;  used  in  the  basic  SDF  program, 
ilowever,  some  of  the  power  terms  and  cross -cotipLlng  teiTas  are  not  necessary 
for  particular  aerod-ynamlc  configurations.  Thus,  for  simplicity,  this  computer 
ivroprc;T;  has  been  j.ui^i^latw  use  the  linear  terms  plv^s  those  other  terms 
■•■verified  by  the  luialyst  for  Inuiviautn.  ,  ‘..r  prcsr'C’" 

plicioy,  it  la  necessary  Lo  add  the  terms  in  blocks,  i-e.:  the  rate  terms, 

I'ic  square  terms,  the  cross-coupled  terms  and  the  center  of  gravity  tense. 

(T>  \.hb  event  of  doubt  of  the  need  for  a  specific  block  of  temo,  an  analysis 
of  the  varlsiice  may  test  the  slfoiiricance  cf  the  ■adai+-'*'^ual  terms.  Reference 
■  ■  ),  P*  ^*03.  The  data  cnist  be  finted  twice:  (l)  by  the  regression  equaticn 

‘.  Ltliout  the  additional  terse  and  {2}  with  the  additional  tcrscs.  Tlio  r-diatribu- 
tlu;:,  ratio  ean  t'uen  be  obtained  from  tbs  computation: 


mean  square  of  additional  variance  dae  to  added  terns 
mean  square  of  variation  around  regression  vith  added  te^s 
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vhere:  m-k  =  number  of  added  terms 

Coa^parlson  of  the  F-ratlo  with  a  F-ratlo  distribution.  Reference  (  29  ), 

Table  23.5,  provides  a  test  of  the  probability  that  the  addefl  terms  provide 
a  significantly  better  fit  of  the  data  than  the  initial  regression  equation. 

The  numerator  has  ro-k  degrees  of  freedom  and  the  denominator  has  n-m-l 
degrees  of  freedom,  ihe  contputation  of  the  F-ratlo  is  included  in  the  com¬ 
puter  program  as  an  optional  feature.  The  significance  la  then  left  to  the 
analyst  to  determine .  If  the  computed  P-ratlo  is  larger  than  the  tabular 
distribution,  then  the  probability  is  less  than  1  percent  (or  5  percent)  that 
the  regression  of  yield  upon  the  additional  terms  in  the  'universe  were  really 
zero.  Or,  more  simply,  if  the  coitq>uted  F-ratio  is  greater  than  the  tabulated 
distribution,  the  additional  terms  provide  a  significantly  better  representa¬ 
tion  of  the  relationship  between  the  aerodynamic  coefficients  and  the  aerodynamic 
derivatives  than  the  reduced  equation. 

11.5.2  Autocorrelation  -  To  determine  If  a  trend  in  the  data  exists  which  is 
gradually  shifting  the  mean,  the  mean  square  successive  difference,  is 
compared  tc  the  variance,  s^,  of  the  data  including  the  effect  of  the  trend, 
Ref**r'5nce  30  .  This  ratio  is  computed: 


_  1 
"  '£=1 


'^v+l  " 


The  coniputed  value,  £  ^ j'a  j  is  then  compared  to  a  significance  table  for 
Von  Neumann's  ratio,  Kefeience  (  29  ),  Table  20,5;  for  a  particular  probabi¬ 
lity,  chosen  here  as  5  percent.  As  an  example,  if  n  (number  of  observations  in 
the  sample)  I8,  the  must  fall  between  K  =  1.3405  and  K'  =  2.8948 

to  reject  the  hypothesis  that  the  residuals  arc  significantly  autocorrelated. 

If  the  computed  ratio  is  less  than  the  critical  value,  K,  it  is  Indicative 
of  positive  autocorrelation.  For  flight  test  data,  this  might  meeai,  for  example, 
that  the  wacu  effect  on  t-h*  aerodynasic  derivatives  io  appreciable  within  the 
sample.  The  apparent  solution  to  suv...  -r  situation  is  +0  divide 

the  original  sample  Into  two  samples  with  different  meen  values,  and  repeat  the 
coiiputatiuns  of  the  iierodynamlc  derivatives  and  Von  Neumann's  ratio  for  the 
smaller  samples.  This  subdivision  of  the  sample  cannot  be  continued  when  the  num¬ 
ber,  n,  of  observa-tjons  in  the  sample  becomes  so  small  that  the  degrees  of  frecdoE 
reduce  below  one,  and  should  not  approach  this  limit  too  closely  since  the  conTi- 
dcncc  iuLerval  of  the.  basic  calculations  vlli  become  excessive.  The  degrees  of 


I  i'eeu.o;u  ax  e  ii— t  ~lj  therefore ! 


Best  Available  Copy 


(11.13) 


n  >  lc+2 

For  the  convenience  of  the  analyst ^  the  computer  program  will  provide 
alternate  choices  for  the  selection  of  the  initial  san^le  size^  i.e., 

(l)  Mach  segment;  pre-selected  Mach  eegments  by  the  analyet  or  (2;  maxi¬ 
mum  fixed  sample  size. 

11.5.3  Confidence  Limits  -  The  confidence  interval  on  an  individual  aerodynamic 
derivative  can  be  obtained  in  the  following  manner,  Reference  (  23  ),  Seo.  3T.3- 


t  =  (n-k-l)^8i  (A*  -  A) 


(11.14) 


where  t  is  the  value  of  the  Student’s  t  dleitributlon.  Reference  28, 
Table  4,  vith  n-k-1  de^ees  of  freedom  for  a  specified  confidence 
coefficient. 


From  Eg.  37»3.4,  Reference  (  28  ): 
Ili 


(11.15) 


Ihus  by  substitution  of  Equations  11*5  and  11.10  into  Equation  11. l4  snd 
rearranging,  the  confidence  interval  may  be  evaluated  in  the  following  relatioa- 
shlp : 


(n-k-1)^^  8^  -  /itrue  ~ 


(11. 16) 


11.5*4  Multiple  Correlation  -  The  coefficient  of  multiple  con*elation  (R^.) 
Indicates  th«*  degree  of  the  variance  of  the  dependent  variable  that  I5  explained 
by  the  k  terms  of  -the  regression  equation.  A  value  of  one  for  the  coefficient 
would  denote  perfect  correlation  of  all  the  Independent  variables  with  the 
estimated  valv^es . 

Coefficient  of  multiple  correlations,  Reference  (  29  ),  p.  I9I; 
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A  functional  flow  chant  of  the  aerodynamic  derivatives  computations  is 
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Appendices  One  through  Seven  have  been  added,  to  this  report  in' order  that 
a  certain  amount  of  detail  may  be  Included  for  particular  portions  of  t.hs  prob¬ 
lem  formulation  without  interrupting  the  overall  development  being  considered. 
The  following  topics  are  dlscxissed  in  the  appendices  which  follow. 

Appendix  One  Derivation  of  Jet  Damping  Force  and  Moments 

Appendix  Two  Rotating  Machinery  Terms  in  the  Etiuations  of  Motion 

Appendix  Three  An  Orthogonality  Constraint 

Appendix  Four  A  Method  of  Including  Aerothermoelastlcity 

Appendix  Five  The  Method  of  Converting  Complex  Transfer 

Functions  to  Real-Time  Differencial  Equations 


Appendix  f31x  A  Second-Order  Simulation  of  the  Effects  of 

Aeroe3.asticity  on  Autopilot  Behavior 

Appendix  Seven  Geophysical  and  Engineering  Constants  for 

the  Si x-Degree-of -Freedom  Flight-Path  Study 
Computer  Program. 


I7J+ 


Afpsrax  I  , . 

DjisiYATioN  or  IBB  jjEff-Mjpim  ijiKiiianimia? 


Introduotlon  -  This  appendix  presents  the  jcLerlvation  of  reLationa  for  the 
jet-damping  forces  and  moments  -caused  by  the  expel-l.lng  of  the  bui?nt  ^el  under 
conditions  of  angialar  rotation  (References  (One-l),  (Orie*-a),,  end  (One^^B)).  The 
equations  derived  are  applicable  to  a  rocket j  ram-jet,  or  turbo-jet  engine. 
However.,  the  coiitributicns  derived  for  a  ram-jet  or  turbo-jet  are  only  part  of 
the  eng.lne  flow  forces  since  the  change  in  taomentum  of  the  edr  fl(jw,  in  addition 
to  the  fuel  flow,  must  be  corisidered.  This  contribution  is  assumed  hersi  to  be 
accounted  for  in  the  aerodynamics  of  the  body* 

The  equations  are  derived  for  a  vehicJ.e  symmetrical  about  the  x-z  plane 
with  motion  restricted  to  this  plane.  These  equatiijix—  thv.r.'  cxtcndwi  tc 
consideration  of  motion  in  the  horizontfil  plai'ie.  using  the  same  assumpLioas. 

This  neglects  the  cross-coupling  terras  between  planes,  but  siate  the  jet -damping 
terms  are  smell  correct?  ont,  to  the  general  equations  of  motion,  r.he  omission  of 
these  effects  Is  considered  perntlsslble  in  vi(>v  of  the  complxcntl  nn  required  for 

Liiica.  X  i.  ti.t..xu»T'd,i  . 

Jet  Damping  Force  -  A  particle  of  iUel  An'l^dthin  the  iuissile  is  ejected 
out  the  nozzle  in  At  time  (.reference  Figure  (l))i 


With  Changing  Mass 

The  increment  of  force  in  the  x  direction  is; 

(I.l) 

where  Xp  is  the  distance  from  the  center  of  gravity  to  the  paitlcie  AT^.  This 
force  is  the  thrust  term  which  is  considered  on  the  left  side  of  the  equations 
in  the  sum  of  the  forces,  and  hence  need  not  be  considered  here. 
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The  increment  of  force  in  the  z -direction  due  to  the  motion  of  a  /x  >51 
pax’ticle  of  fuel  la  5  _ 

-  -2A7nXp  q  -  /:^rnxp  q  (i.a) 

which  is  obtained  from  the  seneral  erpreesion  for  acceleration.,  fili.niation  (2.6) 
given  in  Section  2  of  this  report  by  assuming  the  particle  of  fuel  travels  onl 
in  the  x-dlrection  and  the  motion  of  the  body  is  restricted  to  the  x-plane. 
Summing  over  the  total  particles  ejected 

F?.D  =  -2  q  -  q  (1-3) 

Since  Xp  q  will  be  large  compared  to  Xp  q  only  the  first  term  in  the  above 
equation  will  be  retained.  Now  writing  A  T7\  tie 

At/i  =  pAXpM  (1.4) 


we  have 


X  dA  dx_ 
P  i' 


(1.5) 

x'  A.” 

Assume  all  particles  at  a  given  Xp  are  moving  at  the  same  velocity  and  have 
the  same  density  so  that 


Fzd  =  Z-"  A  Xp  dXj 


(1.6) 


Also  assume  that  all.  particles  being  expelled  nrl.glnat.e  from  the  same  point  1n 

t.he  hndv  ^  sav  lil'-*-''  +v>o-i- 

(i.T) 


the  body  (say  so  that 

i>  A  Xp  - 


Then 


J’zr 


-2q  f 


or 


-2qlKil^  -  1^) 


(1.8) 


(l)  For  solid-propellant  radially-burning  rockets,  Ip  coincides  with  the 
center  of  gravity  of  the  propellant  grain.  For  end-burning  rockets  Ip  is  a 
variable  with  Liiue  ueiug  the  location  of  the  I’eacting  sui-fuce.  For  liquid 
propellant  rockets.  Ip  may  be  approximated  as  the  location  of  the  propellant 
free-surface  center  of  ai*ea  In  the  tank  where  a  weighted  average  of  fuel  and 
oxidizer  locations  must  be  used. 
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It  shouia  Tje  noted  that  the  7n  term  is  the  maes  fXgv  rate  of  the^  .i^tlclea 
leaving  the  tQ^y  .ahi  la  egeal  tg^the^aegatlve-olLJi^  body  mass  ipate'cff  Q^i^e 
with  time.  Also  the  dtetahces  aisoct’ate^  Vith  x^  have^lS^htfvh"  value 
aft  of  the  center  of  gravity  and  the  effective  dlst&nce  traveled  hy  the  parti¬ 
cles  is  designated  1^  representing  a  characteristic  distance.  The  term  to  add 
to  the  Fj.  term  due  to  jet  damping  is  therefore 

Fzp  =  2  tJi  q  1^  (1. 9) 

is  the  rate  of  change  of  mass  of  the  body  and  Ig  is  a  characteristic  dlstemce 
perpendicular  to  the  z-axls  along  the  x-axls,  negative  if  extending  aft  of  the 
center  of  gravity.  In  moat  cases,  the  chenge  in  mass  will  he  the  fuel  flow  and, 
from  the  definition  of  the  vehicle  mass  given  in  Section  8.2. 

dy,i  =  -  Yilf  (1. 10) 

dt 

Using  the  same  analysis  in  the  yaw  plane,  the  jet  damping  term  becomes j 

Fy^  —  -2  7yi  rly  (l.ll) 

m  is  the  rate  of  change  of  mass  of  the  body  and  ly  is  the  characteristic 
distance  perpendicular  to  the  y-axis,  along  the  x-axls,  negative  if  exteadlug 
aft  of  the  center  of  gravity. 

Jet  Damping  Moment  -  Assume  that  the  nodssile  is  pitching  about  the  Instan- 
taneouB  center  of  sravity.  The  moment  of  the  Incremental  force  described 

above  is 


-2A  Xp  Xp  q  -  A-hl  Xp^  q 


(1.12) 


Making  the  same  assumptions  and  following  the  same  general  development  aa  used 
to  determine  the  Jet-damping  force  gives 


Md 


(1.13) 


Similarly  for  jet  damping  about  the  yaw  and  roll  axes,  the  moments  are 

ld  =  -  m  diy  •'  li,  )  P 
•  ?  2 

Nd  =  -  m  (1d2  ■  ^nj^)  ^ 

Let 


1 

1 


2 

1 

2 

m 


1 


2 

n 


whei’t  Iqj,  and  Ijj  are  considered  characteristic  dlBtani.EV,  .'i  ''; 
retained  as  an  aid  to  ideatificetloi.,-  The  substitution  is  auad'- 
machine  storage  apace. 


177 


APHSSPIX  I  I  ,  , 

BOTA^Ite-MCTrtlfRBY^^*^^  IN  »CHE  mui^QHS  OF  Wmm 


Tills  appendix  presents  a  derivation  of  the  oonent  contflhutionB  due  to 
the  gyroscopic  effects  of  rotating  machinery  aboard  the  fli^t  Vehicle.  An 
accounting  of  such  moments,  in  conipletely  general  terms,  is  e?^ceedd^gXy  com¬ 
plicated  and  lengthy  such  that  a  number  of  simplifying  restrictions  are 
eutiiely  Justified.  For  this  reason  the  principal  gyroscopic  mbinehts  shieh 
will  arise  for  several  types  of  rotating  machinery  are  derived  here  with  an 
explanation  of  the  approxlmatioos  made.  The  three  types  of  vehicles  to  which 
this  derivation  is  applicable  are: 

(1)  A  conventional  turbojet  or  propeller  driven  aircraft. 

(2)  A  convertiplane  in  which  the  engine  or  propeller  is  rotated  during 
transition  from  vertical  to  forward  flight  (or  vice  versa). 

(3)  A  satellite  in  w>«,l.eTi  mtors  are  being  started  and  stopped  (by  proper 
selection  of  coordinate  systems). 

The  general  derivation  of  the  rotating-machixiery  contributions  is  outlined  for 
reference  should  a  particular  future  applicauion  reiiuire  ijiciuoiou  oi  the  teruTS 
omitted  in  the  present  application. 

i'igure  (l)  aide  in  Ine  dcsoriptiou  of  the  rotating  machinery  axes  system. 


figure  i  -  nottttiug-Mttcuiuci'y  Axes  System 


Let  the  axes  system  of  the  rotating  machintiSy  designatBd  as  Xy-yit-Zj- 
where  Xr  is  along  the  shaft  and  yy^,  are  jjerjeq^qula^  tcs  Xy  in  a  norifii  “ 
right-handed  manner  so  that  y^  crossed  into  zy  describes  a  positive  rotation 
vector  in  the  positive  Xy-direction.  The  shaft  is  cGsited  with  respect  to  the 
body  x-axes  at  an  angle  ^y  in  the  x~y  plane  and  pitched  at  an  angle  9y  which  Is 
perpendicular  to  the  body  x-y  plane.  A  positive  >|ry  rotation  is  clockwise  when 
viewed  in  the  positive  z-dlrectlon.  Positive  Oy  I’otatlon  is  nose  up.  The 
angle  0,.  is  the  rotation  angle  of  the  shaft  and  is  equal  to 

K  =  C 

where  tty  is  the  rotation  rate  of  the  shaft. 


In  matrix  notation  (see  References  (Two-l)  and  (Two-2))  the  coordinate 
transformation  from  the  body  axes  to  the  rotating-maehlnery  axes  is: 


Xy 

yy 

©r  1 

tr  1 

X 

y 

Zr 

z 

(II. la) 


or,  transforming  from  the  machinery  a:ies  back 


to  tile  body  axes 


X 

y 

z 


(II. lb) 


Momenta  in  the  body-axes  system  due  to  moments  in  the  rotatlng-raachiuery 
axes  system  can  be  expi’eosed  as: 


(II. 2) 


However,  moments  of  the  engine  Ly,  My,  and  Nj.  are  functions  of  the  total  shaft 
rates,  py,  qy,  and  ry  and  their  derivatives  py,  qy,  ry. 


The  total  shaft  rates  ai’e  functions  of  the  body  rates,  -rotational  speed  of 
the  shaft,  and  rotation  of  the  shaft  axes  system  with  respect  to  the  body.  The 
rotation  Is 


Pr 

(l>y 

= 

0 

r_ 

0 

r 

p  -  Sin  y. 

9.- 

q  +  6j.  Cos  ilfy 
r  + 


(IS.' 3) 


The  components,  L,  M,  and  N  due  to  the  rotating  machinery  can  he  obtained  tay 
substituting  the  expressions  for  pj.,  qj.,  ry,  Py,  4y,  and  fy  into  the  general 
equations  for  Ly,  My,  and  Ny  and  then  perfornd,ng  the  indicated  cooroJ.nate 
transformation  Into  the  bo(^  axes.  However,  this  procedure  can  be  simplified 
somewhat  by  an  examination  of  the  physical  situation.  Any  machinery  which  has 
a  momezit  of  momentum  which  is  large  enough  to  produce  significant  gyroscopic 
moments  will  probably  be  dynamically  balanced  and  the  products  of  inertia  will 
be  zero.  The  motor  or  engine  shaft  will  have  a  fixed  mass  and  geometx'y  so  that 
all  time  rate  of  change  of  inertia  terms  will  also  be  zero.  Due  to  the  symmetry 
of  the  rotating  mass  the  inertias  lyy  and  will  be  equal.  Further,  because 
cf  the  rc^tricti  on'i  the  hearing  system  the  rotation  of  the  shaft  in  the 
machinery  axes  will  all  occur  about  the  Xy  axes  as  noted  in  the  coordinate 
transformation  above.  With  these  simplifications  the  contributions  of  the 
rotating  machinery  are: 


Ly 

"  ^xr 

Py 

My 

=  ^-yr 

qy  + 

(l„y 

"  ^21’^  Pr^r 

Ny 

~  Izr 

ry  + 

'  ^-xr)  Pr^r 

Jxrj  *^yr>  ^zr  moraeats  of  inertia  in  the  Xy,.  y^,  and  z-.— axes.  The 
mouiexits  in  the  body  axes  due  to  the  rotating  machinery  are; 

L  =  Ly  Cos  «y  Cos  liTy  +  Hy(Sin  t>ln  Gy  Coa  tr  "  Sin  vlfy) 

•t-  Ny(Cos  0y  Sin  9y  Con  +  Sin  0r  Sin  \|/y) 

M  =  Ly  Cos  Oy  Sin  tr  +  My(Sin  0y  Sin  Oy  Sin  tr  +  Cos  py  Cos  \|fy)  (II.5) 

+  Ny(CoB  0y  Sin  Oy  Sin  tr  “  ^iii  0r  't'r) 

W  =  -Ly  Sin  Oy  +  Kj.  Gin  0y  Cos  Oy  !  My  Cos  Jt-’y  Cos  9y 

Bxpaiading  Equation  (11.3)  for  the  total  turning  rates  of  the  rotating  machinery 
gives 


Pr 

+  P 

CoS 

Oy  Cos 

tr  +  q  Cos 

0y  1 

Sin 

?r  - 

(r  +  ty) 

Sin  Oy 

qy 

=  (p 

Cos 

+  q  3in 

ilTy)  Sin  Oy 

Sin 

Pr 

+  vq 

Cos  - 

P  Sin  xlfy) 

Cos  0y 

+  Oy 

Cos  0y 

+  (r  + 

ty)  Sin  0y 

Cos 

Sr 

=  (p 

Cos 

'i^r 

+  q  Sin 

ty)  Cos  0y 

Sin 

+  (p 

Sin  \}fy  - 

q  Cos  \|rj.) 

Sin  0y 

-  Sy 

rij  ^ 

UXii 

{  (  T  -J  'Jr  '  nr\c  HnS  1 

*  \  *  *  tp'  —  rr  -  - 

A 

(IT:  6) 

l6u 


Sigaificant  aiaslificatiion  of  tbaae  relatlona  OKJube  inM«_t)y  ,Sfin§Mes^ 
the  reIatJ.ve  magnitudes  of  the  aeverel  termo.  In  general  the  oaht  ah^e  ♦y  ^ 
very  ainali  and,  except  for  some  problems  In  dynamic  aeroelastlei-ty  where  the 
geometry  of  the  aircraft  is  not  fixed,  the  rate  of  turning,  fy,  is  zero.  The 
present  analysis  will  assume  that  ty  end  its  derivatives  are  zero.  The  Oy- 
terms  have  been  retained  to  account  for  the  momentB  generated  by  a  couverti« 
plane  during  transition  from  vertical  to  forward  fli^t  (or  vice  versa).  Also, 
the  rotational  rate  of  the  machinery  will  be  much  greater  than  the  body  rates 
p,  q,  and  r.  Within  the  limitations  of  these  asBumptlons,  the  following 
e>:prassioris  for  the  I'otatlonal  rates  are  obtained.  It  should  be  noted  that  the 
rciptive  magnitude  of  and  r^.  is  much  smaller  than  Pj,.  Therefore,  to  obtain 
reasonable  approximations  for  these  rates  requires  the  retention  of  terms  which 
are  negligible  for  py. 


Pr  ca  Wj* 

qy  IS  p  Sin  0r  Sin  Qy  +  (q  +  Wy)  Cos  0y  +  r  Sin  0y  Cos  By  (II.7) 

Ty  a  p  Cos  0r  Sin  Qr  -  (q  +  ©r)  Sin  0y  +  r  Cos  0r  Cos  0y 

The  derivatives  of  the  total  rotational  /.-ates  py,  qy,  and  ry  are  also 
required.  The  Equation  (11.6)  should  be  used  for  this  operation.  The  deriva¬ 
tives  are  presented  assuming  \|fr  and  its  derivatives  to  be  zero. 

•  ,  »  •  •  * 

p2*  “  i*  p  Ooo  Qj|.  —  p  SjLn  Oj*  “  v  bln  "  r  Cos 

♦  *  •  •  #  * 

q».  =  p  0jn  Cin  Qj;*  Coo  l  (p  9j»  +  r)  bin  Cob  ©j*  +  (p  -  v  ‘^In  0x' 

$  ^  %  %  a 

-  (tl  +  ©r)  i^r  Sin'0r  +  (^  +  ©r)  0y  +  r  0y  Cos  Oy  Cos  0y 

(II. 0) 

I'y  =  -p  0y  Sin  Oy  sin  0y  +  (p  0y  +  r)  Cos  0y  Cos  0y  +  (p  -  r  0y)Sin  Oy  Cos  0y 

*  *  •  •  >  * 

-  (q  +  9y)  0y  Cos  0y  -  (q  +  0y)  Sin  0y  -  r  0y  Cos  0y  Sin  0r 


However,  0r  is  Wy  and  by  the  same  reasoning  which  resulted  in  the  simplifica¬ 
tion  of  Equation  Set  TT.6  t<^  Rqua+.lon  Set  11.7,  the  differentials  are 
ITGCIS  onabiy  approximated  by 

•  •  •  .  * 

Pr  cs;  Wy  +  p  Cos  Oy  -  p  Oy  Sin  Oy  -  r  Sin  Oy  -  r  9y  Cos  Oy 


Qy  S'  poy  Sin  Oy  Cos  0y  -  (q  +  9y)  loy  Sin  0y  +  r  Wy  Cos  Oy  Cos  0y 

•  • 

Tj.  ~  -p  Sin  Oj.  Sin  0^,  -  (n  +  Q-^)  Cos  -  i:  Cos  Sin 

(II. 9) 


The  moments  in  the  maohinei’y  axes  are  obtained  by  substituting  Equations  (II.7) 
and  (II.9)  into  Equation  (II.4) 

Ir  =  Ixr  (‘*’r  +  P  Cos  Oy  -  p  Oy  Sin  Oy  -  r  Sin  Oy  -  r  9y  Cos  Oy) 
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M«  s  lyy  i  p  Wy  Si.n  Ot*  Cos  "(qI  4*  ©p)  w.^  'Siti  -^jp  jr  .My. 

+  (Ijtr  -  Izr)  «r  [p  Cos  0*.  Sin  6r  -(q  +  ©r)  Bin  0r  +,  r  CoB  0jp 'COS'W 
Np  =  Izx  j  ~P  Wj.  Sin  Oj.  Sin  0r  -(q  +  ©j-)  ***?  0j.  -  r  w,  Cos  0^  Sin  0x.^ 

+  (lyj,  -  Ijjr)  Wj.  Sin  0r  Sin  Qj.  +  (q  +  ©r)  ®o®  0r  ^  Cos  ©^1 

(iiflO) 

Substituting  the  expressions  of  Equation  (II. 10)  into  the  coordinate  transfor¬ 
mation  of  Equation  (ll.5)>  the  moments  L,  M,  and  N  are  obtained. 


L  =  Ixr(“r  +  P  Cos  ©I-  -  P  ©r  Sin  Or  ~  ^  Sin  ©r  -  r  ©r  Cos  Qy)  Cos  Q^. 

4  lyy  I^P  Wy  COS  0y  BlU^  Oy  SlU  0y  -(q  J-  6y )  Wy  Sitt^  0y  Sltt  ©y 

4  r  (*)y  Coa  0y  Cos  ©y  Sin  0y  Sin  Oy  +(lxr“^zr)  “rj^P  Sos  0y  Sln^  6y  Sin  0j. 
-  (q  ©r)  Sln^  0y  Sin  ©y  4  r  Cos  0y  Cos  ©y  Sin  0y  Sin  ©yj 

r 

4  lar  ""P  ‘^r  0r  Sin^  ©y  Cos  0y  -  (q  +  ©y)  “y  Cos^  0y  Sin  9y 
L  n  r 


-  r  Uy  Gin  0y  Cos  ©y  Cos  0y  Sin  OyJ  4  (lyy  -  I^y)  Wy  ^5  Sin  0j^,  Sln^  0-  0ns 
4  (q  4  ©y)  Gos^  0y  Sin  ©y  4  r  Sin  0y  Cos  ©r  Cos  0y  Sin  ©yl 
As  noted  earlier,  the  Inertias  lyy  and  Ijy  will  be  assumed  to  be  equal,  therefore 

:  f  .  ,  » 

L  =  Ixr^Wy  +  p  Coa  ©y  -  p  ©y  Sin  9y  -  r  Bin  Oy  -  r  Oy  Coa  ©y)  Cos  Oy 

"  ^xr  (‘I  +  ©r)  ©r 
snd  simllnriy  for  M,  and  K 

M  =  Txy  Wy  (p  Sin  ©y  4  r  Cos  Oy)  (ll.ll) 

»  •  »  •  •• 

N  =  -Ixr  (wy  ■*■  P  ©r  -  P  ©r  Cin  ©y  -  r  Sin  Oy  -  r  ©y  Cos  Py)  Sin  Oy 

— I^r  (q  *4  ©r )  Wy  Cos  ©y 

The  predominate  terms  of  this  contribution  are: 

. 

L  =  -Ixy  Wy  (q  +  ©y)  Sin  ©y 

M  =  Ixr  Wy  (p  Sin  Oy  4  r  Cos  Oy) 

» 

N  —  “ixr  ( q  1"  ©r^  Wy  Cos  Qy 

and  are  the  terms  normally  considered  for  the  types  of  aircraft  considered  in 
the  present  derivation.  These  contributions  are  programmed  into  the  SDF  com¬ 
puter  program  for  normal  operation.  The  derivation  of  the  lesser  terms  he^ 
boen  indicated,  how’ever,  and  may  be  extended  in  greater  degrees  of  sophistica¬ 
tion  by  the  user  should  the  particular  apyliu»Lion  require  them. 
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-APPSNBix  -m-“  -  n— 


■AN  QRTHQGOMALJ:a>Y  GQNSE^aMg  ' 

Introduction  -  The  dlreetion  coneinea  relating  body  coordinates  and  inertial 
coordinates  will  be  evaluated  by  solving  the  nine  simultaneous  differential  eg,ua- 
tions  noted  in  Equation  (3*12),  Section  3.1.  Tbe  numerical  integration  of 
Equation  (3>12)  will  produce  errors  in  the  resultant  direction  cosines  which  in 
turn  will  cause  the  resolved  components  of  a  given  vector  to  be  nonr-orthogonal. 
This  appendix  presents  the  constraint  equations  that  may  be  used  to  improve  the 
orthogonality  of  the  transformation  between  body  and  inertial  coordinates.  The 
results  of  a  digital  computer  study,  designed  to  evaluate  the  constraint  equa¬ 
tions,  are  also  presented.  The  constraints  developed  in  the  following  anal^rsls 
wei’e  suggested  by  the  Diemorandum  of  Reference  (Three-1 ). 


Computation  of  the  Direction  Cosines  -  The  direction  cosines  to  be  considered 
relate  body  and  inertial  coordinates  and  are  defined  by  Equation  (3.1)  from 
Section  3*1* 


X 

Y 

1 


"•I 


l-j  mg  ng 

I3  m3  n 


>  X 

y 


(iii.i; 


The  direction  cosines  lu  Equation  (xil.i)  are  given  by  the  solution  of  the 
follo'./ing  nine  ciaultcncoua  differential  equations  (see  Equation  (3. IE), 
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dc’ 
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-  qnj^ 
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12 
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rm2 

-  qn2 

13 
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riti^ 

-  qn3 

■r 

pni 

-  ^-1 

lUg 

pn2 

-  rig 

®3 

= 

pn3 

-  rl3 

ni 

= 

qll 

-  pmj_ 

■r 

ng 
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qlg 

-  pnjg 

"3 

=s 

ql3 

"  ^5 

(III. 2) 


Let  the  matrix  of  direction  cosines  evaluated  at  a  given  time,  by  the  numerical 
integration  of  Equation  (3.12),  be  defined  as  the  matrix; 
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lie 

“le 

»le 

l2g 

“Be 

nge 

l3c 

®3e 

“3c 

‘Jaie  true  orthogonal  matrix  of  direction  cuoineo  at  the  sasus  time  will  ha 
defined  as  the  A  matrix; 


ii 

“1 

“1 

A 

a 

12 

B2 

I3 

“3 

“3 

(Ill.lt) 


Since  A  is  orthogonal,  the  value  of  A,  as  a  determinant,  is  unity,  and  each 
term  in  A  Is  equal  to  Its  cofuctor.  For  exaoiple. 

Constraint  Equations  -  A  method  of  preventing  divergence  in  the  numerical 
Integration  of  the  nine  direction  cosine  rates  will  he  developed.  Only  errors 
that  tend  to  cause  divergence  will  be  considered.  It  is  assumed  that  a  constant 
error,  a.  Is  Introduced  at  every  time  step  such  that  each  direction  cosine  is 
modified  by  1  4-  a,  thus 


Aq  =  (l  +  u)  A 


(III.5) 


Tt  win  ho  fihnwn  that  this  type  of  error  may  he  greutly  diminished  by  averaging 
the  matrix  of  csJLcuIated  direction  cosines  with  the  transposed  Inverse  of  the 
matrix  of  calculated  direction  cosines. 

The  Inverse  of  the  computed  matrix,  A^,  is  equal  to  the  reciprocal  of  the 
determiuant  of  Ac  times  the  transposed  cof actors  of  Ag.  Recalling  that  each 
term  in  the  orthogonal  A  matrix  is  equal  to  Its  cofactor  aud  that  the  determinant 
of  A  is  unity,  the  Invei'Se  of  Aq  is  written  from  Equation  (ill. 5) 


1  +  a 


(III. 6) 


where  the  suijeracrlpt  -I  indicates  the  inverse  of  a  matrix  and  the  subscript  T 
denotes  the  transpose  of  a  matrix.  For  a  «  1  the  Maclaurin  series  expansion 
of  1/(1  +  a)  converges  rapidly,  and  terms  of  order  two  and  higher  may  be  neglected. 


— i —  ”  1  ~  a  +  ^  . 

1  +  a 

Substituting  Equation  (ill. 7)  into  Equation  (III. 6)  gives: 


(III.7) 


18U 


A  =  1/2 


<1.1,  -  Ip 

(3-2,  +  ^2) 

(13,  +  1.3) 


<%  ^ 

+  Big) 

<%  +  “3'^ 


<  %  *  “i  > 

(R2c  +  4^ 

<%  +  “3) 


(in^iitL; 


Equations  (ill. 11)  through  (lH.l4)  are  required  to  employ  the  ortbogonaiLity 
constraint.  The  matx'lx  of  Equation  (Ill.l4)  contains  the  corrected  direction 
cosines  relating  body  and  inertial  coordlnatea. 

Evaluation  of  the  Constraint  -  To  eveduate  the  effectiveness  of  the  con¬ 
straint,  fiquatlon  (III. 2)  was  solved  simultaneouly  using  Modified  Euler  inte¬ 
gration  with  a  time  step  of  0.01  second.  The  body  angular  rates,  p,  q,  and  r, 
were  selected  so  that  the  body  cooi'dinatcs  were  rotated  at  one  revolution  per 
second  about  on  axis  fixed  with  respect  to  inertial  coordinates.  Therefore, 
at  the  end  of  each  second,  the  direction  cosine  matrix  relating  the  two  coor¬ 
dinate  systems  is  a  unit  matrix.  The  accuracy  of  the  individual  direction 
cosines  may  easily  be  determined  at  the  end  of  each  second. 

The  criterion  used  to  evaluate  the  orthogonality  of  the  direction  cosines 
Is  to  multiply  the  computed  matrix  of  direction  cosines  by  its  transpose.  For 
an  orthogonal  trana formation,  a  unit  matrix  is  the  correct  result  of  this 
multiplication.  The  elements  of  the  product  of  the  computed  matrix  with  its 
transpose  is  compared  with  corresponding  elemsi:t9  of  a  unit  matrix.  This 
i.!iimpa>’lfion  is  used  as  a  criterion  for  evaluating  the  orthogonality  of  the 
computed  mati-lx  of  directlou  cosines  with  its  teanspose  produced  a  matrix  . 
with  aumbei'S  along  the  main  diagonal  that  differed  from  unity  by  about  3  x  lu”  . 
Tile  off-diagonal  numbeis  which  should  have  been  zero  were  about  6  x  10"6,  After 
the  same  number  of  revolutions  with  the  constraint  developed  above  employed, 
the  product  of  the  computed  matrix  with  its  transpose  produced  numbers  a3.ong 
the  main  diagonal  which  differed  from  unity  by  2  x  lO-S,  The  off-diagonal 
numbers  were  about  0  x  lO'iO.  Prom  these  results  we  may  conclude  that  the 
oj-thogorsHiloy  i.u  Uie  i-rans formation  is  markedly  improved  by  using  the  constraint 
wJ.th  Modified  Euler  integration. 
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APPSTOIX  JV 

A  METHOD  OF  INOLUDING  AESOyroiOSJ-ASHOimf 


Aerothertooelaatlo  Effecta  -  The  effect  of  static  aerotheriiiioelasticlty  on 
the  aerodjmaMc  coefficients  will  be  accounted  for  in  aome  of  the  aerodynamic 
aubprogrema.  ^la  effect  reaulta  from  the  deflection  and  distortion  of  the 
heated  structure  under  loading.  Considerable  theoretical  work  baa  been  devoted 
to  the  problem  of  static  aeroelastlclty.  Typical  examples  ai-e  References  (Four- 
1),  (Four-2),  and  (Four-3).  The  magnitude  of  effects  is  dependent  upon  the  amount 
of  deflection  of  the  structure  >dilch  Is,  in  turn,  a  function  of  the  structural 
rigidity. 

A  development  of  the  static  aerothermoelastic  terms  to  be  included  In  the 
progi’am  follows.  Let  F  represent  any  one  of  the  orthogonal  componenta  of  aei’O- 
dynamic  force  or  moment  acting  on  a  rigid  airframe  at  a  given  fll^t  condition, 
and  let  F'  represent  the  force  or  moment  acting  on  the  elastic  airframe  under  the 
same  conditions.  Then: 


F*  *  F  +  (IV. 1) 

where  /5Fi  represents  the  incremental  force  (or  moment)  contribution  of  the  i-th 
member  c'f  the  airframe  due  to  its  structural  deflection,  Bi,  under  load.  Assuming 
linear  deflection-load  chai-acteriatlco, 

A7.  =  dFi  b,  (IV.  2) 

d%  * 

The  i-t)i  member  will  deflect  In  a  given  plane  due  to  both  inertia  loads,  n,  and 
aerodynatnlc  loads,  N,  on  the  member  in  that  plenc  so  that 

=  S&i  n  +  ^  nJ  ■  '  '  (IV.  3) 

dn  oNj^ 

and  since 

Ni  =  %  +  ^  5t  (IV.4) 

dBji 

vs  have 


,  _  ^  Ml 
5%  dbi 
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Substituting  Iquatloas  (IV. 2)  ond  (W.^)  into  Equation  (ly.l)j,  a#  noldffig 
a  B  N'/Wgi,  we  obtedn 


or 


pt  =  F  +  N* 


F‘  =  F  4-  V'5£i 


5ilt  .1.1 

d5i  Wt 


h&i  M*  +  a%L 

sr  m 

Mi  dN 


woi 

■ 


_dfii 


“S 


3Ni  d6i  J 

To  solve  for  S’  let  F’  =  B* ,  F  =*  N.  Tben 
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d8i  OBi  dH 
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(IV.  6) 


(IV.7) 


(IV. 0) 


(IV. 9) 


It  is  normally  mere  convenient  to  work  with  coefficients,  rather  than  forces  or 
momenta,  therefore 


dF  »= 

q»S 

(IV. 10) 

d.8j^ 

d8i 

dFi  « 

(iv.ll) 

dOi 

ddi 

The  effect  of  a  change  iu  the  modulus 

of  elasticity  from  the 

rei’erencp  -temperature 

value.  Eg,  can  be  Introduced  in  the  following  wav: 

3bi  = 

1  (  i'a'] 

(IV, 12) 
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Introducing  these  expressions  into  Sg,uatioa  (P/s9),  we  obtain 
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(17.13^^ 


(IV. I4) 


An  emalysls  ol*  the  structure  under  the  influence  of  various  ten^^erature  distri¬ 
butions  will  yield  the  i)arameter8  necessary  to  evaluate  the  above  oquation  for  a 
constant  dynamic  pressure.  Repeated  applications,  with  varying  dynamic  pz'essure, 
will  result  in  the  functional  dependence  of  the  (aeroelastic/rigld)  load  ratio  upon 
the  temperature  distribution  and  dyruunlc  pressure.  A  coiiQ>lete  analysis  would  require 
that  the  effect  of  each  of  the  independent  variables  considered  in  the  determination 
of  the  aerodynamic  coefficients,  (a,  p.  Bp,  Bn,  Bj.,  Mu,  Ta)>  be  evaluated.  Ho\;ever, 
the  scope  of  such  an  anedysis  is  beyond  that  desired  for  tMs  program.  A  program 
which  could  accomplish  tMs  analysis  would  require  more  machine  space  them  that 
required  by  the  SDF  computer  program. 

It  therefore  becuineu  necessary  to  moke  certain  simplifying  assumptiona  in 
the  above  analysis.  Since  the  primai*y  object  of  the  SDF  computer  program  is  to 
evaluate  performtuice  and  not  highly  specialized  design  problems,  these  aasumptlons 
are  Justifiable.  This  philosophy  is  conslRtunt  with  that  followed  in  the  aero- 
dynamJ.c  heating  program,  >*iere  the  calculations  are  limited  to  2  or  3  monitoring 
temperatures.  The  determination  of  the  temperature  distribution  throughout  the 
structure  is  beyond  the  scope  of  the  program. 

In  view  of  this,  let  .la  make  the  following  assumption, 


It  is  now  possible  to  group  some  of  the  ternns  in  Kquation  (lV.l4)  into  uonslantn 
(for  £i  particular  Mach  number),  and  the  equation  becomes 
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-»■  -»•  d  "  > 

Ki 

.1  -  K2(^*/Ky. 

Kq  1 

1 

1  -  K:2(qV^ 

(IV. IG) 
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iV3  Jio  O 

Equation  (lV.l6)  may  be  written  In  the  follovfing  wayj 

N‘/N  a  I  +  X 

1  -  y 

The  denominator  may  be  expanded  by  the  binomial  theorem  to  give 

— —  =  (l  -  y)"^  a  1  +  y  +  y®  +  y^  +  .... 

1  -  y 


(IV.18) 


(IV. 19) 


(lV.20) 


{IV. 21) 


which  is  approximately  given  by 


1 

1  -  y 


1  +  y 


(iV.22) 


wlien  y  ia  t.nuli  relative  to  unity.  Then 

a*/n  =  (i  +  x)  (1  ■!•  y) 
or,  again  T'etalnlng  only  I'iret-order  terras  in  x  and  y, 

N'/N  =  1  +  X  +  y 


(IV. 2i) 


(IV. 24) 


]i'£.  VI  -  Ko(q*/E)' . 

If  this  equation  to  iilso  expanded  in  s  binomial,  series,  and  only  the 
termp  "eta.’ red,  o  ob+odr. 

X  =  (1  +K2Ci;i  ) 

E  E 


(IV. 25) 


first-order 


Bimi:i,nr’ly 
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-jy '  sititutlng  Equations  (IV.26)  a.id  (  .V.2Y)  into  Equation  (IV. 24) 


(IV. 26) 


(IV. 27) 
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N'/N  =  1  4  (  EKi.  +  £K3)  .qf:  +  (I:  ^  K3IC2) 


>(|^ 


I'he  term  {q*/i')  may  t)e  represented  la  the  following  way 


31 

E 


£ia 

E 


Malting  this  substitution  Into  Equatioxi  {IV.29),  we  obtain 

r/N  =  1  +  ( 


{IV.'30} 
31) 


£ki  +  E)K3)^ai^|fij  +  (  EK1K2  +  EK3K2) 

Typical  examples  of  the  (Eq/E)  ratio  for  viirlous  materials  are  pi’esented  os  a 
llinetlon  of  temperature  iu  Figure  (l).  In  this  subprogram  -an  (Eq/e)  ratio  will 
be  input  as  a  function  of  a  reference  stnictural  temperature.  The  ratio  is  to  be 
representative  of  the  entire  structure,  as  Indicated  in  Equation  (IV,15).  The 
reference  structural  temperature  variation  will  be  determined  in  the  aerodynamic 
heating  subprogram.  Utlliising  the  interpolated  (Ejj/E)  ratio.  Equation  (TV.  31)  may 
be  exuressod  as 

.2 


Ml  /h  „ 


\q* 


/ 


where 


(  EKi  + 

A2  =  (  E  ^1^2  +  E 


(IV. 32) 

(1V.33) 

(IV.3'0 


Equation  (IV.3U)  wm.  be  evaluated  for  the  following  force  and  moment  derivatives: 
CAqx  ^Abqx  CNlr,  '^'y  *^y&r.’  ^la»  ^Ibp' 


A  typical  example  is 


1  +  A]_q-» 


(i“)  * 


Figxire  (2)  gives  an  indication  of  the  dynamic  presau*:;  -.'ffect  on 


(iV.35) 
the  elastic 


control  derivative,  ^MBn^  various  14xch  numbers.  The  points  denoted  by  symbols 
have  been  computed  by  tne  "exact"  method,  which  accounts  for  the  load  and  tempera¬ 
ture  distribution  through  an  actual  structure.  The  solid  line  is  a  second-degree 
curve  fit  of  these  points  which  demonstrates  very  acceptable  accuracy.  The  first- 
order  approximation  to  tne  second-order  curve  fit  end  a  stral^t-llne  least-squares 
curve  fit  are  also  shown  in  this  flgui'e.  In  certain  cases  the  atrai^t-llne  curve 
fit  gives  small  Incremental  errors,  but  large  percentage  errors  because  of  the 
magnitude  of  the  derivative.  For  this  reason  the  second  order  term  will  be  retained 
in  the  above  equations.  With  these  assumptions  and  limitations,  the  acrotbermo- 
elastlc  effects  are  introduced  as  indicated  by  the  equation  flow  diagram.  It  will 
be  required  to  input  one  exurve  of  (Eq/E)  versus  temperature,  and  twenty- foui’  coives 
consisting  of  an  indli'ldual  curve  vei-sus  Macn  number  lu/.  eat-l  of  the  A  vudueii. 
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FIGURE  1,  APPENDIX  FOUR  COMPARISON  Or  DEFLECTIONS  OF  A  CANTILEVER  BEAM 
AT  ELEVATED  TEMPERATURE  FOR  SEVERAL  MATERIALS 


/ 
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FIGURE  2,  APPENDIX  FOUR  VARIATION  OF  THE  EFFECT  OF  STATIC  AEROELASTICITY 
ON  THE  CONTROL  DETiVATIVE  OF  A  TYPICAL  MISSILE  WITH  DYNAMIC  PRESSURE 


^AOTBEXY  -  - 

THE  I^tETHOB  OF  COtWi^llS  1 

TO  HEAL  OriMB 


The  httinsfer  functions  repreaentlitg  controX-aystem  corrective  networlsB* 
filters,  seivoa,  etci,  are  usually  Bi<ecific«i  aa  functions  of  the  eooiplex  fi*equen«y, 
a.  A  transfei'  function  oiay  be  Illustrated  in  block-diagram  form  as: 


which  la  lnterp?:eted.  rb; 


(V.l) 


The  above  notation  Indicates  that  the  frequency  spectrura  of  the  input  signal 
ei(s)  is  modified  by  the  transfer  function  f(B)  to  describe  the  outnut,  eo(B). 
Since  computations  in  this  digital  program  are  performed  in  the  time  domain,  it 
will  be  necessary  to  determine  the  transient  response  by  solving  the  differential 
equations  representing  the  pertinent  transfer  functions. 


Transfer  functions  containing  only  poles  ai’e  easily  converted  to  differen¬ 
tial  equation  form  hy  recalling  that  multiplication  by  s  in  the  frequency  domain 
corresponds  to  differentiation  In  the  time  domain  when  Initial  conditions  are 
aero.  (Sco  Transfer  Function  1,  Table  V-l).  However,  if  zeros  are  present  in 
a  transfer  function,  a  soJ.ution  for  t.he  outi<ut  will  Involve  a  derivative  of  the 
input  signal.  This  derivative  voiud  have  to  be  evaluated  by  a  programmed  differen¬ 
tiation  operation.  This  undeal,rable  operation  may  be  avoided  by  fii'sl,  expanding 
the  transfer  function  into  partial  fractions.  Esich  partial  fraction  represents 
a  simple  first-order  differential  equation;  the  output  of  a  given  transfer  func¬ 
tion  may  be  determined  by  summing  the  solutions  of  each  of  the  first-order  equations, 
according  to  th‘?  partial  fraction  exi’unsloti.  The  differential  equations  representing 
a  trails fer  function  with  two  real  zeros  and  two  real  poles  will  be  developed  os  an 
example. 


en(s)  =  (riB-fl)  (T2Btl)  (V.2) 

(T38+1)  ',Ths+l) 

The  partial  fraction  expanaiun  is  obtained  by  using  the  jirocedures  outlined 
in  Reference  (Flve-l). 

»  “^l  "^2  +  (V.3) 

^1(3)  -13  ^4  T3S+L  T48+I 

where 

c  -  D  »  (V.4) 

13^3  -  T4)  T4(t4-T3; 


aAd  tlje  term  ^  velue  of  the  transfer  funetion.ae  a  apjjjfoaches 

infinity.  *  ^  ■  ■'  ----  - - . - . 

The  output  of  this  transfer  function  may  he  written  aa: 

60(3)  ■  ®l(o)  +  C  ygCa)  +  D  y^Ca)  (V«5) 


where  y^  and  y^  are  defined  eui  foliows: 

y^is)  -  : 


gliaL 

tjS  +  1 


(V.6) 


^3'  ■'  Tj^o  +  I 

The  differential  equations  represented  by  Equation  (V.6)  are; 

t3  y2(t)  +  y2(t)  = 

^4  ysCt)  +  y3(t)  a 

The  output  of  the  transfer  function  la  given  by  eubstltuting  the  values 
of  y2(t)  following  time-domain  equation: 


(v.T; 


(V.8) 


A  reprfseutatlve  group  of  transfer  i*unctlon8  and  the  correunondiug  time 
domain  equations  have  been  developed  in  a  similar  fuobion  and  are  tabulated  In 
Tfibli:  V'.],. 


.  ■■  J'-— - 

A  SEQSaSIB-QBIffiiR  S3MMIi^0H  OF-«SB.JbM^ 


OF  AEROBiaSTICm  Oir  AKEQPISQI!.  MHAYIQE 


A  method  of  approxlmtJqg  the  effect  of  aeroelosticity  on  the  dynaBitc  tehavtor 
or  an  autopilot  in  the  3DF  computer  program  will  be  developed  i A  this  eppeto'di^- 
coraputationa  required  for  the  alinpllfied  acroelastic  eiudy  are  preoented  In  - 

that  they  may  be  Incorporated  into  a  particular  autopilot  aubprb^am  if  “such  a,  utudy 
ia  desired.  Suuh  an  aeroelastic  modification  was  indicated  in  the  typical  eutopiloL 
formulation.  However,  these  corrections  have  not  been  Included  in  the  compute” 
pirogram  assembled  to  demonstrate  the  operation  of  that  autopilot. 

The  purpose  of  this  analysis  is  to  generate  an  expression  for  the  aeroelastic 
vibrations  that  would  be  sensed  by  body-mounted  rate  gyros.  The  equations  sre 
developed  with  the  following  assumptions. 

1.  Tlie  vibrations  are  excited  only  by  control  forces. 

2.  Onl;/  longitudinal  and  lateral  vibrations  are  considered. 

3.  The  amplit\ide  of  a  given  point  may  be  represented  by  a  second- 
order  differential  equation. 

4.  The  aeroelastic  angular  rates  at  a  given  point  may  be  directly 
superimposed,  upon  the  rigid-body  angular  rates. 

The  input  data  required  .for  Lhia  axudy  are: 

1.  the  normaiiaed  lateral,  and  longitudinaJL  body-bending  mode  shapes 
for  the  first,  second,  and  third  modes. 

2.  The  natural  frequency  and  struct'orai  damping  ratio  of  each  mode. 

3.  Generalized  foree  in,_t«it8,  Zp  and  Yp,  for  the  i.-th  mode  in  the 
x-z  and  x-y  planes  respectively. 

The  complex  frequency  exprcEoion  for  the  instantaneous  deflection  of  the  point 
to  which  the  normalized  body  bending  curve  Is  referenced  may  be  wltten  as: 


-yi 


where: 


Cz^j  CyjL  Stx~)ctuiti.I  ua-jplng  ratio  x-z  and  x-y  planes  respectively. 

^Zi>  “yi  Natural  frequency,  x-z  and  x-y  planes  respectively. 

Zj^j  yj^  ^  Displacement  of  point  to  which  the  mode  shape  is  normalized, 
\x-z  and  x-y  planes  respectively. 

'\ 

The  deflections  zf,  and  y^  are  obtained  by  solving  the  differential  equations 
corresponding  to  (Vl.lj'^d  (VI.2). 

The  derivation  which'l'Ollows  is  based  on  the  analyses  of  Reference  ( Six-1 ). 

TVo  body-mounted  rate  gyros  have  been  arbitra3^iiy  located  on  the  typical  normalizea 
body  bending  mode  shapes  of  Figure  (l).  The  objective  of  the  dcrivaticri.  are  to 
determine  an  expression  for  the  aeroeleistic  body  angular  rates  at  the  rate  gyro 
body  station.  This  will  he  accomplished  by  first  determining  the  siore  of  the 
normalized  bending  curve  at  the  rate  gyro  station.  The  actual  slope  at  any  instant 
is  then  obtained  by  the  normalizing  J'actors  z^  and  y^.  The  rate  of  change  of  the 
actual  slope  is  approximately  equal  -lio  the  aeroelastic  body  angular  rate  at  the 
rate -gyro  station. 


y 


Figure  1  -  Normajui zed 
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and  y±^j  displacement  ol  ^  ^,:..v 

in  t'  '•  t ■  ’  and  plsnyc  respecLivel;  j  *  instantaneous  e.-u*. ' ’.  •:  ct  I  :  :. . 

bod:>  :-.,  vi  ions  may  be  determined  by  "the  normalized  dlspii-.  ' .  ■■ 

deflic'  r.n  of  the  reference  point  as  l^omputed  in  Equations  (V..'. . )  a.-',  '’j. 

/; 

0 

gN 

yiff  “  yi 


H.  r^.  \i 


;'x.3; 
•VI. 4) 


':’h:  slope  of  the  normalized  her.  ^‘■^8  curve  at  the  gyro  s  ;,atic..n  ■ 


V  r .  6  j 


The  ictual  slope  at  stny  itipcan ;  ';i'?  obtained  by  combin  '. '-r  liquRtion.:  y-.t  ’  .  ]  voLth 
(VI. 6)  ar  I  (VlU^  with  (VI. 5^4 .  t  '  V 

'  \y 

Si  '  "  Sr.  h 


Tl:  r.t  e  of  s }  uage  of  tho  actual 


1  \\stantaneous  s.lbpe£ 


pes;  is: 


ni  =  nji. 


(VI. 9) 


^i  -  51,,  i 


(VI. 10) 


Eor  £  .'531  amplitudes  of  osciilationj  3  he  slope  of  the  tangent  is  approximately 
to  t  .c  o.niile  the  tangent  makes  wiLh  V- he  reference  x-axis.  Ti'erc-ior-'* ,  tbo 


ueroelasti  nig.ila^'  •  cod y  rotes  at  the  .  'be  yBy^o  stations  are: 

qA,  ^  ii  \  (VI. 11) 

■•Ai  -  %  \  ^  (VI- 12) 

The  output  cf  the  rate  gyros  are  detoiitir.  by  addingN^he  s^roelasidc;  rater 
t;i  vu-n  in  Equations  (VI.ll)  end  (V1.12)  to  the  i '^specti^-^e  riMd-b^y  angular  rates 3 


q  and  r 


i=3  \  ■  .  \  '  ^ 

£  S,%  -v 

y 

i=3  t 

=  r  +  at  IN,  *  i. 

i=l 


(VI. 13) 


The  computational  flow  sequence  for  the  aeroeli't> .  V  .  s tud,v  is  shown  in 

['-)  OM  the  f  Ollo^ ’icr  T>AcrA, 
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